
Operator Theory: Advances and Applications

Vol. 197

Editor:
I. Gohberg

Editorial Office:
School of Mathematical Sciences
Tel Aviv University
Ramat Aviv 
Israel

Editorial Board:
D. Alpay (Beer Sheva, Israel)
J. Arazy (Haifa, Israel)
A. Atzmon (Tel Aviv, Israel)
J.A. Ball (Blacksburg, VA, USA)
H. Bart (Rotterdam, The Netherlands)
A. Ben-Artzi (Tel Aviv, Israel)
H. Bercovici (Bloomington, IN, USA)
A. Böttcher (Chemnitz, Germany)
K. Clancey (Athens, GA, USA)
R. Curto (Iowa, IA, USA)
K. R. Davidson (Waterloo, ON, Canada)
M. Demuth (Clausthal-Zellerfeld, Germany)
A. Dijksma (Groningen, The Netherlands)
R. G. Douglas (College Station, TX, USA)
R. Duduchava (Tbilisi, Georgia)
A. Ferreira dos Santos (Lisboa, Portugal)
A.E. Frazho (West Lafayette, IN, USA)
P.A. Fuhrmann (Beer Sheva, Israel)
B. Gramsch (Mainz, Germany)
H.G. Kaper (Argonne, IL, USA)
S.T. Kuroda (Tokyo, Japan)
L.E. Lerer (Haifa, Israel)
B. Mityagin (Columbus, OH, USA)

V. Olshevski (Storrs, CT, USA)
M. Putinar (Santa Barbara, CA, USA)
A.C.M. Ran (Amsterdam, The Netherlands)
L. Rodman (Williamsburg, VA, USA)
J. Rovnyak (Charlottesville, VA, USA)
B.-W. Schulze (Potsdam, Germany)
F. Speck (Lisboa, Portugal)
I.M. Spitkovsky (Williamsburg, VA, USA)
S. Treil (Providence, RI, USA)
C. Tretter (Bern, Switzerland)
H. Upmeier (Marburg, Germany)
N. Vasilevski (Mexico, D.F., Mexico)
S. Verduyn Lunel (Leiden, The Netherlands)
D. Voiculescu (Berkeley, CA, USA)
D. Xia (Nashville, TN, USA)
D. Yafaev (Rennes, France)

Honorary and Advisory Editorial Board:
L.A. Coburn (Buffalo, NY, USA)
H. Dym (Rehovot, Israel)
C. Foias (College Station, TX, USA)
J.W. Helton (San Diego, CA, USA)
T. Kailath (Stanford, CA, USA)
M.A. Kaashoek (Amsterdam, The Netherlands)
P. Lancaster (Calgary, AB, Canada)
H. Langer (Vienna, Austria)
P.D. Lax (New York, NY, USA)
D. Sarason (Berkeley, CA, USA)
B. Silbermann (Chemnitz, Germany)
H. Widom (Santa Cruz, CA, USA)



Characteristic  
Functions,  
Scattering Functions 
and Transfer Functions
The Moshe Livsic Memorial Volume

Daniel Alpay
Victor Vinnikov
Editors

Birkhäuser
Basel · Boston · Berlin



2000 Mathematics Subject Classification: 47A, 60G, 93C

Library of Congress Control Number: 2009929500

Bibliographic information published by Die Deutsche Bibliothek. 
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; 
detailed bibliographic data is available in the Internet at http://dnb.ddb.de

ISBN 978-3-0346-0182-5  Birkhäuser Verlag AG, Basel – Boston – Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of 
the material is concerned, specifically the rights of translation, reprinting, re-use of 
illustrations, recitation, broadcasting, reproduction on microfilms or in other ways, and storage 
in data banks. For any kind of use permission of the copyright owner must be obtained. 

© 2010 Birkhäuser Verlag AG 
Basel · Boston · Berlin 
P.O. Box 133, CH-4010 Basel, Switzerland
Part of Springer Science+Business Media
Printed on acid-free paper produced from chlorine-free pulp. TCF∞
Printed in Germany

ISBN 978-3-0346-0182-5     e-ISBN 978-3-0346-0183-2

9 8 7 6 5 4 3 2 1      www.birkhauser.ch

Editors:

Daniel Alpay
Victor Vinnikov
Deaprtment of Mathematics
Ben-Gurion University of the Negev
P.O. Box 653
Beer Sheva 84105
Israel 
e-mail: dany@math.bgu.ac.il
 vinnikov@math.bgu.ac.il
 



Contents

Editorial Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

G. Belitskii and V. Tkachenko
Differential-difference Equations in Entire Functions . . . . . . . . . . . . . . . . . 1

S.V. Belyi and E.R. Tsekanovskĭı
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Editorial Introduction

Daniel Alpay and Victor Vinnikov

During the period July 9 to July 13, 2007, a conference called Characteristic func-
tions and transfer functions in operator theory and system theory: a conference
dedicated to Paul Fuhrmann on his 70th anniversary and to the memory of Moshe
Livsic on his 90th anniversary was held at the Department of Mathematics of Ben–
Gurion University of the Negev. The notions of transfer function and characteristic
functions proved to be fundamental in the last fifty years in operator theory and
in system theory. This conference was envisaged to pay tribute to our colleagues
Paul Fuhrmann and Moshe Livsic who played a central role in developing these no-
tions. Sadly, Moshe Livsic passed away on the 30th of March, 2007 (11th of Nissan
5767), so the conference was dedicated to his memory. It is a pleasure to thank all
the participants, who contributed to a very exciting and fruitful conference, and
especially those who submitted papers to the present volume.

The volume contains a selection of thirteen research papers dedicated to the
memory of Moshe Livsic. The topics addressed can be divided into the following
categories:

Classical operator theory and its applications: This pertains to the paper Differ-
ential-difference equations in entire functions by G. Belitskii and V. Tkachenko,
the paper Bi-Isometries and Commutant Lifting by H. Bercovici, R.G. Douglas.
and C. Foias and the paper Convexity of ranges and connectedness of level sets of
quadratic forms by I. Feldman, N. Krupnik and A. Markus.

Ergodic theory and stochastic processes: We have the papers The one-sided ergodic
Hilbert transform of normal contractions by G. Cohen and M. Lin, and Integral
Equations in the Theory of Levy Processes by L. Sakhnovich.

Geometry of smooth mappings: This is covered by the paper of Y. Yomdin entitled
β-Spread of sets in metric spaces and critical values of smooth functions.

Mathematical physics: This topic is covered by the paper Solvable models for
quantum networks and a modified analytic perturbation procedure by B. Pavlov.

Schur analysis: This is covered by the paper of H. Dym and D. Volok Pick Matri-
ces for Schur Multipliers and the papers The Schur Algorithm in Terms of System
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Realizations by B. Fritzsche, V. Katsnelson and B. Kirstein and On some interre-
lations between J-Potapov functions and J-Potapov sequences by B. Fritzsche, B.
Kirstein and U. Raabe.

System theory: This topic is covered by the papers Inverse Stieltjes like func-
tions and inverse problems for systems with Schrödinger operator by S. Belyi and
E. Tsekanovskii, the paper Model reduction in symbolically semiseparable systems
with application to building preconditioners for 3D sparse systems of equations by
P. Dewilde, H. Jiao and S. Chandrasekaran, and The Stable rank of a Nest Algebra
and Strong Stabilization of Linear Time-Varying Systems by A. Feintuch.

The variety of topics attests well to the breadth of Moshe Livsic’s mathe-
matical vision and the deep impact of his work. Another volume, entitled Selected
translations of papers of Moshe Livsic, is planned in the same book series, with
editors Victor Katsnelson, Israel Gohberg and the present editors. The volume will
also contain memorial material about Moshe.

The conference in July 2007 was supported by the following sources: The
Center for Advanced Studies in Mathematics of Ben–Gurion University of the
Negev (which has also supported three previous workshops on operator and system
theory in 2001, 2003, and 2005), the President of Ben–Gurion University of the
Negev, the Rector of Ben–Gurion University of the Negev, the Dean of the Faculty
of Natural Sciences of Ben–Gurion University of the Negev, and the Earl Katz
Family Chair in Algebraic System Theory. The visit and participation Prof. J. Ball
was supported by the US-Israel Binational Science Foundation. The participation
of Prof. H. Woerdeman was supported by the Visiting Fellowship Program at the
Faculty of Natural Sciences of Ben–Gurion University of the Negev.

Daniel Alpay
Earl Katz Family Chair in algebraic system theory
Department of Mathematics
Ben–Gurion University of the Negev
Beer-Sheva 84105, Israel
e-mail: dany@math.bgu.ac.il

Victor Vinnikov
Department of Mathematics
Ben–Gurion University of the Negev
Beer-Sheva 84105, Israel
e-mail: vinnikov@math.bgu.ac.il
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Differential-difference Equations
in Entire Functions

Genrich Belitskii and Vadim Tkachenko

To the memory of Moshe Livshits

Abstract. For a linear differential-difference equation with real shifts in the
complex plane we prove a theorem of existence of entire solutions for an arbi-
trary entire function in the r.h.s. and, using it, show that the space of entire
solutions of the corresponding homogeneous equation is infinite dimensional.

Mathematics Subject Classification (2000). Primary:30D05. Secondary:34K06.

Keywords. Linear functional equations, entire functions.

1. Introduction

We consider a differential-difference equation with
m∑

k=0

pk∑
j=0

ajk(z)ϕ(j)(z + αk) = γ(z), z ∈ C, (1.1)

with real shifts 0 = α0 < α1 < · · · < αm and entire functions γ, ajk, k =
0, . . . , m; j = 0, . . . , pk. Our aim is to prove that under some restrictions imposed
on the coefficients ajk there exists an entire solution ϕ of the above equation for
each entire function γ, and that the space of entire solutions of the corresponding
homogeneous equation is infinite dimensional.

Difference equation (1.1) with constant coefficients, i.e., equations of the form
(1.1) with p0 = · · · = pm = 0, belongs to a branch of the complex analysis orig-
inated from the works by Euler, Bernoulli and other classics of mathematics, see
[1]. Differential-difference equations with constant coefficients (even with complex
shifts αk ) may be treated in the framework of differential equations of infinite
order with constant coefficients [2]. The main result here states that the space of
solutions of homogeneous equation is spanned by its elementary solutions zkeλz,
while the non-homogeneous equation is solvable in entire functions for arbitrary
entire functions γ.
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Much less is known about solutions of equations (1.1) in the complex plane
with non-constant coefficients ajk. Naftalevich [3] studied equations

f(z + 1) = exp[P (z)]f ′(z) (1.2)

where P (z) is a polynomial and showed that its entire solutions form an infinite-
dimensional space. He also proved some results on the solvability of the respective
non-homogeneous equation in meromorphic functions.

Our recent interest in the theory of equations (1.1) is connected with the
following old problem formulated by Hurwitz [5].

Let f0 be an analytic germ at the point z = 1 and let f0 may be analytically
continued along the unit circle { ξ : |ξ| = 1 }. Assume f1 be the analytic germ of
this continuation at z = 1 and f ′1(ξ)/f0(ξ) ≡ const. Does the identity f0(ξ) = Ceξ

now follow? The question was answered in negative by H.Lewy (see the paper [5]
cited above) who explicitly constructed the requested function f0(ξ) �= Ceξ.

The substitution ξ = eiz leads us to the equation

ψ′(z + 2π) = ieizψ(z) (1.3)

and transforms the Hurwitz problem into the question whether there exists real-
analytic solutions ψ(z) �≡ Cexp eiz ? The example by H.Lewy and results by
Naftalevich give the negative answer to the question.

Our efforts to extend this information to homogeneous equations of more
general form than Eq. (1.3) led us to the problem of solvability of Eq. (1.1). We
prove that if the principal coefficients ap00 and apmm are nowhere degenerate
entire functions and the growth of a−1

p00
, a−1

pmm ajk/ap00 and ajk/apmm along
the real axis is not too fast then Equation (1.1) has an entire solution ϕ for each
entire r.h.s. γ , and the space of entire solutions of the corresponding homogeneous
equation is infinite dimensional.

It gives us the great pleasure to thank Professor Alexandre Eremenko, who
initiated the present research, for very useful discussions.

2. Statement of results

We will formulate restrictions on the coefficients ajk of Eq. (1.1) in terms of a
real-valued increasing function w(t) ≥ 2, t ≥ 0, satisfying conditions

lim
t→∞w(t) = +∞, w(t + s) ≤ w(t) + w(s),

∞∫
0

w(t)
1 + t2

dt < ∞. (2.1)

The main result of the paper is following.

Theorem 1. Let ap00 and apmm be nowhere vanishing entire functions such that

sup
|Im z|≤h

(
|ap00(z)|−1 + |apmm(z)|−1

)
exp (−ew(|� z|)) < ∞,
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and let conditions

sup
|Im z|≤h

(p0−1∑
j=0

∣∣∣∣ aj0(z)
ap00(z)

∣∣∣∣ +
pm−1∑
j=0

∣∣∣∣ ajpm(z)
apmm(z)

∣∣∣∣)e−w(|� z|) < ∞

sup
|Im z|≤h

( m∑
k=1

pk∑
j=0

∣∣∣∣ ajk(z)
ap00(z)

∣∣∣∣ +
m−1∑
k=0

pk∑
j=0

∣∣∣∣ ajk(z)
apmm(z)

∣∣∣∣) exp (−ew(|� z|)) < ∞

be fulfilled for every h > 0. Then
i) Equation (1.1) has an entire solution ϕ for every entire function γ;
ii) The space of entire solutions of the corresponding homogeneous equation is

infinite dimensional.

It is easy to see that conditions of Theorem 1 are fulfilled for Eq. (1.2) with
w(t) = n ln(t+ 1), n = deg P.

To prove part (i) of Theorem 1 we split an arbitrary entire function γ in a
sum γ = γ+ + γ− of entire functions γ+ and γ− vanishing faster than a permitted
growth of coefficients ajk(z) as � z → +∞ and � z → −∞, respectively. At
the next step we adjust equations (1.1) with functions γ = γ+ and γ = γ−
to iterations according to the directions of their decay. At last, we prove that
the corresponding Neumann series converge to entire solutions ϕ+ and ϕ− of
respective equations which produces the entire solution ϕ = ϕ+ +ϕ− of Eq. (1.1).

The idea to split the function γ from Eq. (1.1) in a sum of functions vanishing
in opposite directions was first used by Naftalevich [4] in the study of solvability of
difference equations in entire functions. We applied the same method to difference
equations in classes of smooth and real-analytic functions (see [6] and references
therein). Here we notice that restrictions imposed by this method on the growth of
coefficients of Eq. (1.1) are dictated by the dynamical properties of the shifts and
do not involve their behavior along the rays transversal to the real axis. It may be
modified to relax conditions of Theorem 1 and to treat the above equations with
complex shifts αk; the related results will be published elsewhere.

To prove part (ii) of Theorem 1 we start from a system { ψs }l
s=0 of entire

functions (e.g., polynomials) with the Jacobian

det ‖ ψ(p)
s (0) ‖l

p,s=0 = 1

and satisfying Eq. (1.1) up to the order l + 1 at z = 0 :

γs(z) ≡
m∑

k=0

pk∑
j=0

akj(z)ψ(j)
s (z + αk) = o(zl+1).

Estimates of a solution to a non-homogeneous Eq. (1.1) derived in the proof of part
(i) permit us to find solutions ϕs of Eq. (1.1) with γ = γs so small at z = 0 that

det ‖ ψ(p)
s (0) − ϕ(p)

s (0)‖l
p,s=0 �= 0.

Thus {ψs − ϕs }l
s=0 is a linear independent system of solution of the homogeneous

equation (1.1) completing the proof of Theorem 1.
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3. Decomposition of an entire function

In this section we decompose an entire function γ in a sum of entire functions
γ+ and γ− which are vanishing, as z → ∞ in each semi-strip of half-planes
P+ = { z : � z ≥ 0 } and P− = { z : �z ≤ 0 }, respectively.

It is well known [7] that a function holomorphic and bounded in a semi-strip
cannot decay too fast in it. The best possible rate of their decay may be described
in terms of real-valued strictly monotonic continuous functions w(t), t ≥ 0,
satisfying conditions (2.1). We will call every such function w a weight function
and, without loss of generality, assume

w(0) > 2, w(t) ≥ 4 ln(t+ 1). (3.1)

The required decomposition of γ is based on the following auxiliary statement.

Lemma 1. For every weight function w(t) there exists an entire function Ω(z)
such that for every positive number H an estimate

|Ω(z)| < C(H) exp(− expw(|� z|)),

|Im z| ≤ H
(3.2)

holds with a coefficient C(H) not depending on z.

Proof. Let us set w∗(t) = 4w(t) + 1 and define a sequence Λ = {λn}∞n0+1 of
positive numbers by the equation

w∗(λn) = n, n > [w∗(0)] = n0.

Since w∗ is monotonic, we have

n ≤ w∗(t) ≤ n+ 1, λn ≤ t ≤ λn+1,

and the counting function n(t) = {#λk : λk ≤ t} of Λ satisfies the inequalities

w∗(t) − 1 ≤ n(t) ≤ w∗(t), t ≥ 0.

Condition (2.1) implies
∞∫

n0

n(t)
t2

dt < ∞ and

∞∫
x

n(t)
t2

dt ≥ n(x)
x

,

and hence lim
x→+∞n(x)/x = 0. Therefore

θ(z) =
∞∏

n=n0+1

(
1 +

z2

λ2
n

)
is an entire function of zero order [7]. Let us set

Ω(z) = e−θ(z)

and check the property (3.2).
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Assume first z = x ≥ λn0 . Using integration by parts we find

ln θ(x) =
∞∑

n=n0+1

ln
(
1 +

x2

λ2
n

)
=

∞∫
n0

ln
(

1 +
x2

t2

)
dn(t)

= ln
(
1 +

x2

t2
)
n(t)

∣∣∞
n0

+ 2x2

∞∫
n0

n(t)
(t2 + x2)t

dt

≥ 2x2

∞∫
x

n(t)
t(t2 + x2)

dt ≥ 2n(x)

∞∫
x

dt

t(t2 + 1)

≥ n(x)
2

≥ w∗(x) − 1
2

= 2w(x).

For arbitrary z = x + iy, x > 0, |y| ≤ H, we set θ(z) = θ(x)σ(z) and obtain

σ(z) =
∞∏

n=n0+1

1 + x2−y2+2ixy
λ2

n

1 + x2

λ2
n

=
∞∏

n=n0+1

(
1 +

2ixy − y2

λ2
n + x2

)
.

Since ∣∣∣2ixy − y2

t2 + x2

∣∣∣ ≤ 2xH + H2

x2
≤ 3H

x
≤ 3

4
, x ≥ 4H,

we have

ln σ(z) =

∞∫
n0

ln
(

1 +
2ixy − y2

t2 + x2

)
dn(t)

= 2(2ixy − y2)

∞∫
n0

tn(t)

(1 + 2ixy − y2

t2 + x2 )(t2 + x2)2
dt

and

| ln σ(z)| ≤ 18Hx

∞∫
n0

tn(t)
(t2 + x2)2

dt, x ≥ 4H.

Furthermore,

x

x∫
n0

tn(t)
(t2 + x2)2

dt ≤ xn(x)

x∫
0

t

(t2 + x2)2
dt =

n(x)
4x

and

x

∞∫
x

tn(t)
(t2 + x2)2

dt ≤ x sup
t≥x

t3

(t2 + x2)2

∞∫
x

n(t)
t2

dt ≤
∞∫

x

n(t)
t2

dt

proving
lim

�z→∞, |	 z| ≤H
ln σ(z) = 0, lim

�z→∞, |	 z| ≤H
σ(z) = 1.



6 G. Belitskii and V. Tkachenko

At last

ln |Ω(z)| = −�θ(z) = −θ(x)�σ(z) ≤ −e2w(x)(1 + o(1))

= −ew(x) +
(
ew(x) − e2w(x)(1 + o(1))

)
.

Thus, for all sufficiently large values of |x| we have ln |Ω(z)| ≤ −ew(|x|) and the
estimate (3.2) follows.

For a given real-valued function p(t) > 0, t ∈ R, we denote by E(p) the
Frechêt space of entire functions endowed with the norms

‖ϕ‖p,S(h) = sup
z∈S(h)

|ϕ(z)| e−p(|� z|)

where
S(h) = { z : |�z| ≤ h }, h ∈ R+. (3.3)

In addition, we denote by E+(p) the space of entire functions with the norms

‖ϕ‖p,S+(a,h) = sup
z∈S+(a,h)

|ϕ(z)|e−p(� z)

where

S+(a, h) = { z : � z ≥ a, |� z| ≤ h }, a ∈ R, h ∈ R+.

At last, we set E−(p) = { ϕ : ϕ(−z) ∈ E+(p) } and

‖ϕ‖p,S−(a,h) = sup
z∈S−(a,h)

|ϕ(z)|e−p(−� z)

where

S−(a, h) = { z : � z ≤ a, |� z| ≤ h }, a ∈ R, h ∈ R+.

In what follows we will need the above spaces corresponding to p = w, p =
exp w and p = − exp w with weight functions w extended to the whole real
axis as a positive monotonic functions.

Theorem 2. Let w be a weight function and let l be an integer. Then for every
entire function γ with γ(0) = γ′(0) = · · · = γ(l)(0) = 0 there exist entire
functions γ+ and γ− with

γ+(0) = γ−(0) = γ′+(0) = γ′−(0) = · · · = γ
(l)
+ (0) = γ

(l)
− (0) = 0

such that γ = γ+ + γ− and the inclusions are valid

γ+ ∈ E+(−ew), γ− ∈ E−(−ew). (3.4)

In the proof we will use the following proposition well known in the mathe-
matical folklore. We give its proof here for a completeness of exposition, moreover
that, except Problem 1 from Chapter 1 in the monograph [7], we have no satisfac-
tory reference to it at our disposition.
Lemma 2. Let M(r), r ≥ 0, be a strictly logarithmically convex function. Then
there exists an entire function μ(z) such that

μ(r) ≥ M(r), r ≥ 0. (3.5)
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Proof. Since M(r) is a strictly logarithmically convex function, for every integer
n ≥ 0 there exists the unique number rn such that

lnM(r) ≥ lnM(rn) + n(ln r − ln rn), r > 0,

and

inf
r≥0

M(r)
rn

=
M(rn)
rn
n

.

Assume that for some integer n > 0 there exists a logarithmically convex function
M̃(r), 0 ≤ r ≤ rn, such that

min
rn≥r>0

M̃(r)
rk

=
M̃(rk)
rk
k

, 0 ≤ k ≤ n,

and conditions

M̃(rk) ≥ M(r), rk ≤ r ≤ rk+1, 0 ≤ k ≤ n− 1,

are satisfied. We set

M̃(rn+1) = max
{
M(rn+1), M̃(rn)

(rn+1

rn

)n}
+ 1

and define M̃(r) for r ∈ [rn, rn+1] in such a way that it is a logarithmically
convex function in [0, rn+1] and

min
rn+1≥r>0

M̃(r)
rk

=
M̃(rk)
rk
k

, 0 ≤ k ≤ n+ 1.

By induction we obtain a logarithmically convex function M̃ on the semi-axis R+

for which relations

inf
r>0

M̃(r)
rk

=
M̃(rk)
rk
k

; M̃(rk) ≥ M(r), rk ≤ r ≤ rk+1,

are fulfilled for k = 0, 1, 2, . . . .
Let us now define the entire function

μ(z) =
∞∑

k=0

ckz
k, ck = inf

r>0

M̃(r)
rk

.

For arbitrary positive r we find an integer n such that rn ≤ r < rn+1 and
obtain

μ(r) ≥ cnrn =
M̃(rn)
rn
n

rn ≥ M(r), r > 0,

proving Eq. (3.5).
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Proof of Theorem 2. Under assumptions of Theorem 2, let Ω be an entire function
satisfying conditions (3.2 ) and let

M(r) = M(r, γ)M(r,Ω)

where
M(r, ϕ) = max

|z|=r
|ϕ(z)|.

According to the Hadamard Theorem [8] the function M(r) is strictly logarith-
mically convex and by Lemma 2 there exists an entire function μ̂(z) satisfying
the lower estimate such that μ̂(r) ≥ M(r), r > 0. We set

μ(z) = exp μ̂(cos2 z)

and obtain
μ(it) = μ̂(cosh2 t) ≥ M(cosh2 t) ≥M(|t|), t ∈ R.

The entire function μ(z) is 2π-periodic and hence bounded in every strip S(h).
We fix an arbitrary number N > 0 and define the functions γ+ and γ− by the
formulae

γ±(z) = ±zl+1e−Nz2
Ω(z)μ(z)

1
2πi

∫
� z=0

t−(l+1)eNt2Ω−1(t)μ−1(t)γ(t)
t− z

dt (3.6)

in the half-planes P+ and P−, respectively.
The numerator of the integrand here is an entire function, which permits us

to replace an interval {�t = 0, |�t| ≤ b} from the integration path by the semi-
circle { t : |t| = b, � t ≤ 0 } and to extend analytically the function γ+ to the
domain on the right side of the deformed integration path. Since b is an arbitrary
positive number, it means that γ+ is extended from P+ to the complex plane as an
entire function.The similar arguments prove that γ− is an entire function as well.
The Cauchy formula yields γ = γ+ + γ−. At last, inclusions (3.4) immediately
follow from the properties of the function Ω described in Lemma 2.

4. Auxiliary equation

The general equation (1.1) may be represented in the operator form

Lϕ = γ

where

Lϕ(z) =
m∑

k=1

( pk∑
j=0

fjk(z)ϕ(j)(z + αk)
)

(4.1)

In this section we consider an equation

ϕ = L+ϕ + γ (4.2)
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with

L+ϕ(z) =
m∑

k=1

( P∑
j=0

fjk(z)ϕ(j)(z + αk) + gk(z)

+∞∫
z

hk(t)ϕ(t + αk)dt
)
. (4.3)

We assume that the integrand here decays along every ray R+(a, h) = {z : �z ≥
a,�z = h} and the path of integration is R+(�z,�z).

In what follows we set

Δ = αm, δ = min{α1, αm − αm−1}, κ = Δδ−1.

Theorem 3. Assume that w and w∗ are weight functions such that

w∗(t) = 4w(2κt), t ∈ R, (4.4)

that fjk, gk, hk ∈ E+(exp w), k = 1, . . . , m, j = 0, . . . , P, and that
γ ∈ E+(− exp w∗). Then there exists an entire solution ϕ of Eq. (4.2) such that
for every a ∈ R, h ∈ R+, τ ∈ R+ an estimate

|ϕ(z)| ≤ C(a, h, τ)‖γ‖− exp w∗,S+(a−τ,h+τ)e
− exp w(� z), z ∈ S+(a, h) (4.5)

holds.
Proof. To simplify the following calculations we introduce some notation.

First, the symbol An will stay for a vector (a1, . . . , an) ∈ Z
n. In particular,

we set

On = {0, . . . , 0 }︸ ︷︷ ︸
n times

, Un = {1, . . . , 1 }︸ ︷︷ ︸
n times

, Mn = {m, . . . , m }︸ ︷︷ ︸
n times

where m is the integer from Eq. (4.1).
Furthermore, for every vector An ∈ Z

n we set

|An| =
n∑

k=1

|ak|

and if Bn = {b1, . . . , bn }︸ ︷︷ ︸
n times

∈ Zn is another vector we write An ≺ Bn if ak ≤ bk

for all k = 1, . . . , n.
Given vectors Kn, Jn ∈ Zn, Un ≺ Kn ≺ Mn , let σp(z;Kn, Jn) and

θp(z;Kn, Jn), p = 1, . . . , n, be one of the functions

f
(ν)
jk

(
z +

p−1∑
s=1

αks

)
, g

(ν)
k

(
z +

p−1∑
s=1

αks

)
, h

(ν)
k

(
z +

p−1∑
s=1

αks

)
,

where 1 ≤ k ≤ m, 0 ≤ j ≤ P ; 0 ≤ ν ≤ |Jn|. Denote by σp(.;Kn, Jn) and
θp(.;Kn, Jn) operators of multiplication by σp(z;Kn, Jn) and θp(z;Kn, Jn),
respectively, and set

I+ϕ(z) =

+∞∫
z

ϕ(t) dt.
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With Rn = {r1, . . . , rn } such that On ≺ Rn ≺ Un we define the operators

Φ(Kn, Jn, Rn) =
n∏

p=1

σp(.;Kn, Jn)Irp

+ θp(.;Kn, Jn) (4.6)

where the factors are ordered from the left to the right according to the growth of
p from p = 1 through p = n. Let us show now that

Ln
+ =

∑
Un≺Kn≺Mn

nP∑
j=0

Fj(Kn)DjT (Kn), D =
d

dz
, (4.7)

where

T (Kn)ϕ(z) = ϕ
(
z +

n∑
s=1

αks

)
and

Fj(Kn) =
∑
|Jn|=j

∑
On≺ Rn≺ Un

c(Kn, Jn, Rn)Φ(Kn, Jn, Rn) (4.8)

with real-valued coefficients c(Kn, Jn, Rn) satisfying estimates

Cn ≡
∑

Un≺Kn≺Mn

nP∑
|Jn|=0

∑
On≺ Rn≺ Un

|c(Kn, Jn, Rn)| ≤ Cen3
. (4.9)

Indeed, for n = 1 the representation (4.8) is an immediate consequence of (4.3)
and we can accept C1 = (m+ 1)(P + 1).

For arbitrary n > 1 and j ≥ 0 we have

DjT (Kn)L+ψ(z)

= Dj
m∑

kn+1=1

( P∑
jn+1=0

fjn+1,kn+1

(
z +

n∑
s=1

αks

)
ψ(jn+1)

(
z +

n+1∑
s=1

αks

)

+ gkn+1

(
z +

n∑
s=1

αks

) +∞∫
z

hkn+1

(
t +

n∑
s=1

αks

)
ψ

(
t +

n+1∑
s=1

αks

)
dt
)
.

The r.h.s of the last equation is a sum of (m+1)(P+1)(|Jn|+1)2 expressions
of one of the following forms

(i)
(

l
j

)
f

(l)
jn+1,kn+1

(
z +

n∑
s=1

αks

)
ψ(j−l+jn+1)

(
z +

n+1∑
s=1

αks

)
,

(ii) g
(j)
kn+1

(z +
n∑

s=1
αks)

∞∫
z

hkn+1

(
t +

n∑
s=1

αks

)
ψ

(
t +

n+1∑
s=1

αks

)
dt,

(iii) −
(
l
j

)(
r

j − l − 1

)
g
(l)
kn+1

(
z +

n∑
s=1

αks

)
×h(r)

kn+1

(
z +

n∑
s=1

αks

)
ψ(j−l−r−1)

(
z +

n+1∑
s=1

αks

)
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with 0 ≤ l ≤ j − 1 in (i) and 0 ≤ r ≤ j − l − 1, 0 ≤ l ≤ j − 1, in (iii).
Assuming that Eq. (4.8) is valid for some n ≥ 1 we find that it is valid for n+1
with Kn+1 = {k1, . . . , kn︸ ︷︷ ︸

n times

, kn+1} = {Kn, kn+1}, 1 ≤ kn+1 ≤ m; |Jn+1| ≤

|Jn| + P ≤ P (n+ 1); Rn+1 = {Rn, rn+1}, 0 ≤ rn+1 ≤ 1, and with operator
Φ(Kn+1, Jn+1, Rn+1) obtained by multiplying Φ(Kn, Jn, Rn) from the right by
one of the following operators

(i) f
(l)
jn+1,kn+1

(
· +

n∑
s=1

αks

)
, 0 ≤ l ≤ Pn,

(ii) g
(j)
kn+1

(
· +

n∑
s=1

αks

)
I+hkn+1

(
· +

n∑
s=1

αks

)
, 0 ≤ j ≤ Pn,

(iii) gkn+1

(
· +

n∑
s=1

αks

)
h

(r)
kn+1

(
· +

n∑
s=1

αks

)
, 0 ≤ r ≤ j − l − 1.

It is easy to see that the number of these operators does not exceed 3(Pn)2. The
elementary inequality(

l
j

)
+

(
l
j

)(
r

j − l − 1

)
≤ 22Pn+1,

yields
Cn+1 ≤ 2Cn(3Pn)222Pn ≤ Ce(n+1)3

with
C = C1 sup

n≥1
(6Pn)2n22Pn2

e−(n+1)3 ,

proving (4.9) for all n ≥ 1.
Let now real numbers a, h > 0 and τ be fixed such that 0 < τ < δ/2. With

vectors Kn, Jn, Rn ∈ Zn
+ and functions fjk, gk, hk from Eq. (4.3) also being

fixed we have, using the Cauchy formulae for derivatives of analytic functions,
|σp(z;Kn, Jn)| + |θp(z;Kn, Jn)|

≤ C(a, h, τ)
|Jn|!
τ |Jn| exp ew(� z+(n−1)Δ+τ), z ∈ S+(a, h).

(4.10)

Furthermore, let n0 = 2|a− τ |δ−1. Then for t ≥ a− τ and n ≥ n0 we have

2Δδ−1(t− τ) + 2nΔ − ((t− τ) + nΔ)

≥ nΔ − (2Δδ−1)|a− τ | ≥ (n− n0)Δ ≥ 0
(4.11)

and
2Δδ−1(t− τ) + 2nΔ

≥ nΔ + (nΔ − 2Δδ−1|a− τ |) ≥ nΔ + (n− n0)Δ ≥ nΔ.
(4.12)

Assume now γ ∈ E(−ew∗) and estimate the function

Φ(Kn, Jn, Rn)γ(z), z ∈ S+(a− τ, h+ τ).
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We use the monotonicity of w and w∗ and estimates Eq. (4.10) to obtain an
inequality∣∣∣∣Φ(Kn, Jn, Rn)γ(|Jn|)

(
z +

n∑
s=1

αks

)∣∣∣∣
≤
(
C(a, h, r)

|Jn|!
τ |Jn|

)3n

· ‖γ||− exp w∗, S+(a−τ,h+τ)

+∞∫
�z

dt1 . . . dtr−1

+∞∫
tr−1

dtre
E(tr,n)

where r = |Rn| ≤ n and

E(t, n) = 2new(t+nΔ−τ) − ew∗(t+nδ−τ).

According to (4.11), (4.12) and the second inequality from (3.1) we have

w∗(t− τ + nδ) ≥ w(2Δδ−1(t− τ) + 2nΔ) + w(nΔ)

≥ w(t− τ + nΔ) + 4 ln(nΔ)

and using the first inequality from (3.1) and (4.4) we obtain

E(t, n) ≤ −ew∗(t+nδ−τ)(1 − 2/Δ2)

≤ −e3w(2Δδ−1(t−τ)+2nΔ) ≤ −3ew(2Δδ−1(t−τ)+2nΔ).

It is easy to see that

sup
t≥a−τ

(t2 − ew(t)) = C(a, τ) < ∞,

+∞∫
�z

dt1 . . . dtr−1

+∞∫
tr−1

e−t2rdtr ≤
+∞∫
a

(t− a)r−1

(r − 1)!
e−t2dt ≤ C(a) < ∞.

At last,
w(2Δδ−1(t− τ) + 2nΔ) ≥ w(nΔ) ≥ 4 lnn

and, since 0 < τ < nδ,

w(2Δδ−1(t− τ) + 2nΔ) ≥ w(t − τ + nδ) ≥ w(t),

giving us an estimate

|Φ(Kn, Jn, Rn)D(|Jn|)T (Kn)γ(z)|
≤ C(a, h, τ)nn3Pn2

e−n4‖γ‖− expw∗,S+(a−τ,h−τ) exp(−ew(�z)),
(4.13)

for all n ≥ n0, z ∈ S+(a, h). It is evident that the same estimates are valid for
n < n0 and sufficiently large values of �z. Now we note that there are not more
than n0 ≤ 2δ−1(|a| + 1) indices n < n0 and hence Eq. (4.13) is fulfilled for all
n ≥ 0 with some number C(a, h, τ).

Taking into account estimates (4.9) we conclude that the series∑+∞
n=0

Ln
+γ

converges to an entire solution ϕ of Eq. (4.2), and Eq. (4.5) holds.
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5. Proof of Theorem 1, Part (i)

First we set
ãj0 = a−1

p00aj0, 0 ≤ j ≤ p0;

ãjk = −a−1
p00
ajk, 1 ≤ k ≤ m, 0 ≤ j ≤ pk,

and represent Eq. (1.1) in the form

L0ϕ(z) =
m∑

k=1

Lkϕ(z + αk) + a−1
p00(z)γ(z) (5.1)

where Lk =
pk∑

j=0

ãjkD
j , k = 1, . . . ,m.

Let K0(z, t) be the Cauchy kernel of operator L0. It means that if ψ is
an entire function vanishing sufficiently fast as � z → +∞ in every half-strip
S+(a, h) then the function

ϕ(z) = −
+∞∫
z

K0(z, t)ψ(t)dt (5.2)

is a solution of the equation L0ϕ = ψ. On the other hand, if ψ is an entire
solution of the equation

ψ(z) = −
m∑

k=1

Lk

+∞∫
z+αk

K0(z + αk, t)ψ(t)dt + a−1
p00

(z)γ(z) (5.3)

then the function ϕ defined (formally, at least) by (5.2) is a solution of Eq. (5.1).
To find an entire solution of Eq. (5.3) we use (cf., [9]) the explicit represen-

tation

K0(z, t) =

∣∣∣∣∣∣∣∣∣∣∣∣

u1(t) . . . up0(t)
. . .
. . .
. . .

u
(p0−1)
1 (t) . . . u

(p0−2)
p0 (t)

u1(z) . . . up0(z)

∣∣∣∣∣∣∣∣∣∣∣∣
exp

⎛⎝−
z∫

0

ap0−1,0(s)ds

⎞⎠ .

where { uj(z) }p0
j=1 is the fundamental system of solutions of the homogeneous

equation L0u = 0, normalized by the unit matrix of initial conditions at z = 0. It
follows from the Gronwall inequality [10], that the functions of this system satisfy
the inequality

|uj(z)| ≤ exp
(
p0|z|ew(�z)

)
where w is the weight function from Theorem 1. Hence

K0(z, t) =
p0∑

j=1

uj(z)vj(t) (5.4)

where uj, vj ∈ E+(exp(2w)), j = 1, . . . , p0.
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It is easy to see that every expression

dj

dzj

(
u(z)

∞∫
z

v(t)ψ(t)dt
)

is a linear combination of functions

u(p)(z)v(q)(z)ψ(r)(z), p, q, r < j; u(j)(z)

∞∫
z

v(t)ψ(t)dt.

Therefore Eq. (5.3) may be written in the form

ψ(z) = L+ψ(z) + a−1
p00

(z)γ(z) (5.5)

where L+ is an operator defined by Eq. (4.3) whose coefficients are entire functions
fjk(z), gk(z), hk(z) belonging to the linear span of functions ãjk(z)u(p)

s (z +
αk)v(p)

s (z + αk), j, p ≤ max
1≤k≤m

pk = P. It is easy to see that fjk, gk, hk ∈
E+(exp w̃) with w̃ = 3w. With a function w (and hence w̃ ) being fixed we define
w̃∗(t) = 4w̃(2κt) and represent γ in the form γ = γ+ + γ− where the summands
γ+ and γ− are given by Eq. (3.6) in which w is replaced by w̃∗ and N is a fixed
number.

Since w̃∗ > w∗, Theorem 3 implies that there exists an entire solution ψ+(z)
of Eq. (4.2) satisfying

|ψ+(z)| < C(a, h, τ)‖a−1
p00γ+‖− exp w∗, S+(a−τ, h+τ) exp(−ew̃(�z)),

z ∈ S+(a, h).

The function

ϕ+(z) = −
∞∫

z

K0(z, t)ψ+(t)dt

is an entire solution of Eq. (1.1) with γ = γ+ and the previous inequality yields

|ϕ+(z)| < C(a, h, τ)‖a−1
p00γ+‖− expw∗, S+(a−τ, h+τ) exp(−ew(�z)),

z ∈ S+(a, h).
(5.6)

Our next step is to consider Equation (1.1) with γ = γ−. First, we substitute
−z in it instead of z and set γ̃+(z) = γ−(−z), ϕ̃(z) = ϕ(−z + αm) . Then
ϕ(−z+αk) = ϕ(−(z+αm−αk)+αm) = ϕ̃(z+α′m−k) whereα′k = αm−αm−k, k =
0, 1, . . . , m, and we arrive at the equation

m∑
k=0

pm−k∑
j=0

ãjk(z)ϕ̃(j)(z + α′k) = γ̃+(z) (5.7)

with ãj k(z) = (−1)jaj, m−k(−z). It is evident that

α′0 = 0 < α′1 < · · · < α′m, α′1 = αm − αm−1 ≥ δ, α′m = αm = Δ,
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and γ̃+ ∈ E+(−ew). Hence this is an equation of the type Eq. (4.2). According to
(5.6) there exists its entire solution ϕ̃+ satisfying

|ϕ̃+(z)| ≤ C(a, h, τ)‖a−1
pmmγ−‖− expw∗, S−(−a+τ, h+τ) exp(−ew(�z))

z ∈ S−(−a, h) = { z : � z ≤ −a, |� z| ≤ h.}
(5.8)

It remains to note that ϕ−(z) = ϕ̃+(−z + αm) is an entire solution of Eq. (4.3)
with γ = γ− and ϕ = ϕ+ + ϕ− is an entire solution of Eq. (1.1), completing
the proof of part (ii) of Theorem 3.

Combining estimates (5.8) and (5.6) we find that for every τ > 0 and R > 0
there exists C(R, τ) such that, whatever is an entire function γ, there exists an
entire solution ϕ of Eq. (1.1) satisfying inequalities

max
|z|≤R

|ϕ(z)| ≤ C(R, τ)(‖a−1
p00γ+‖− expw∗, S+(−R−τ,R+τ)

+ ‖a−1
pmmγ−‖− expw∗, S−(R+τ,R+τ))

The method used to prove part (i) of Theorem 1 permits us to relate effec-
tively to every entire function γ an entire solution of Eq. (1.1). As a matter of
fact, the correspondence between γ and ϕ depends on a choice of a function μ
in Eq. (3.6) and is not linear with respect to it. We can slightly “improve” the
situation by restricting γ in Eq. (1.1) to the subspace F(p) of entire functions
endowed, in addition to the traditional system of norms

‖γ‖R = max
|z|≤R

|γ(z)|, R > 0,

with the norm
‖γ‖p = sup

t∈R

|γ(it)|p−1(|t|)

where p = p(t) > 0, t > 0, is a fixed logarithmically convex function.
For a given equation L of the form (1.1) satisfying conditions of Theorem 1

we choose an arbitrary (but fixed!) number N and a nowhere degenerate entire
function μ̃(z) such that

|μ̃(it)| ≥ p(|t|)M(|t|, eΩ).

The representation (3.6) defines a linear mapping γ → (γ+, γ−) from F(p) to
the space of entire 2-vectors and it is easy to see that the solution ϕ = ϕ+ + ϕ−
depends linearly on a function γ. Moreover, since the function μ−1 is bounded on
every compact set in C, we obtain, in the notation used in the proof of part (i),

‖a−1
p00
γ+‖− exp w∗, S+(−R−τ, R+τ) + ‖a−1

pmmγ−‖− exp w∗, S−(R+τ, R+τ)

≤ C(R)(‖γ‖R+τ + ‖γ‖p),

and hence
‖ϕ‖R ≤ C(R)(‖γ‖R+τ + ‖γ‖p).

In other words, the correspondence γ → ϕ defines a bounded linear mapping
from F(p) to the space of all entire functions and therefore is a right inverse to L.
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6. Proof of Theorem 1, Part (ii)

At the first step we construct a system of linear independent functions which solve
the homogeneous equation Lϕ = 0 up to a finite order at the point z = 0 only.

Lemma 3. For every integer l > 0 there exists a system Ψ = {ψj}l
j=0 of entire

functions satisfying conditions

ψ
(s)
j (0) = δjs j, s = 0, . . . , l;

Lψj(z) = o(zl+1), j = 0, . . . , l.

Proof. Let us first assume that for a fixed integer s, 0 ≤ s ≤ l, a function ψ(z)
satisfies conditions

ψ(j)(αk) =

⎧⎪⎨⎪⎩
δjs, k = 0, j = 0, 1, . . . , p0 + l + 1
0, k = 1, . . . , m− 1, j = 0, . . . , pk + l + 1
0, k = m, j = 0, . . . , pm − 1.

(6.1)

Then

Lψ(z) = apmm(z)ψ(pm)(z + αm)

+
pm−1∑
j=0

ajm(z)ψ(j)(z + αm) +
p0∑

j=0

aj0(z)ψ(j)(z) + o(zl+1),

and hence the system of equations

(Lψ(z))(j)|z=0 = 0, j = 0, . . . , l + 1,

may be written in the form{
apmm(0)ξ0 = μ0(η0, . . . , ηp0)
apmm(0)ξj + λj(ξ0, . . . , ξj−1) = μj(η0, . . . , ηp0+j), 1 ≤ j ≤ l + 1,

where ξj = ψ(pm+j)(αm), ηj = ψ(j)(0) and λj and μj are linear functions.
Since apmm(0) �= 0, for every fixed s, 0 ≤ s ≤ l, and ηj defined by the first
line of Eq. (6.1) the last system has the unique solution {ξj}l+1

j=0. Denote now by
ψs(z) an entire function (e.g., polynomial) satisfying the following interpolation
conditions

ψ(j)
s (αk) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
δjs, k = 0, j = 0, . . . , p0 + l + 1
0, k = 2, . . . , p− 1, j = 0, . . . , pk + l+ 1
0, k = m, j = 0, . . . , pm − 1

ξj−pm , k = m, j = pm, . . . , pm + l + 1.

It is evident that (Lψs)(z) = o(zl+1), det ‖ψ(j)
s (0)‖l

j,s=0 = 1 and Ψ = {ψs}l
s=0

is a linear independent system. Hence there exists a number ε(Ψ) > 0 such that for
every system Θ = {θs}l

s=0 satisfying conditions |θ(j)s (0)| ≤ ε(Ψ), s, j = 0, 1, . . . , l,
the system Ψ + Θ = {ψs + θs}l

s=0 is linear independent as well.
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At the second step we fix an integer l > 0, a system Ψ = {ψs}l
s=0 described in

Lemma 3, the corresponding number ε(Ψ) and the set {γj}l
j=0 of entire functions

γj = Lψj , j = 0, . . . , l. (6.2)

Denote by ϕj the solution of equation Lϕ = γj constructed in part (i) with
some N > 0. Our aim is to show that if N > 0 is sufficiently large then

|ϕ(s)
j (0)| ≤ ε(Ψ), j, s = 0, . . . , l, (6.3)

and hence { ψj − ϕj}l
j=0 is a linear independent system of solutions to the

homogeneous equation (1.1).
To this end let γ be one of the functions γj , and let γ = γ+ + γ− with

the summands γ+ and γ− being defined by (3.6). Then the solution ϕ of Eq.
(1.1) has the form

ϕ(z) = ϕ+(z) + ϕ−(z)
where

ϕ+(z) = −
∞∫

z

K0(z, t)a−1
p00

(t)γ+(t)dt −
∞∫

z

K0(z, t)L+ψ+(t)dt

ϕ−(z) = ϕ̃+(−z + αm)

(6.4)

and the estimates (5.6) and (5.8) are valid.
Since γ+(0) = γ−(0) = · · · = γ

(l+1)
+ (0) = γ

(l+1)
− (0) = 0, the jth derivative

of the first term on the r.h.s. of (6.4) is

(−1)j+1

+∞∫
0

∂jK0(0, t)
∂zj

a−1
p00

(t)γ+(t)dt, j = 0, 1, . . . , l. (6.5)

The representation (3.6) yields

|γ+(t)| ≤ CN−
l+1
2 |Φ+(t)| exp(−w∗(t)), t ≥ 0,

with the function

Φ+(t) =
∫

�s=0

eNs2
eΩ(s)γ(s)s−(l+1)μ−1(s)

ds

s− t
, �t > 0.

Here and in the estimates which follow we denote by C (maybe different) num-
bers not depending on parameters and variables explicitly written in the relevant
formulas.

Since γ(z) = o(zl+1) as z → 0, we have

|Φ+(t)| ≤ C

∞∫
−∞

e−Nx2
∣∣∣ x

ix+ t

∣∣∣ dx ≤ C, �t ≥ 0, �t = 0.

Therefore
|γ+(t)| ≤ CN−(l+1)/2 exp(−w∗(t)), t ≥ 0.
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Furthermore, it follows from (5.4)

∂jK0(0, t)
∂zj

a−1
p00(t) ∈ E+(exp(3w(t))

and ∣∣∣(−1)j

∞∫
0

∂jK0(0, t)
∂zj

a−1
p00

(t)γ+(t)dt
∣∣∣ ≤ CN−(l+1)/2. (6.6)

To estimate derivatives at z = 0 of the second term in (6.4), let us apply
Eq. (5.6) to functions ψ+(t+ αk), k = 1, . . . ,m with t ∈ S+(−δ/4, δ/4). Since
(t + αk) ≥ −δ/4 + αk ≥ 3δ/4, we obtain

|ψ+(t+ αk)| ≤ C‖a−1
p00γ+‖− expw∗, S+(3δ/4, δ/2) exp(−ew(�t))

and hence

|L+ψ+(t)| ≤ C‖a−1
p00
γ+‖− exp w∗, S+(3δ/4, δ/2) exp(−ew(�t−δ/4)),

t ∈ S+(−δ/4, δ/4).
With account taken of Eq. (5.6) we find∣∣∣ ∞∫

z

K0(z, t)L+ψ+(t)dt
∣∣∣ ≤ C‖a−1

p00γ+‖− expw∗, S+(3δ/4, δ/2).

Now we have
|Φ+(z)| ≤ C, z ∈ S+(3δ/4, δ/2)

which together with (6.6) results in the estimates

|ϕ(j)
+ (0)| ≤ CN−(l+1)/2, j = 0, . . . , l.

To estimate |ϕ(j)
− (0)|, we use relations ϕ

(j)
− (0) = (−1)jϕ̃+(αm) and estimates

(5.6). If we accept τ = αm/4, a = −αm/2, then we find

|ϕ̃+(z)| ≤ C‖a−1
pmmγ−‖− exp w∗, S−(−αm/2,αm/2) ≤ CN−(l+1)/2

and
|ϕ(j)
− (0)| ≤ CN−(l+1)/2, j = 0, . . . , l.

With N sufficiently large it leads us to (6.3) completing the proof of part (ii).
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Abstract. A class of scalar inverse Stieltjes-like functions is realized as linear-
fractional transformations of transfer functions of conservative systems based
on a Schrödinger operator Th in L2[a, +∞) with a non-selfadjoint boundary
condition. In particular it is shown that any inverse Stieltjes function of this
class can be realized in the unique way so that the main operator A possesses
a special semi-boundedness property. We derive formulas that restore the
system uniquely and allow to find the exact value of a non-real boundary
parameter h of the operator Th as well as a real parameter μ that appears
in the construction of the elements of the realizing system. An elaborate
investigation of these formulas shows the dynamics of the restored parameters
h and μ in terms of the changing free term α from the integral representation
of the realizable function.

Mathematics Subject Classification (2000). Primary 47A10, 47B44; Secondary
46E20, 46F05.

Keywords. Operator colligation, conservative system, transfer (characteristic)
function.

1. Introduction

The role of realizations of different classes of holomorphic operator-valued func-
tions is universally recognized in the spectral analysis of non-self-adjoint operators,
interpolation problems, and system theory, with the attention to them growing over
the years. The literature on realization theory is too extensive to be discussed thor-
oughly in this paper. We refer a reader, however, to [2], [3], [7], [8], [9], [10], [11],
[12], [20], [27], [26], and the literature therein. This paper is the second in a series

Sergey V. Belyi and Eduard R. Tsekanovskii
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where we study realizations of a subclass of Herglotz-Nevanlinna functions with
the systems based upon a Schrödinger operator. In [14] we have considered a class
of scalar Stieltjes-like functions. Here we focus our attention on another impor-
tant subclass of Herglotz-Nevanlinna functions, the so-called inverse Stieltjes-like
functions.

We recall that an operator-valued function V (z) acting on a finite-dimensional
Hilbert space E belongs to the class of operator-valued Herglotz-Nevanlinna func-
tions if it is holomorphic on C \ R, if it is symmetric with respect to the real axis,
i.e., V (z)∗ = V (z̄), z ∈ C \ R, and if it satisfies the positivity condition

ImV (z) ≥ 0, z ∈ C+.

It is well known (see, e.g., [18], [19]) that operator-valued Herglotz-Nevanlinna
functions admit the following integral representation:

V (z) = Q+ Lz +
∫

R

(
1

t− z
− t

1 + t2

)
dG(t), z ∈ C \ R, (1.1)

where Q = Q∗, L ≥ 0, and G(t) is a nondecreasing operator-valued function on R

with values in the class of nonnegative operators in E such that∫
R

(dG(t)x, x)E

1 + t2
< ∞, x ∈ E. (1.2)

The realization of a selected class of Herglotz-Nevanlinna functions is provided by
a linear conservative system Θ of the form{

(A − zI)x = KJϕ−
ϕ+ = ϕ− − 2iK∗x (1.3)

or

Θ =
(

A K J
H+ ⊂ H ⊂ H− E

)
. (1.4)

In this system A, the main operator of the system, is a so-called (∗)-extension,
which is a bounded linear operator from H+ into H− extending a symmetric
operator A in H, where H+ ⊂ H ⊂ H− is a rigged Hilbert space. Moreover, K is
a bounded linear operator from the finite-dimensional Hilbert space E into H−,
while J = J∗ = J−1 is acting on E, are such that Im A = KJK∗. Also, ϕ− ∈ E
is an input vector, ϕ+ ∈ E is an output vector, and x ∈ H+ is a vector of the
state space of the system Θ. The system described by (1.3)–(1.4) is called a rigged
canonical system of the Livšic type [24] or (in operator theory) the Brodskĭı-Livšic
rigged operator colligation, cf., e.g., [11], [12], [15]. The operator-valued function

WΘ(z) = I − 2iK∗(A − zI)−1KJ (1.5)

is a transfer function (or characteristic function) of the system Θ. It was shown
in [11] that an operator-valued function V (z) acting on a Hilbert space E of the
form (1.1) can be represented and realized in the form

V (z) = i[WΘ(z) + I]−1[WΘ(z) − I] = K∗(AR − zI)−1K, (1.6)



Inverse Stieltjes-like Functions and Schrödinger Systems 23

where WΘ(z) is a transfer function of some canonical scattering (J = I) system
Θ, and where the “real part” AR = 1

2 (A + A∗) of A satisfies AR ⊃ Â = Â∗ ⊃ A if
and only if the function V (z) in (1.1) satisfies the following two conditions:{

L = 0,
Qx =

∫
R

t
1+t2 dG(t)x when

∫
R

(dG(t)x, x)E < ∞.
(1.7)

In the current paper we specialize in an important subclass of Herglotz-
Nevanlinna functions, the class of inverse Stieltjes-like functions that also includes
inverse Stieltjes functions (see [13]). In Section 4 we specify a subclass of realizable
inverse Stieltjes operator-functions and show that any member of this subclass can
be realized by a system of the form (1.4) whose main operator A satisfies inequality

(ARf, f) ≤ (A∗f, f) + (f,A∗f), f ∈ H+.

In Section 5 we introduce a class of scalar inverse Stieltjes-like functions.
Then we rely on the general realization results developed in Section 4 (see also
[13] and [14]) to restore a system Θ of the form (1.4) containing the Schrödinger
operator in L2[a,+∞) with non-self-adjoint boundary conditions{

Thy = −y′′ + q(x)y
y′(a) = hy(a) ,

(
q(x) = q(x), Imh �= 0

)
.

We show that if a non-decreasing function σ(t) is the spectral distribution function
of a positive self-adjoint boundary value problem{

Aθy = −y′′ + q(x)y
y′(a) = θy(a)

and satisfies conditions
∞∫
0

dσ(t) = ∞,

∞∫
0

dσ(t)
t+ t2

< ∞,

then for every real α an inverse Stieltjes-like function

V (z) = α+

∞∫
0

(
1

t− z
− 1
t

)
dσ(t)

can be realized in the unique way as V (z) = VΘ(z) = i[WΘ(z) + I]−1[WΘ(z) − I],
where WΘ(z) is the transfer function of a rigged canonical system Θ containing
some Schrödinger operator Th. In particular, it is shown that for every α ≤ 0 an
inverse Stieltjes function V (z) with integral representation above can be realized
by a system Θ whose main operator A is a (∗)-extension of a Schrödinger operator
Th and satisfies (2.7).

In addition to the general realization results, Section 5 provides the reader
with formulas that allow to find the exact value of a non-real parameter h in the
definition of Th of the realizing system Θ. A somewhat similar study is presented
in Section 6 to describe the real parameter μ that appears in the construction of
the elements of the realizing system. An elaborate investigation of these formulas
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shows the dynamics of the restored parameters h and μ in terms of a changing
free term α in the integral representation of V (z) above. It will be shown and
graphically presented that the parametric equations for the restored parameter h
represent different circles whose centers and radii are completely determined by the
function V (z). Similarly, the behavior of the restored parameter μ are described
by straight lines.

2. Some preliminaries

For a pair of Hilbert spaces H1, H2 we denote by [H1,H2] the set of all bounded
linear operators from H1 to H2. Let A be a closed, densely defined, symmetric
operator in a Hilbert space H with inner product (f, g), f, g ∈ H. Consider the
rigged Hilbert space

H+ ⊂ H ⊂ H−,
where H+ = D(A∗) and

(f, g)+ = (f, g) + (A∗f,A∗g), f, g ∈ D(A∗).

Note that identifying the space conjugate to H± with H∓, we get that if A ∈
[H+,H−] then A∗ ∈ [H+,H−].

Definition 2.1. An operator A ∈ [H+,H−] is called a self-adjoint bi-extension of a
symmetric operator A if A = A∗, A ⊃ A, and the operator

Âf = Af, f ∈ D(Â) = {f ∈ H+ : Af ∈ H}
is self-adjoint in H.

The operator Â in the above definition is called a quasi-kernel of a self-adjoint
bi-extension A (see [30]) .

Definition 2.2. An operator A ∈ [H+,H−] is called a (∗)-extension (or correct
bi-extension) of an operator T (with non-empty set ρ(T ) of regular points) if

A ⊃ T ⊃ A,A∗ ⊃ T ∗ ⊃ A

and the operator AR = 1
2 (A + A∗) is a self-adjoint bi-extension of an operator A.

The existence, description, and analog of von Neumann’s formulas for self-
adjoint bi-extensions and (∗)-extensions were discussed in [30] (see also [4], [5],
[11]). For instance, if Φ is an isometric operator from the defect subspace Ni of
the symmetric operator A onto the defect subspace N−i, then the formulas below
establish a one-to one correspondence between (∗)-extensions of an operator T
and Φ

Af = A∗f + iR(Φ − I)x, A
∗f = A∗f + iR(Φ − I)y, (2.1)

where x, y ∈ Ni are uniquely determined from the conditions

f − (Φ + I)x ∈ D(T ), f − (Φ + I)y ∈ D(T ∗)
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and R is the Riesz-Berezanskii operator of the triplet H+ ⊂ H ⊂ H− that maps
H+ isometrically onto H− (see [30]). If the symmetric operator A has deficiency
indices (n, n), then formulas (2.1) can be rewritten in the following form

Af = A∗f +
n∑

k=1

Δk(f)Vk, A
∗f = A∗f +

n∑
k=1

δk(f)Vk, (2.2)

where {Vj}n
1 ∈ H− is a basis in the subspace R(Φ − I)Ni, and {Δk}n

1 , {δk}n
1 , are

bounded linear functionals on H+ with the properties

Δk(f) = 0, ∀f ∈ D(T ), δk(f) = 0, ∀f ∈ D(T ∗). (2.3)

Let H = L2[a,+∞) and l(y) = −y′′+q(x)y where q is a real locally summable
function. Suppose that the symmetric operator{

Ay = −y′′ + q(x)y
y(a) = y′(a) = 0 (2.4)

has deficiency indices (1,1). Let D∗ be the set of functions locally absolutely con-
tinuous together with their first derivatives such that l(y) ∈ L2[a,+∞). Consider
H+ = D(A∗) = D∗ with the scalar product

(y, z)+ =
∫ ∞

a

(
y(x)z(x) + l(y)l(z)

)
dx, y, z ∈ D∗.

Let
H+ ⊂ L2[a,+∞) ⊂ H−

be the corresponding triplet of Hilbert spaces. Consider operators{
Thy = l(y) = −y′′ + q(x)y
hy(a) − y′(a) = 0 ,

{
T ∗hy = l(y) = −y′′ + q(x)y
hy(a) − y′(a) = 0

, (2.5){
Ây = l(y) = −y′′ + q(x)y
μy(a) − y′(a) = 0

, Imμ = 0.

It is well known [1] that Â = Â∗. The following theorem was proved in [6].

Theorem 2.3. The set of all (∗)-extensions of a non-self-adjoint Schrödinger op-
erator Th of the form (2.5) in L2[a,+∞) can be represented in the form

Ay = −y′′ + q(x)y − 1
μ− h

[y′(a) − hy(a)] [μδ(x− a) + δ′(x− a)],

A
∗y = −y′′ + q(x)y − 1

μ− h
[y′(a) − hy(a)] [μδ(x− a) + δ′(x− a)].

(2.6)

In addition, the formulas (2.6) establish a one-to-one correspondence between the
set of all (∗)-extensions of a Schrödinger operator Th of the form (2.5) and all real
numbers μ ∈ [−∞,+∞].

Definition 2.4. An operator T with the domain D(T ) and ρ(T ) �= ∅ acting on a
Hilbert space H is called accretive if

Re (Tf, f) ≥ 0, ∀f ∈ D(T ).
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Definition 2.5. An accretive operator T is called [22] α-sectorial if there exists a
value of α ∈ (0, π/2) such that

cotα |Im (Tf, f)| ≤ Re (Tf, f), f ∈ D(T ).

An accretive operator is called extremal accretive if it is not α-sectorial for
any α ∈ (0, π/2).

Definition 2.6. A (∗)-extensions A in Definition 2.2 is called accumulative if

(ARf, f) ≤ (A∗f, f) + (f,A∗f), f ∈ H+. (2.7)

Consider the symmetric operator A of the form (2.4) with defect indices (1,1),
generated by the differential operation l(y) = −y′′ + q(x)y. Let ϕk(x, λ) (k = 1, 2)
be the solutions of the following Cauchy problems:⎧⎨⎩ l(ϕ1) = λϕ1

ϕ1(a, λ) = 0
ϕ′1(a, λ) = 1

,

⎧⎨⎩ l(ϕ2) = λϕ2

ϕ2(a, λ) = −1
ϕ′2(a, λ) = 0

.

It is well known [1] that there exists a function m∞(λ) (called the Weyl-
Titchmarsh function) for which

ϕ(x, λ) = ϕ2(x, λ) +m∞(λ)ϕ1(x, λ)

belongs to L2[a,+∞).
Suppose that the symmetric operator A of the form (2.4) with deficiency

indices (1,1) is nonnegative, i.e., (Af, f) ≥ 0 for all f ∈ D(A)). It was shown in
[28] that the Schrödinger operator Th of the form (2.5) is accretive if and only if

Reh ≥ −m∞(−0). (2.8)

For real h such that h ≥ −m∞(−0) we get a description of all nonnegative self-
adjoint extensions of an operatorA. For h = −m∞(−0) the corresponding operator{

AK y = −y′′ + q(x)y
y′(a) +m∞(−0)y(a) = 0 (2.9)

is the Krĕın-von Neumann extension of A and for h = +∞ the corresponding
operator {

AF y = −y′′ + q(x)y
y(a) = 0 (2.10)

is the Friedrichs extension of A (see [28], [6]).

3. Rigged canonical systems with Schrödinger operator

Let A be (∗)-extension of an operator T , i.e.,

A ⊃ T ⊃ A, A
∗ ⊃ T ∗ ⊃ A

where A is a symmetric operator with deficiency indices (n, n) and D(A) = D(T )∩
D(T ∗). In what follows we will only consider the case when the symmetric operator
A has dense domain, i.e., D(A) = H.
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Definition 3.1. A system of equations{
(A − zI)x = KJϕ−
ϕ+ = ϕ− − 2iK∗x ,

or an array

Θ =
(

A K J
H+ ⊂ H ⊂ H− E

)
(3.1)

is called a rigged canonical system of the Livsic type if:
1) E is a finite-dimensional Hilbert space with scalar product (·, ·)E and the

operator J in this space satisfies the conditions J = J∗ = J−1,
2) K ∈ [E,H−], kerK = {0},
3) Im A = KJK∗, where K∗ ∈ [H+, E] is the adjoint of K.

In the definition above ϕ− ∈ E stands for an input vector, ϕ+ ∈ E is an
output vector, and x is a state space vector in H. An operator A is called a
main operator of the system Θ, J is a direction operator, and K is a channel
operator. A system Θ of the form (3.1) is called an accretive system [14] if its main
operator A is accretive and accumulative if its main operator A is accumulative,
i.e., satisfies (2.7).

An operator-valued function

WΘ(λ) = I − 2iK∗(A − λI)−1KJ (3.2)

defined on the set ρ(T ) of regular points of an operator T is called the transfer
function (characteristic function) of the system Θ, i.e., ϕ+ = WΘ(λ)ϕ−. It is
known [28], [30] that any (∗)-extension A of an operator T (A∗ ⊃ T ⊃ A), where
A is a symmetric operator with deficiency indices (n, n) (n < ∞), D(A) = D(T )∩
D(T ∗), can be included as a main operator of some rigged canonical system with
dimE < ∞ and invertible channel operator K.

It was also established [28], [30] that

VΘ(λ) = K∗(Re A − λI)−1K (3.3)

is a Herglotz-Nevanlinna operator-valued function acting on a Hilbert space E,
satisfying the following relation for λ ∈ ρ(T ), Imλ �= 0

VΘ(λ) = i[WΘ(λ) − I][WΘ(λ) + I]−1J. (3.4)

Alternatively,
WΘ(λ) = (I + iVΘ(λ)J)−1(I − iVΘ(λ)J)

= (I − iVΘ(λ)J)(I + iVΘ(λ)J)−1.
(3.5)

Let us recall (see [30], [6]) that a symmetric operator with dense domain D(A)
is called prime if there is no reducing, nontrivial invariant subspace on which A
induces a self-adjoint operator. It was established in [29] that a symmetric operator
A is prime if and only if

c.l.s.
λ
=λ

Nλ = H. (3.6)
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We call a rigged canonical system of the form (3.1) prime if

c.l.s.
λ
=λ̄, λ∈ρ(T )

Nλ = H.

One easily verifies that if system Θ is prime, then a symmetric operator A of the
system is prime as well.

The following theorem [6], [14] and corollary [14] establish the connection
between two rigged canonical systems with equal transfer functions.

Theorem 3.2. Let Θ1 =
(

A1 K1 J
H+1 ⊂ H1 ⊂ H−1 E

)
and

Θ2 =
(

A2 K2 J
H+2 ⊂ H2 ⊂ H−2 E

)
be two prime rigged canonical systems of the

Livsic type with

A1 ⊃ T1 ⊃ A1, A
∗
1 ⊃ T ∗1 ⊃ A1,

A2 ⊃ T2 ⊃ A2, A
∗
2 ⊃ T ∗2 ⊃ A2,

(3.7)

and such that A1 and A2 have finite and equal defect indices.
If

WΘ1(λ) = WΘ2(λ), λ ∈ ρ(T1) ∩ ρ(T2), (ρ(T1) ∩ ρ(T2)) ∩ C± �= ∅, (3.8)

then there exists an isometric operator U from H1 onto H2 such that U+ = U |H+1

is an isometry1 from H+1 onto H+2, U∗− = U∗+ is an isometry from H−1 onto
H−2, and

UT1 = T2U, A2 = U−A1U
−1
+ , U−K1 = K2. (3.9)

Corollary 3.3. Let Θ1 and Θ2 be the two prime systems from the statement of
Theorem 3.2. Then the mapping U described in the conclusion of the theorem is
unique.

Now we shall construct a rigged canonical system based on a non-self-adjoint
Schrödinger operator. One can easily check that the (∗)-extension

Ay = −y′′ + q(x)y − 1
μ− h

[y′(a) − hy(a)] [μδ(x − a) + δ′(x− a)], Imh > 0

of the non-self-adjoint Schrödinger operator Th of the form (2.5) satisfies the con-
dition

Im A =
A − A∗

2i
= (., g)g, (3.10)

where

g =
(Im h)

1
2

|μ− h| [μδ(x− a) + δ′(x− a)] (3.11)

1It was shown in [6] that the operator U+ defined this way is an isometry from H+1 onto H+2.

It is also shown there that the isometric operator U∗ : H+2 → H+1 uniquely defines operator
U− = (U∗)∗ : H−1 → H−2.
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and δ(x − a), δ′(x − a) are the delta-function and its derivative at the point a.
Moreover,

(y, g) =
(Imh)

1
2

|μ− h| [μy(a) − y′(a)], (3.12)

where
y ∈ H+, g ∈ H−,H+ ⊂ L2(a,+∞) ⊂ H−

and the triplet of Hilbert spaces is as discussed in Theorem 2.3. Let E = C,
Kc = cg (c ∈ C). It is clear that

K∗y = (y, g), y ∈ H+ (3.13)

and Im A = KK∗. Therefore, the array

Θ =
(

A K 1
H+ ⊂ L2[a,+∞) ⊂ H− C

)
(3.14)

is a rigged canonical system with the main operator A of the form (2.6), the
direction operator J = 1 and the channel operator K of the form (3.13). Our next
logical step is finding the transfer function of (3.14). It was shown in [6] that

WΘ(λ) =
μ− h

μ− h

m∞(λ) + h

m∞(λ) + h
, (3.15)

and

VΘ(λ) =
(m∞(λ) + μ) Imh

(μ− Reh)m∞(λ) + μReh− |h|2 . (3.16)

4. Realization of inverse Stieltjes functions

Let E be a finite-dimensional Hilbert space. The scalar versions of the definitions
below can be found in [21]. We recall (see [14], [21]) that an operator-valued
Herglotz-Nevanlinna function V (z) is Stieltjes if it is holomorphic in Ext[0,+∞)
and

Im [zV (z)]
Im z

≥ 0.

Definition 4.1. We will call an operator-valued Herglotz-Nevanlinna function
V (z) ∈ [E,E] by an inverse Stieltjes if V (z) admits the following integral rep-
resentation

V (z) = α+ β · z +
∫ ∞

0

(
1

t− z
− 1
t

)
dG(t), (4.1)

where α ≤ 0, β ≥ 0, and G(t) is a non-decreasing on [0,+∞) operator-valued
function such that ∫ ∞

0

(dG(t)e, e)
t+ t2

< ∞, ∀e ∈ E.
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Alternatively (see [21]) an operator-valued function V (z) is inverse Stieltjes
if it is holomorphic in Ext[0,+∞) and V (z) ≤ 0 in (−∞, 0). It is known [21] that
a function V (z) �= 0 is an inverse Stieltjes function iff the function −(V (z))−1 is
Stieltjes.

The following definition was given in [13] and provides the description of all
realizable inverse Stieltjes operator-valued functions.

Definition 4.2. An operator-valued inverse Stieltjes function V (z) ∈ [E,E] is said
to be a member of the class S−1(R) if in the representation (4.1) we have

i) β = 0,

ii) αe =
∫ ∞

0

1
t
dG(t)e = 0,

for all e ∈ E with ∫ ∞

0

(dG(t)e, e)E <∞. (4.2)

In what follows we will, however, be mostly interested in the following sub-
class of S−1(R) that was also introduced in [13].

Definition 4.3. An operator-valued inverse Stieltjes function V (z) ∈ S−1(R) is a
member of the class S−1

0 (R) if∫ ∞

0

(dG(t)e, e)E = ∞, (4.3)

for all e ∈ E, e �= 0.

It is not hard to see that S−1
0 (R) is the analogue of the classN0(R) introduced

in [12] and of the class S0(R) discussed in [14].
The following statement [13] is the direct realization theorem for the functions

of the class S−1
0 (R).

Theorem 4.4. Let Θ be an accumulative system of the form (3.1). Then the opera-
tor-function VΘ(z) of the form (3.3), (3.4) belongs to the class S−1

0 (R).

The inverse realization theorem can be stated and proved (see [13]) for the
class S−1

0 (R) as follows.

Theorem 4.5. Let a operator-valued function V (z) belong to the class S−1
0 (R).

Then V (z) admits a realization by an accumulative prime system Θ of the form
(3.1) with J = I.

Proof. It was shown in [13] that any member of the class S−1
0 (R) is realizable by

an accumulative system Θ of the form (3.1) with J = I. Thus all we actually have
to show is that the model system Θ that was constructed in [13] is prime.

As it was also shown in [11], [12], and [13], the symmetric operator A of the
model system Θ is prime and positive, and hence (3.6) takes place. We are going
to show that in this case the system Θ is also prime, i.e.,

c.l.s.
λ
=λ̄, λ∈ρ(T )

Nλ = H. (4.4)
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Consider the operator Uλ0λ = (Ã− λ0I)(Ã − λI)−1, where Ã is an arbitrary self-
adjoint extension of A. By a simple check one confirms that Uλ0λNλ0 = Nλ. To
prove (4.4) we assume that there is a function f ∈ H such that

f ⊥ c.l.s.
λ
=λ̄, λ∈ρ(T )

Nλ.

Then (f, Uλ0λg) = 0 for all g ∈ Nλ0 and all λ ∈ ρ(T ). But since the system Θ is
accumulative, it follows that there are regular points of T in the upper and lower
half-planes. This leads to a conclusion that the function φ(λ) = (f, Uλ0λg) ≡ 0
for all λ �= λ̄. Combining this with (3.6) we conclude that f = 0 and thus (4.4)
holds. �

5. Restoring a non-self-adjoint Schrödinger operator Th

In this section we are going to use the realization technique and results developed
for inverse Stieltjes functions in section 4 to obtain the solution of inverse spectral
problem for Schrödinger operator of the form (2.5) in L2[a,+∞) with non-self-
adjoint boundary conditions{

Thy = −y′′ + q(x)y
y′(a) = hy(a) ,

(
q(x) = q(x), Imh �= 0

)
. (5.1)

Following the framework of [14] we let H = L2[a,+∞) and l(y) = −y′′+q(x)y
where q is a real locally summable function. We consider a symmetric operator
with defect indices (1, 1) {

B̃y = −y′′ + q(x)y
y′(a) = y(a) = 0

(5.2)

together with its positive self-adjoint extension of the form{
B̃θy = −y′′ + q(x)y
y′(a) = θy(a)

(5.3)

defined in H = L2[a,+∞). A non-decreasing function σ(λ) defined on [0,+∞)
is called the distribution function (see [25]) of an operator pair B̃θ, B̃, where B̃θ

of the form (5.3) is a self-adjoint extension of symmetric operator B̃ of the form
(5.2), and if the formulas

ϕ(λ) = Uf(x),

f(x) = U−1ϕ(λ),
(5.4)

establish one-to-one isometric correspondence U between

Lσ
2 [0,+∞) and L2[a,+∞).

Moreover, this correspondence is such that the operator B̃θ is unitarily equivalent
to the operator

Λσϕ(λ) = λϕ(λ), (ϕ(λ) ∈ Lσ
2 [0,+∞)) (5.5)
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in Lσ
2 [0,+∞) while symmetric operator B̃ in (5.2) is unitarily equivalent to the

symmetric operator

Λ0
σϕ(λ) = λϕ(λ), D(Λ0

σ) =
{
ϕ(λ) ∈ Lσ

2 [0,+∞) :
∫ +∞

0

ϕ(λ)dσ(λ) = 0
}
.

(5.6)

Definition 5.1. A scalar Herglotz-Nevanlinna function V (z) is called an inverse
Stieltjes-like function if it has an integral representation

V (z) = α+
∫ ∞

0

(
1

t− z
− 1
t

)
dτ(t),

∫ ∞

0

dτ(t)
t+ t2

<∞ (5.7)

similar to (4.1) but with an arbitrary (not necessarily non-positive) constant α
and β = 0.

We are going to introduce a new class of realizable scalar inverse Stieltjes-like
functions whose structure is similar to that of S−1

0 (R) of Section 4.

Definition 5.2. An inverse Stieltjes-like function V (z) is said to be a member of
the class SL−1

0 (R) if it admits an integral representation

V (z) = α+
∫ ∞

0

(
1

t− z
− 1
t

)
dτ(t), (5.8)

where non-decreasing function τ(t) satisfies the following conditions∫ ∞

0

dτ(t) = ∞,

∫ ∞

0

dτ(t)
t+ t2

< ∞. (5.9)

Consider the following subclasses of SL−1
0 (R).

Definition 5.3. A function V (z) ∈ SL−1
0 (R) belongs to the class SL−1

0 (R,K) if∫ ∞

0

dτ(t)
t

= ∞. (5.10)

Definition 5.4. A function V (z) ∈ SL−1
0 (R) belongs to the class SL−1

01 (R,K) if∫ ∞

0

dτ(t)
t

< ∞. (5.11)

The following theorem describes the realization of the class SL−1
0 (R).

Theorem 5.5. Let V (z) ∈ SL−1
0 (R). Then it can be realized by a prime system Θ

of the form (3.1).

Proof. We start by applying the general realization theorems from [11] and [13] to
a Herglotz-Nevanlinna function V (z) and obtain a rigged canonical system of the
Livsic type

ΘΛ =
(

Λ Kτ 1
Hτ

+ ⊂ Lτ
2 [0,+∞) ⊂ Hτ− C

)
, (5.12)
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such that V (z) = VΘΛ(z). Following the steps for construction of the model system
described in [11] and [13], we note that

Λ = ReΛ + iKτ(Kτ )∗

is a correct (∗)-extension of an operator T τ such that Λ ⊃ T τ ⊃ Λ0
τ where Λ0

τ is
defined in (5.6). The real part ReΛ is a self-adjoint bi-extension of Λ0

τ that has
a quasi-kernel Λτ of the form (5.5). It was also shown in [13] that the operator
Λ possess the accumulative property (2.7). The operator Kτ in the above system
(see [11], [13]) is defined by

Kτc = c · α, (Kτ )∗x = (x, α) c ∈ C, α ∈ Hτ
−, x(t) ∈ Hτ

+.

In addition we can observe that the function η(λ) ≡ 1 belongs to Hτ
−. To confirm

this we need to show that (x, 1) defines a continuous linear functional for every
x ∈ Hτ

+. It was shown in [11], [12] that

Hτ
+ = D(Λ0

τ ) �
{

c1
1 + t2

}
�
{

c2t

1 + t2

}
, c1, c2 ∈ C. (5.13)

Consequently, every vector x ∈ Hτ
+ has three components x = x1 + x2 + x3

according to the decomposition (5.13) above. Obviously, (x1, 1) and (x2, 1) yield
convergent integrals while (x3, 1) boils down to∫ ∞

0

t

1 + t2
dτ(t).

The convergence of the latter is guaranteed by the definition of inverse Stieltjes-
like function. The state space of the system ΘΛ is Hτ

+ ⊂ Lτ
2 [0,+∞) ⊂ Hτ

−, where
Hτ

+ = D
(
(Λ0

τ )∗
)
.

We can also show that the system ΘΛ is a prime system. In order to do so
we need to show that

c.l.s.
λ
=λ̄, λ∈ρ(T τ )

Nλ = Lτ
2 [0,+∞), (5.14)

where Nλ are defect subspaces of the symmetric operator Λ0
τ . It is known (see [11],

[13]) that Λ0
τ is a non-negative prime operator. Hence we can follow the reasoning

of the proof of theorem 4.5 and only confirm that operator T τ has regular points
in the upper and lower half-planes. To see this we first note that non-negative
operator Λ0

τ has no kernel spectrum [1] on the left real half-axis. Then we apply
Theorem 1 of [1] (see page 149 of vol. 2 of [1]) that gives the complete description
of the spectrum of T τ . This theorem implies that there are regular points of T τ

on the left real half-axis. Since ρ(T τ ) is an open set we confirm the presence of
non-real regular points of T τ in both half-planes. Thus (5.14) holds and ΘΛ is a
prime system.

In order to complete the proof of the theorem we merely set

A = Λ = ReΛ + iKτ (Kτ )∗ and K = Kτ . �
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At this point we are ready to state and prove the main realization result of
this paper.

Theorem 5.6. Let V (z) ∈ SL−1
0 (R) and the function τ(t) be the distribution func-

tion of an operator pair B̃θ of the form (5.2) and B̃ of the form (5.3). Then there
exist unique Schrödinger operator Th (Imh > 0) of the form (5.1), operator A

given by (2.6), operator K as in (3.13), and the rigged canonical system of the
Livsic type

Θ =
(

A K 1
H+ ⊂ L2[a,+∞) ⊂ H− C

)
, (5.15)

of the form (3.14) so that V (z) is realized by Θ, i.e., V (z) = VΘ(z).

Proof. Since τ(t) is the distribution function of the positive self-adjoint operator,
then (see [25]) we can completely restore the operator B̃θ of the form (5.3) as
well as a symmetric operator B̃ of the form (5.2). It follows from the definition of
the distribution function above that there is operator U defined in (5.4) establish-
ing one-to-one isometric correspondence between Lτ

2 [0,+∞) and L2[a,+∞) while
providing for the unitary equivalence between the operator B̃θ and operator of
multiplication by independent variable Λτ of the form (5.5).

Let us consider the system ΘΛ of the form (5.12) constructed in the proof
of Theorem 5.5. Applying Theorem 3.2 on unitary equivalence to the isometry U
defined in (5.4) we obtain a triplet of isometric operators U+, U , and U−, where

U+ = U
∣∣
Hτ

+
, U∗− = U∗+.

This triplet of isometric operators will map the rigged Hilbert space of ΘΛ, that
is Hτ

+ ⊂ Lτ
2 [0,+∞) ⊂ Hτ

−, into another rigged Hilbert space H+ ⊂ Lτ
2 [a,+∞) ⊂

H−. Moreover, U+ is an isometry from Hτ
+ = D(Λ0∗

τ ) onto H+ = D(B̃∗), and
U∗− = U∗+ is an isometry from Hτ

+ onto H−. This is true since the operator U
provides the unitary equivalence between the symmetric operators B̃ and Λ0

τ .
Now we construct a system

Θ =
(

A K 1
H+ ⊂ L2[a,+∞) ⊂ H− C

)
where K = U−Kτ and A = U−ΛU−1

+ is a correct (∗)-extension of operator T =
UT τU−1 such that A ⊃ T ⊃ B̃. The real part Re A contains the quasi-kernel B̃θ.
This construction of A is unique due to the theorem on the uniqueness of a (∗)-
extension for a given quasi-kernel (see [30]). On the other hand, all (∗)-extensions
based on a pair B̃, B̃θ must take form (2.6) for some values of parameters h and μ.
Consequently, our function V (z) is realized by the system Θ of the form (5.15) and

V (z) = VΘΛ(z) = VΘ(z). �

The theorem below gives the criteria for the operator Th of the realizing
system to be accretive.
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Theorem 5.7. Let V (z) ∈ SL−1
0 (R) satisfy the conditions of Theorem 5.5. Then

the operator Th in the conclusion of the Theorem 5.5 is accretive if and only if

α2 − α

∫ ∞

0

dτ(t)
t

+ 1 ≥ 0. (5.16)

The operator Th is φ-sectorial for some φ ∈ (0, π/2) if and only if the inequality
(5.16) is strict. In this case the exact value of angle φ can be calculated by the
formula

tanφ =

∫∞
0

dτ(t)
t

α2 − α
∫∞
0

dτ(t)
t + 1

. (5.17)

Proof. It was shown in [29] that for the system Θ in (5.15) described in the previous
theorem the operator Th is accretive if and only if the function

Vh(z) = −i[W−1
Θ (−1)WΘ(z) + I]−1[W−1

Θ (−1)WΘ(z) − I]

= −i1 − [(m∞(z) + h̄)/(m∞(z) + h)][(m∞(−1) + h)/(m∞(−1) + h̄)]
1 + [(m∞(z) + h̄)/(m∞(z) + h)][(m∞(−1) + h)/(m∞(−1) + h̄)]

,

(5.18)
is holomorphic in Ext[0,+∞) and satisfies the following inequality

1 + Vh(0)Vh(−∞) ≥ 0. (5.19)

Here WΘ(z) is the transfer function of (5.15). It is also shown in [29] that the
operator Th is α-sectorial for some α ∈ (0, π/2) if and only if the inequality (5.19)
is strict while the exact value of angle α can be calculated by the formula

cotα =
1 + Vh(0)Vh(−∞)
|Vh(−∞) − Vh(0)| . (5.20)

According to Theorem 5.5 and equation (3.5)

WΘ(z) = (I − iV (z)J)(I + iV (z)J)−1.

By direct calculations one obtains

WΘ(−1) =
1 − i

[
α−

∫∞
0

dτ(t)
t+t2

]
1 + i

[
α−

∫∞
0

dτ(t)
t+t2

] , W−1
Θ (−1) =

1 + i
[
α−

∫∞
0

dτ(t)
t+t2

]
1 − i

[
α−

∫∞
0

dτ(t)
t+t2

] . (5.21)

Using the following notations

c = α−
∫ ∞

0

dτ(t)
t+ t2

and d = α−
∫ ∞

0

dτ(t)
t

,

and performing straightforward calculations we obtain

WΘ(−1) =
1 − i c

1 + i c
, WΘ(−∞) =

1 − i d

1 + i d
,

and

Vh(0) =
c− α

1 + c α
and Vh(−∞) =

c− d

1 + c d
. (5.22)
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Substituting (5.22) into (5.20) and performing the necessary steps we get

cotφ =
1 + αd

α− d
=
α2 − α

∫∞
0

dτ(t)
t + 1∫∞

0
dτ(t)

t

. (5.23)

Taking into account that α− d > 0 we combine (5.19), (5.20) with (5.23) and this
completes the proof of the theorem. �

Below we will derive the formulas for calculation of the boundary parameter
h in the restored Schrödinger operator Th of the form (5.1). We consider two major
cases.
Case 1. In the first case we assume that

∫∞
0

dτ(t)
t < ∞. This means that our

function V (z) belongs to the class SL−1
01 (R,K). In what follows we denote

b =
∫ ∞

0

dτ(t)
t

and m = m∞(−0).

Suppose that b ≥ 2. Then the quadratic inequality (5.16) implies that for all α
such that

α ∈
(
−∞,

b−
√
b2 − 4
2

]
∪
[
b+

√
b2 − 4
2

,+∞
)

(5.24)

the restored operator Th is accretive. Clearly, this operator is extremal accretive if

α =
b±

√
b2 − 4
2

.

In particular if b = 2 then α = 1 and the function

V (z) = 1 +
∫ ∞

0

(
1

t− z
− 1
t

)
dτ(t)

is realized using an extremal accretive Th.
Now suppose that 0 < b < 2. Then for every α ∈ (−∞,+∞) the restored

operator Th will be accretive and φ-sectorial for some φ ∈ (0, π/2). Consider a
function V (z) defined by (5.8). Conducting realizations of V (z) by operators Th

for different values of α ∈ (−∞,+∞) we notice that the operator Th with the
largest angle of sectoriality occurs when

α =
b

2
, (5.25)

and is found according to the formula

φ = arctan
b

1 − b2/4
. (5.26)

This follows from the formula (5.17), the fact that α2 − α b+ 1 > 0 for all α, and
the formula

α2 − α b+ 1 =
(
α− b

2

)2

+
(

1 − b2

4

)
.
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Now we will focus on the description of the parameter h in the restored operator
Th. It was shown in [6] that the quasi-kernel Â of the realizing system Θ from
theorem 5.5 takes a form{

Ây = −y′′ + qy
y′(a) = ηy(a)

, η =
μReh− |h|2
μ− Reh

(5.27)

On the other hand, since σ(t) is also the distribution function of the positive self-
adjoint operator, we can conclude that Â equals to the operator B̃θ of the form
(5.3). This connection allows us to obtain

θ = η =
μReh− |h|2
μ− Reh

. (5.28)

Assuming that
h = x+ iy

we will use (5.28) to derive the formulas for x and y in terms of γ. First, to
eliminate parameter μ, we notice that (3.15) and (3.5) imply

WΘ(λ) =
μ− h

μ− h

m∞(λ) + h

m∞(λ) + h
=

1 − iV (z)
1 + iV (z)

. (5.29)

Passing to the limit in (5.29) when λ → −∞ and taking into account that
V (−∞) = α− b and m∞(−∞) = ∞ (see [14]) we obtain

μ− h

μ− h
=

1 − i(α− b)
1 + i(α− b)

.

Let us denote

a =
1 − i(α− b)
1 + i(α− b)

. (5.30)

Solving (5.30) for μ yields

μ =
h− ah̄

1 − a
.

Substituting this value into (5.28) after simplification produces

x+ iy − a(x− iy)x− (x2 + y2)(1 − a)
x+ iy − a(x− iy) − x(1 − a)

= θ.

After straightforward calculations targeting to represent numerator and denomi-
nator of the last equation in standard form one obtains the following relation

x− (α− b) y = θ. (5.31)

It was shown in [29] that the φ-sectoriality of the operator Th and (5.20) lead to

tanφ =
Imh

Reh+m∞(−0)
=

y

x+m∞(−0)
. (5.32)

Combining (5.31) and (5.32) one obtains

x− (α− b)(x tanφ+m∞(−0) tanφ) = θ,
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or

x =
θ + (α − b)m∞(−0) tanφ

1 − (α − b) tanφ
.

But tanφ is also determined by (5.17). Direct substitution of

tanφ =
b

1 + α(α− b)

into the above equation yields

x = θ +

[
θ +m∞(−0)

]
b(α− b)

1 + (α− b)2
.

Using the short notation and finalizing calculations we get

h = x+ iy, x = θ +
(α− b)[θ +m]b

1 + (α− b)2
, y =

[θ +m]b
1 + (α− b)2

. (5.33)

At this point we can use (5.33) to provide analytical and graphical interpre-
tation of the parameter h in the restored operator Th. Let

c = (θ +m)b.

Again we consider three subcases.
Subcase 1. b > 2 Using basic algebra we transform (5.33) into

(x− θ)2 +
(
y − c

2

)2

=
c2

4
. (5.34)

Since in this case the parameter α belongs to the interval in (5.24), we can see
that h traces the highlighted part of the circle on Figure 1 as α moves from
−∞ towards +∞. We also notice that the removed point (θ, 0) corresponds
to the value of α = ±∞ while the points h1 and h2 correspond to the values
α1 = b−√b2−4

2 and α2 = b+
√

b2−4
2 , respectively (see Figure 1).

Subcase 2. b < 2 For every α ∈ (−∞,+∞) the restored operator Th will be
accretive and φ-sectorial for some φ ∈ (0, π/2). As we have mentioned above,
the operator Th achieves the largest angle of sectoriality when α = b

2 . In this
particular case (5.33) becomes

h = x+ iy, x = θ − 2(θ +m)b2

4 + b2
, y =

4(θ +m)b
4 + b2

. (5.35)

The value of h from (5.35) is marked on Figure 2.
Subcase 3. b = 2 The behavior of parameter h in this case is depicted on Figure 3.

It shows that in this case the function V (z) can be realized using an extremal
accretive Th when α = 1. The value of the parameter h according to (5.33)
then becomes

h = x+ iy, x = −m, y = θ +m. (5.36)

Clockwise direction of the circle again corresponds to the change of α from
−∞ to +∞ and the marked value of h occurs when α = 1.
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Figure 1. b > 2

Figure 2. b < 2

Now we consider the second case.
Case 2. Here we assume that

∫∞
0

dτ(t)
t = ∞. This means that our function V (z)

belongs to the class SL−1
0 (R,K) and b = ∞. According to Theorem 5.7 and

formulas (5.16) and (5.17), the restored operator Th is accretive if and only if

α ≤ 0,
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Figure 3. b = 2

and φ-sectorial if and only if α < 0. It directly follows from (5.17) that the exact
value of the angle φ is then found from

tanφ = − 1
α
. (5.37)

The latter implies that the restored operator Th is extremal if α = 0. This means
that a function V (z) ∈ SL−1

0 (R,K) is realized by a system with an extremal
operator Th if and only if

V (z) =
∫ ∞

0

(
1

t− z
− 1
t

)
dτ(t). (5.38)

On the other hand since α ≤ 0 the function V (z) is an inverse Stieltjes function
of the class S−1

0 (R). Applying realization theorems from [13] we conclude that
V (z) admits realization by an accumulative system Θ of the form (3.1) with AR

containing the Friedrichs extension AF as a quasi-kernel. Here AF is defined by
(2.10). This yields

θ =
μx− (x2 + y2)

μ− x
= ∞, (5.39)

and hence μ = x. As in the beginning of the previous case we derive the formulas
for x and y, where h = x + iy. Assuming that α �= 0 and using (5.32) and (5.37)
leads to

x = μ, y = −x+m

α
. (5.40)

To proceed, we first notice that our function V (z) satisfies the conditions of
Theorem 4.9 of [6]. Indeed, the inequality

μ ≥ (Im h)2

m∞(−0) + Reh
+ Reh,
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that is required to apply this theorem, in our case turns into

μ ≥ − 1
α

+ μ,

that is obvious if α < 0. Applying Theorem 4.9 of [6] yields

∞∫
0

dτ(t)
1 + t2

=
Imh

|μ− h|2

⎛⎜⎜⎜⎝ sup
y∈D(AF )

|μy(a) − y′(a)|(∞∫
a

(|y(x)|2 + |l(y)|2) dx
) 1

2

⎞⎟⎟⎟⎠
2

. (5.41)

Taking into account that for the case of AF

|μy(a) − y′(a)| = |y′(a)|

and setting

d1/2 = sup
y∈D(AF )

|y′(a)|(∞∫
a

(|y(x)|2 + |l(y)|2) dx
) 1

2
, (5.42)

we obtain

Imh

|μ− h|2 d =

∞∫
0

dτ(t)
1 + t2

. (5.43)

Considering that Imh = y and μ = x, solving (5.43) for y yields

y =
d∫∞

0
dτ(t)
1+t2

. (5.44)

Consequently, equations (5.40) describing h = x+ iy take form

x = −m+
αd∫∞

0
dτ(t)
1+t2

, y =
d∫∞

0
dτ(t)
1+t2

. (5.45)

The equations (5.45) above provide parametrical equations of the straight hori-
zontal line shown on Figure 4. The connection between the parameters α and h in
the accretive restored operator Th is depicted in bold.

As we mentioned earlier the restored operator Th is extremal if α = 0. In this
case formulas (5.45) become

x = −m, y =
d∫∞

0
dτ(t)
1+t2

. (5.46)
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Figure 4. b = ∞

6. Realizing systems with Schrödinger operator

Now once we described all the possible outcomes for the restored accretive operator
Th, we can concentrate on the main operator A of the system (5.15). We recall
that A is defined by formulas (2.6) and beside the parameter h above contains also
parameter μ. We will obtain the behavior of μ in terms of the components of our
function V (z) the same way we treated the parameter h. As before we consider
two major cases dividing them into subcases when necessary.

Case 1. Assume that b =
∫∞
0

dτ(t)
t <∞. In this case our function V (z) belongs to

the class SL−1
01 (R,K). First we will obtain the representation of μ in terms of x

and y, where h = x+ iy. We recall that

μ =
h− ah̄

1 − a
,

where a is defined by (5.30). By direct computations we derive that

a =
1 − (α− b)2

1 + (α− b)2
− 2(α− b)

1 + (α − b)2
i, 1 − a =

2(α− b)2

1 + (α− b)2
+

2(α− b)
1 + (α− b)2

i,

and

h− ah̄ =
(

2(α− b)2

1 + (α − b)2
x+

2(α− b)
1 + (α− b)2

y

)
+
(

2
1 + (α− b)2

y +
2(α− b)

1 + (α − b)2
x

)
i.
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Figure 5. b > 2

Plugging the last two equations into the formula for μ above and simplifying we
obtain

μ = x+
y

α− b
. (6.1)

We recall that during the present case x and y parts of h are described by the
formulas (5.33).

Once again we elaborate in three subcases.
Subcase 1. b > 2 As we have shown this above, the formulas (5.33) can be trans-

formed into equation of the circle (5.34). In this case the parameter α belongs
to the interval in (5.24), the accretive operator Th corresponds to the values
of h shown in the bold part of the circle on Figure 1 as α moves from −∞
towards +∞.
Substituting the expressions for x and y from (5.33) into (6.1) and simplifying
we get

μ = θ +
(θ +m)b
α− b

. (6.2)

The connection between values of α and μ is depicted on Figure 5.
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We note that μ = 0 when α = −mb
θ . Also, the endpoints

α1 =
b−

√
b2 − 4
2

and α2 =
b+

√
b2 − 4
2

of α-interval (5.24) are responsible for the μ-values

μ1 = θ +
(θ +m)b

α1
and μ2 = θ +

(θ +m)b
α2

.

The values of μ that are acceptable parameters of operator A of the restored
system with an accretive operator Th make the bold part of the hyperbola
on Figure 5. It follows from Theorems 4.4 and 4.4 that the operator A of the
form (2.6) is accumulative if and only if α ≤ 0 and thus μ belongs to the part
of the left branch on the hyperbola where α ∈ (−∞, 0]. We note that Figure
5 shows the case when −m < 0, θ > 0, and θ > −m. Other possible cases,
such as (−m < 0, θ < 0, θ > −m), (−m < 0, θ = 0), and (m = 0, θ > 0)
require corresponding adjustments to the graph shown in the picture 5.

Subcase 2. b < 2 For every α ∈ (−∞,+∞) the restored operator Th will be
accretive and φ-sectorial for some φ ∈ (0, π/2). As we have mentioned above,
the operator Th achieves the largest angle of sectoriality when α = b

2 . In this
particular case (5.33) becomes (5.35). Substituting α = b/2 and (5.35) into
(6.1) we obtain

μ = −(θ + 2m). (6.3)

This value of μ from (6.3) is marked on Figure 6. The corresponding operator
A of the realizing system is based on these values of parameters h and μ.

Subcase 3. b = 2 The behavior of parameter μ in this case is also shown on Figure 6.
It was shown above that in this case the function V (z) can be realized using
an extremal accretive Th when α = 1. The values of the parameters h and μ
then become

h = x+ iy, x = −m, y = θ +m, μ = −(θ + 2m).

The value of μ above is marked on the left branch of the hyperbola and occurs
when α = 1 = b/2.

Case 2. Again we assume that
∫∞
0

dτ(t)
t = ∞. Hence V (z) ∈ SL−1

0 (R,K) and
b = ∞. As we mentioned above the restored operator Th is accretive if and only
if α ≤ 0 and φ-sectorial if and only if α < 0. It is extremal if α = 0. The values of
x and y, were already calculated and are given in (5.45). In particular, the value
for μ is given by

μ = x = −m+
αd∫∞

0
dτ(t)
1+t2

. (6.4)

where d is defined in (5.42). Figure 7 gives graphical representation of this case. The
left bold part of the line corresponds to the values of μ that yield an accumulative
realizing system. If m = 0 then the line passes through the origin and the graph
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Figure 6. b < 2 and b = 2

should be adjusted accordingly. In the case when α = 0 and Th is extremal we
have μ = m.

Example

We conclude this paper with simple illustration. Consider a function

V (z) = i
√
z. (6.5)

A direct check confirms that V (z) is an inverse Stieltjes function. It can be shown
(see [25] pp. 140–142) that the inversion formula

τ(λ) = C + lim
y→0

1
π

∫ λ

0

Im
(
i
√
x+ iy

)
dx (6.6)

describes the distribution function for a self-adjoint operator{
B̃∞y = −y′′
y(0) = 0.
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Figure 7. b = ∞

The corresponding to B̃∞ symmetric operator is{
B∞y = −y′′
y(0) = y′(0) = 0. (6.7)

It was also shown in [25] that τ(λ) = 0 for λ ≤ 0 and

τ ′(λ) =
1
π

√
λ for λ > 0. (6.8)

By direct calculations one can confirm that

V (z) =
∫ ∞

0

(
1

t− z
− 1
t

)
dτ(t) = i

√
z,

and that ∫ ∞

0

dτ(t)
t

=
∫ ∞

0

dt

π
√
t

= ∞.

It is also clear that the constant term in the integral representation (5.7) is zero,
i.e., α = 0.

Let us assume that τ(t) satisfies our definition of spectral distribution func-
tion of the pair B∞, B̃∞ given in Section 5. Operating under this assumption, we
proceed to restore parameters h and μ and apply formulas (5.45) for the values
α = 0 and m = m∞(−0) = 0 (see [6]). This yields x = 0. To obtain y we first find
the value of ∫ ∞

0

dτ(t)
1 + t2

=
1√
2
,
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and then use formula (5.42) to get the value of d. This yields d = 1/
√

2. Conse-
quently,

y =
d∫∞

0
dτ(t)
1+t2

= 1,

and hence h = yi = i. From (6.4) we have that μ = 0 and (2.6) becomes

A y = −y′′ − [iy′(0) + y′(0)]δ′(x). (6.9)

The operator Th in this case is {
Thy = −y′′
y′(0) = iy(0).

The channel vector g of the form (3.11) then equals

g = δ′(x), (6.10)

satisfying

Im A =
A − A∗

2i
= KK∗ = (., g)g,

and channel operator Kc = cg, (c ∈ C) with

K∗y = (y, g) = y′(0). (6.11)

The real part of A

Re A y = −y′′ − y(0)δ′(x)
contains the self-adjoint quasi-kernel{

Ây = −y′′
y(0) = 0.

A system of the Livs̆ic type with Schrödinger operator of the form (5.15) that
realizes V (z) can now be written as

Θ =
(

A K 1
H+ ⊂ L2[a,+∞) ⊂ H− C

)
.

where A and K are defined above. Now we can back up our assumption on τ(t) to
be the spectral distribution function of the pair B∞, B̃∞. Indeed, calculating the
function VΘ(z) for the system Θ above directly via formula (3.16) with μ = 0 and
comparing the result to V (z) gives the exact value of h = i. Using the uniqueness
of the unitary mapping U in the definition of spectral distribution function (see
Remark 5.6 of [14]) we confirm that τ(t) is the spectral distribution function of
the pair B∞, B̃∞.

Remark 6.1. All the derivations above can be repeated for an inverse Stieltjes-like
function

V (z) = α+ i
√
z, −∞ < α < +∞,

with very minor changes. In this case the restored values for h and μ are described
as follows:

h = x+ iy, x = α, y = 1, μ = α.
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The dynamics of changing h according to changing α is depicted on Figure 4
where the horizontal line has a y-intercept of 1. The behavior of μ is described by
a sloped line μ = α (see Figure 7 with m = 0). In the case when α ≤ 0 our function
becomes inverse Stieltjes and the restored system Θ is accretive. The operators A

and K of the restored system are given according to the formulas (2.6) and (3.13),
respectively.
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[11] S.V. Belyi and E.R. Tsekanovskĭı, “Realization theorems for operator-valued R-
functions”, Oper. Theory Adv. Appl., 98 (1997), 55–91.
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of inverse of Stieltjes functions”, Proceedings of MTNS-2002, University of Notre
Dame, CD-ROM, 11p., 2002.



Inverse Stieltjes-like Functions and Schrödinger Systems 49
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Bi-Isometries and Commutant Lifting

Hari Bercovici, Ronald G. Douglas and Ciprian Foias

In memory of M.S. Livsic, one of the founders of modern operator theory

Abstract. In a previous paper, the authors obtained a model for a bi-isometry,
that is, a pair of commuting isometries on complex Hilbert space. This repre-
sentation is based on the canonical model of Sz.-Nagy and the third author.
One approach to describing the invariant subspaces for such a bi-isometry
using this model is to consider isometric intertwining maps from another such
model to the given one. Representing such maps requires a careful study of
the commutant lifting theorem and its refinements. Various conditions relat-
ing to the existence of isometric liftings are obtained in this note, along with
some examples demonstrating the limitations of our results.

Mathematics Subject Classification (2000). 46G15, 47A15, 47A20, 47A45,
47B345.

Keywords. Bi-isometries, commuting isometries, canonical model, commutant
lifting, intertwining maps, invariant subspaces.

1. Introduction

The geometry of complex Hilbert space is especially transparent. In particular,
all Hilbert spaces of the same dimension are isometrically isomorphic. One con-
sequence is the simple structure of isometric operators on Hilbert space as was
discovered by von Neumann in his study of symmetric operators in connection
with quantum mechanics. A decade later, this decomposition was rediscovered
by Wold who made it the basis for his study of stationary stochastic processes.
Another decade later, Beurling obtained his iconic result on invariant subspaces
for the unilateral shift operator. While his proof did not rely on the structure of
isometries, later works showed that the result could be established using it. In the
fifties, Sz.-Nagy demonstrated that all contraction operators on Hilbert space have
a unique minimal unitary dilation. The application of structure theory for isome-

Research partially supported by grants from the National Science Foundation.
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tries to this unitary operator is one starting point for the canonical model theory
of Sz.-Nagy and the third author [11]. Much of the development of this theory,
including the lifting theorem for intertwining operators and the parametrization
of the possible lifts, can be viewed as exploiting and refining the structure theory
of isometric operators on complex Hilbert space.

The study of commuting n-tuples of isometries is not so simple, even for
n = 2. This paper makes a contribution to this theory. The starting point is
the model introduced implicitly in [1] for a bi-isometry or a pair of commuting
isometries. We now describe the model explicitly. Let {Θ(z), E , E} be a contractive
operator-valued analytic function (z ∈ D) and set Δ(ζ) = (I − Θ(ζ)∗Θ(ζ))1/2,
ζ ∈ ∂D. Define the Hilbert space

HΘ = H2(E) ⊕H2(ΔL2(E)) (1.1)

and the operators

VΘ(f ⊕ g) = f1 ⊕ g1,WΘ(f ⊕ g) = f2 ⊕ g2, (1.1a)

where

f1(z) = zf(z), f2(z) = Θ(z)f(z) (z ∈ D) (1.1b)

g1(w, ζ) = ζg(w, ζ), g2(w, ζ) = Δ(ζ)f(ζ) + wg(w, ζ) (w ∈ D, ζ ∈ ∂D). (1.1c)

Then (VΘ,WΘ) is a bi-isometry such that there is no nonzero reducing subspace
for (VΘ,WΘ) on which VΘ is unitary.

In [2] we have shown that any bi-isometry (V,W ), for which there is no
nonzero reducing subspace N such that V |N is unitarily equivalent to a bi-isometry
(VΘ,WΘ), where Θ(·) is uniquely determined up to unitary equivalence. (Note that
the terminology and the notations are as in [11].)

An important part of the study of this model is a description of all invari-
ant subspaces of the bi-isometry (VΘ,WΘ). To this end we first describe all the
contractive operators Y intertwining two bi-isometries (VΘ1 ,WΘ1) and (VΘ,WΘ);
that is, Y ∈ L(HΘ1 ,HΘ) and

Y VΘ1 = VΘY, YWΘ1 = WΘY. (1.2)

Let P denote the orthogonal projection of HΘ onto H2(E)(� H2(E) ⊕ {0} ⊂
HΘ). Then there exists a unique contractive analytic operator-valued function
{A(·), E1, E} such that

(PY h1)(z) = A(z)h1(z) (z ∈ D)

for all h1 ∈ H2(E1)(� H2(E1) ⊕ {0} ⊂ HΘ1). Conversely, given such a contractive
analytic function A(·), there exists a contractive intertwining operator Y , but it is
not unique. Using the Commutant Lifting Theorem, one can describe completely
the set of such intertwining contractions. The description involves an analytic
operator-valued function {R(·),R,R′}, called the free Schur contraction in Section
2. Here, the spaces R and R′ are called residual spaces, and they are entirely
determined by the functions Θ1,Θ and A. If M is a common invariant subspace for
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the bi-isometry (VΘ,WΘ), then defining U1 = VΘ|M and U2 = WΘ|M yields a bi-
isometry (U1, U2) on M. Moreover, the inclusion mapX : M → HΘ is an isometric
intertwining map. Conversely, if Y is an isometric intertwining map from a model
(VΘ1 ,WΘ1) on HΘ1 to HΘ, then the range of Y is a common invariant subspace for
the bi-isometry (VΘ,WΘ). Hence, the problem of describing the common invariant
subspaces for (VΘ,WΘ) is closely related to describing the isometric intertwining
maps from some model (VΘ1 ,WΘ1) to (VΘ,WΘ).

Thus the description of all the invariant subspaces of (VΘ,WΘ) is intimately
connected to the determination of the class of those free Schur contractions for
which the corresponding operator Y is an isometry. As yet we have not found a
completely satisfactory characterization of that set. In this note we present our
contributions to this problem with the hope that they may be instrumental in the
discovery of an easily applicable characterization.

In the next section we provide a description of the commutant lifting theo-
rem focusing on the aspects relevant to our problem. In Section 3 the analytical
details are taken up, while in the fourth section we state our results on isometric
intertwining maps. In the final section, we apply these results to the question of
invariant subspaces in those cases in which our results are effective. We conclude
with a number of open questions and future directions for study.

2. A short review of the Commutant Lifting Theorem

Let T ′ ∈ L(H′) be a completely nonunitary (c.n.u.) contraction and T ∈ L(H) an
isometry; here H,H′ are (separable) Hilbert spaces. Furthermore, letX ∈ L(H,H′)
be a contraction intertwining T and T ′; that is,

T ′X = XT, ‖X‖ ≤ 1. (2.1)

Let U ′ ∈ L(K′) be a minimal isometric lifting of T ′. In other words, if P ′ denotes
the orthogonal projection K′ onto H′ and I ′ denotes the identity operator on K′,
we have

P ′U ′ = T ′P ′, (2.2)

U ′∗U ′ = I ′, (2.2a)

and

K′ =
∞∨

n=0

U ′nH′. (2.2b)

Since K′ is essentially unique, one can take

K′ = H′ ⊕H2(DT ′) (2.2c)

U ′(h′ ⊕ f(·)) = T ′h′ ⊕ (DT ′h
′ + ·f(·)) (2.2d)

for all h′ ∈ H′, f(·) ∈ H2(DT ′). Recall that DT ′ = (I − T ′∗T ′)1/2 and DT ′ =
(DT ′H′)−.
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In its original form [9, 10], the Commutant Lifting Theorem asserts that there
exists an operator X ∈ L(H,K′) satisfying the following properties

U ′Y = Y T, (2.3)

‖Y ‖ ≤ 1, (2.3a)

P ′Y = X. (2.3b)

Such an operator Y is called a contractive intertwining lifting of X . In this study
we need a tractable classification of all these liftings. To this aim we introduce the
isometry

ω : (DXTH)− → {DT ′Xh⊕DXh : h ∈ H}−, (2.4)

obtained by closing the linear operator

ω0 : DXTh �→ DT ′Xh⊕DXh (h ∈ H); (2.4a)

and the partial isometry operator ω̄ ∈ L(DX ,DT ′) defined by

ω̄|(DXTH)− = ω, ω̄|(DX � (DXTH)−) = 0. (2.4b)

This operator obviously satisfies

ker ω̄ = DX � (DXTH)−, ker ω̄∗ = (DT ′ ⊕ DX) � ran ω. (2.4c)

Also we will denote by Π and Π′ the operators on DT ′ ⊕ DX defined by

Π′(d′ ⊕ d) = d′, Π(d′ ⊕ d) = d (d′ ∈ DT ′ , d ∈ DX). (2.4d)

With this preparation we can state the needed description (see [4], Ch. VI).

Proposition 2.1.

(i) Any contractive intertwining lifting Y of X is of the form

Y =
[

X
Γ(·)DX

]
: H �→ H ⊕H2(DT ′) = K′, (2.5)

where Γ(·) is given by the formula

Γ(z) = Π′W (z)(1 − zΠW (z))−1 (z ∈ D), (2.5a)

where
W (z) : DX �→ DT ′ ⊕ DX (z ∈ D) (2.5b)

is a contractive analytic function satisfying

W (z)|(DXTH)− = ω (z ∈ D). (2.5c)

(ii) Conversely, for any W (·) satisfying the above conditions, the formulas (2.5)
and (2.5a) yield a contractive intertwining lifting Y of X.

(iii) The correspondence between Y and W (·) is one-to-one.
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The function W (·) is called the Schur contraction of Y , and Y is called the
contractive intertwining lifting associated to W (·). It is immediate that the Schur
contraction is uniquely determined by its restriction

R(z) = W (z)| ker ω̄ : ker ω̄ → ker ω̄∗ (z ∈ D). (2.6)

Any contractive analytic function {R(·), ker ω̄, ker ω̄∗} determines a Schur contrac-
tion. The function R(·) will be called the free Schur contraction of Y . Thus we
have the following

Corollary 2.2. The formulas (2.5), (2.5a), (2.6) establish a bijection between the
set of all contractive intertwining liftings of X and the set of all free Schur con-
tractions.

As already stated, the main purpose of this paper is to study the free Schur
contractions for which the associated contractive intertwining lifting is isometric;
in particular, to find necessary conditions on T, T ′ and X for such an isometric
lifting to exist.

3. Analytic considerations

Let D,D′ be two (separable) Hilbert spaces and let

W (z) =
[
A(z)
B(z)

]
∈ L(D,D ⊕D′),

∥∥∥∥[A(z)
B(z)

]∥∥∥∥ ≤ 1 (z ∈ D) (3.1)

be analytic. Define an analytic function Γ by setting

Γ(z) = B(z)(I − zA(z))−1 ∈ L(D,D′) (z ∈ D). (3.2)

Lemma 3.1. For all d ∈ D the function Γd defined by Γd(z) = Γ(z)d belongs to
∈ H2(D′), and

‖Γd‖2
H2(D′) = lim

ρ↗1

1
2π

∫ 2π

0

‖Γ(ρeiθ)d‖2dθ (3.3)

= ‖d‖2 − lim
ρ↗1

[(
1
ρ2

− 1
)

1
2π

∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ

+
1
2π

∫ 2π

0

‖DW (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ

]
.

Proof. For ρ ∈ (0, 1), the function (1− ρzA(ρz))−1d is bounded, and in particular
it belongs to H2(D). Moreover, it can be decomposed as a sum of two orthogonal
vectors in H2(D) as follows:

(1 − ρzA(ρz))−1d = d+ ρzA(ρz)(1 − ρzA(ρz))−1d.
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Thus we have

1
2π

∫ 2π

0

‖Γ(ρeiθ)d‖2dθ

=
1
2π

∫ 2π

0

‖W (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ

− 1
2π

∫ 2π

0

‖A(ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ

=
1
2π

∫ 2π

0

‖W (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ

− 1
2π

∫ 2π

0

1
ρ2

‖ − d+ (I − ρeiθA(ρeiθ))−1d‖2dθ

=
1
2π

∫ 2π

0

‖W (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2 +
1
ρ2

‖d‖2

− 1
ρ2

1
2π

∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ

=
1
ρ2

‖d‖2 − 1
2π

∫ 2π

0

‖DW (ρeiθ)(I − ρeiθA(ρeiθ)−1d‖2dθ

−
(

1
ρ2

− 1
)

1
2π

∫ 2π

0

‖(I − ρeiθA(eiθ))−1d‖2dθ +
(

1
ρ2

− 1
)

‖d‖2,

from which (3.3) follows by letting ρ ↗ 1. �

The following equality is an obvious consequence of Lemma 3.1.

Corollary 3.2. The map Γ(·) : d(∈ D) �→ Γd is a contraction from D into H2(D′)
and

‖DΓ(·)d‖2 = lim
ρ↗1

[
1
2π

∫ 2π

0

‖DW (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ (3.3a)

+
(

1
ρ2

− 1
)

1
2π

∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ

]
(d ∈ D).

Lemma 3.3. For all d ∈ D we have

‖d‖2 = lim
ρ↗1

[
1
2π

∫ 2π

0

‖DA(ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ (3.4)

+
(

1
ρ2

− 1
)

1
2π

∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ

]
.
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Proof. For d ∈ D we have

1
2π

∫ 2π

0

‖DA(ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ

=
1
2π

∫ 2π

0

[
‖(I − ρeiθA(ρeiθ))−1d‖2 − 1

ρ2
‖ − d+ (I − ρeiθA(ρeiθ))−1d‖2

]
dθ

=
1
ρ2

‖d‖2 +
(

1 − 1
ρ2

)
1
2π

∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ,

from which (3.4) readily follows. �

Lemma 3.4. Let d ∈ D and set

d(z) = (I − zA(z))−1d = d0 + zd1 + · · · + zndn + · · · (z ∈ D), (3.5)

where dn ∈ D and d0 = d. If

‖dn‖ → 0 for n → ∞, (3.5a)

then we also have

Iρ =
(

1
ρ2

− 1
)

1
2π

∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ → 0 for ρ ↗ 1. (3.5b)

Proof. Observe that

Iρ =
1 + ρ

ρ2
(1 − ρ)

∞∑
n=0

ρ2n‖dn‖2,

so for any N = 1, 2, . . . we have

lim sup
ρ↗1

Iρ ≤ 2 lim sup
ρ↗1

(1 − ρ)
∞∑

n=N

ρ2n‖dn‖2 ≤ max{‖dn‖2 : n ≥ N},

which tends to 0 as N → ∞. �

Lemma 3.5. Let d and d(z) (z ∈ D) be as in Lemma 3.4. Then the equality
‖Γd‖2

H2(D′) = ‖d‖2 implies the convergence in (3.5a).

Proof. Let

Γ(z)d = g0 + zg1 + · · · + zngn + · · · (z ∈ D),

where gn ∈ D′ and note that

W (z)d(z) =
[
d1 + zd2 + z2d2 + · · ·
g0 + zg1 + z2g2 + · · ·

]
(z ∈ D).
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Thus for n = 2, 3, . . ., we have∥∥∥∥[ d1 + zd2 + · · · + zn−1dn

g0 + zg1 + · · · + zn−1gn−1

]∥∥∥∥2

H2

=
1
2π

∫ 2π

0

∥∥∥∥[ d1 + eiθd2 + · · · + ei(n−1)θdn

g0 + eiθg2 + · · · + ei(n−1)θgn−1

]∥∥∥∥2

dθ

= ‖d1‖2 + ‖d2‖2 + · · · + ‖dn‖2 + ‖g0‖2 + · · · + ‖gn−1‖2

≤ 1
2π

∫ 2π

0

‖W (eiθ)(d0 + eiθd1 + · · · + ei(n−1)θdn−1)‖2dθ

≤ 1
2π

∫ 2π

0

‖d0 + eiθd1 + · · · + ei(n−1)dn−1‖2dθ

= ‖d0‖2 + ‖d1‖2 + · · · + ‖dn−1‖2,

where d0 = d. Thus we obtain

‖dn‖2 + ‖g0‖2 + · · · + ‖gn−1‖2 ≤ ‖d‖2.

But since ‖Γd‖2
H2 = ‖g0‖2 + · · · + ‖gn−1‖2 + · · · , the above inequality and the

assumption that ‖Γd‖H2 = ‖d‖ implies (3.5a). �
We can now state and prove the main result of this section.

Proposition 3.6. The following sets of properties (a), (b), (c) and (d) are equivalent:
(a) Γ(·) is an isometry;
(b) W (·) and A(·) satisfy the conditions

lim
ρ↗1

∫ 2π

0

‖DW (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2 = 0 (d ∈ D) (3.6)

and

lim
ρ↗1

(1 − ρ)
∫ 2π

0

‖(I − ρeiθA(ρeiθ)−1d‖2 = 0 (d ∈ D); (3.6a)

(c) W (·) and A(·) satisfy the condition (3.6) and

lim
ρ↗1

1
2π

∫ 2π

0

‖DA(ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2dθ = ‖d‖2 (d ∈ D); (3.6b)

and
(d) W (·) and A(·) satisfy (3.6), and in the Taylor expansion

(1 − zA(z))−1 = I + zD1 + · · · + znDn + · · · (z ∈ D)

we have Dn → 0 strongly (that is, limn→∞ ‖Dnd‖ = 0 for all d ∈ D).

Proof. The equivalence of properties (a) and (b) follows directly from the Corollary
3.2. This corollary and Lemma 3.5 show that property (d) implies property (a).
The converse implication follows readily from the same corollary and Lemma 3.4.
Finally, Lemma 3.3 shows that conditions (3.6a) and (3.6b) are equivalent and
thus so are the sets of properties (b) and (c). �
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Corollary 3.7. Assume that W (z0) = 0 for some z0 ∈ D. Then Γ(·) is an isometry
if and only if (3.6) is valid.

Proof. We have
‖W (z)‖ ≤ |z − z0|/|1 − z̄0z| (z ∈ D)

and consequently, for all d ∈ D, we also have

‖DW (z)d‖2 ≥ (1 − |z − z0|2/|1 − z̄0z|2)‖d‖2

≥ ((1 − |z0|2)/(1 + |z0z|)2)(1 − |z|2)‖d‖2 (z ∈ D).

It follows that∫ 2π

0

‖DW (ρeiθ)(I − ρeiθA(ρeiθ))−1d‖2

≥ (1 − |z0|2)(1 + ρ)
(1 + |z0|ρ)2

(1 − ρ)
∫ 2π

0

‖(I − ρeiθA(ρeiθ))−1d‖2dθ

for all d ∈ D. Thus (3.6) implies (3.6a). �

Another special case of Proposition 3.6 is given by the following.

Corollary 3.8. Assume that W (z) ≡ W0 ∈ L(D,D ⊕ D′) (z ∈ D). Then Γ(·) is an
isometry if and only if
(d′) W0 is an isometry and A0 = A(0)(= A(z) (z ∈ D)) is a C0•-contraction; that

is,

‖An
0d‖ → 0 for n → ∞ (d ∈ D). (3.7)

Proof. In this case DW (z)(1 − zA(z))−1d = DW0(1 − zA(z))−1d (as a D-valued
function of z) belongs to H2(D) for any d ∈ D. Therefore, (3.6) implies that
DW0(1 − zA(z))−1d = 0 (z ∈ D) and, in particular, DW0 = 0; that is, W0 is an
isometry. Clearly, if this last property holds for W0, then (3.6) is trivially true.
According to the equivalence of the properties (a) and (d) in Proposition 3.6 and
the fact that in the present case Dn = An

0 (n = 0, 1, . . .), the property (d′) above
is equivalent to (a). �

Remark 3.9. In Corollary 3.8, the condition (3.7) is not superfluous. Indeed, if A0

is any contraction for which (3.7) fails, then define W = W0 =
[

C
DC

]
. This W is

an isometry but Γ(·) is not isometric. Thus, in general, the (actually equivalent)
conditions (3.6a) and (3.6b) are not superfluous.

Proposition 3.6 has an interesting connection to the Herglotz representation
(cf. [3, p. 3]) of an analytic operator-valued function

F (z) ∈ L(H), z ∈ D

(where H is a Hilbert space) such that

Re F (z)(= (F (z) + F (z)∗)/2) ≥ 0, Im F (0) =
(
F (0) − F (0)∗

2

)
= 0. (3.8)
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This representation is

F (z) =
∫
∂D

ζ + z

ζ − z
E(dζ) (z ∈ D), (3.8a)

where E(·) is a positive operator-valued measure on ∂D = {ζ : |ζ| = 1}, uniquely
determined by F (an early occurrence of this representation is in [8, Theorem 3]).

To explicate that connection, we first observe that the function

F (z) = (I + zA(z))(I − zA(z))−1 (z ∈ D), (3.8b)

satisfies the inequality (3.8). Indeed, we have (with d(z) = (1 − zA(z))−1d, z ∈ D)

hd(z) := ((Re F (z))d, d) = Re(F (z)d, d)

= Re((I + zA(z))d(z), (I − zA(z))d(z)) = (3.8c)

= ‖d(z)‖2 − ‖zAd(z)‖2 = ‖DzA(z)d(z)‖2 ≥ 0.

Thus our particular F (·) has a representation of the form (3.8a). Now from (3.8a)
we easily infer

hd(z) =
∫
∂D

Re
ζ + z

ζ − z
(E(dζ)d, d) (z ∈ D). (3.8d)

Therefore

1
2π

2π∫
0

hd(ρeiθ)dθ =
∫

∂D

⎛⎝ 1
2π

2π∫
0

Re
ζ + ρeiθ

ζ − ρeiθ
dθ

⎞⎠ (E(dζ)d, d) = (3.8e)

=
∫
∂D

(E(dζ)d, d) = ‖d‖2 (for ρ ∈ (0, 1)).

Since hd(z) is a nonnegative harmonic function in D, the limit

lim
ρ↗1

hd(ρeiθ) = hd(eiθ) (3.8f)

exists a.e. in [0, 2π), and the absolutely continuous part of the measure (E(·)d, d)
has density equal to hd(eiθ)/2π a.e. (cf. [3, p. 5–6] or [6, Chapter 2])

It follows that the singular part μd(·) of (E(·)d, d) satisfies

μd(∂D) = ‖d‖2 −
2π∫
0

hd(eiθ)
dθ

2π
. (3.8g)

Consequently, the following facts (a) and (b) are equivalent:
(a) the measure E(·) is absolutely continuous; and
(b) the relation

‖d‖2 =
∫ 2π

0

hd(eiθ)
dθ

2π
(3.8h)

holds for all d ∈ D.
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We recall that the function Γd(z) = Γ(z)d is in H2(D′) for every d ∈ D. In
particular, this function has radial limits a.e. on ∂D.

Lemma 3.10. Let d ∈ D be fixed, and define

kd(z) =
1 − |z|2
|z|2 ‖d(z)‖2 +

1
|z|2 ‖DW (z)d(z)‖2 (z ∈ D\{0}), (3.8i)

where
d(z) = (1 − zA(z))−1d (z ∈ D). (3.8ia)

Then
lim
ϕ↗1

kd(ρeiθ) := kd(eiθ) (3.8j)

exists a.e. and
kd(eiθ) + ‖Γd(eiθ)‖2 = hd(eiθ) a.e. (3.8k)

Proof. We first observe that

kd(z) + ‖Γ(z)d‖2 =
1

|z|2hd(z) (z ∈ D\{0}). (3.8l)

Indeed, for z ∈ D, z �= 0 we have

‖DW (z)d(z)‖2 + ‖Γ(z)d‖2 = ‖DA(z)d‖2 = ‖d(z)‖2

− 1
|z|2 ‖zA(z)d(z)‖2 =

(
1 − 1

|z|2
)

‖d(z)‖2

+
1

|z|2 ‖DzA(z)d(z)‖2 =
(

1 − 1
|z|2

)
‖d(z)‖2 +

1
|z|2hd(z).

Thus (3.8f) and (3.8l) imply (3.8j) and (3.8k). �

We can now give the following complement to Proposition 3.6 which estab-
lishes the connection between the absolute continuity of the measure E(·) in (3.8a)
and the fact that Γ is an isometry when viewed as an operator from D to H2(D′).
Proposition 3.11. The operator Γ ∈ L(D, H2(D′)) is an isometry if and only if the
following two conditions are satisfied:

The measure E(·) in the representation (3.8a) of the function F (·) (3.8m)

defined in (3.8b) is absolutely continuous, and

kd(eiθ) = 0 a.e. (d ∈ D), (3.8n)
where kd(·) is defined in (3.8i), (3.8j).

Proof. Assume first that Γ is an isometry. Then from (3.8k) we infer (for any
d ∈ D)

1
2π

∫ 2π

0

kd(eiθ)dθ + ‖d‖2 =
1
2π

∫ 2pi

0

hd(eiθ)dθ ≤ ‖d‖2. (3.8o)

Since kd(eiθ) ≥ 0 a.e., (3.8o) implies (3.8n) and (3.8h). Consequently, (due to the
equivalence of the facts (a) and (b) above; see the discussion preceding Lemma
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3.10), we have that (3.8m) is also valid. Conversely, assume that both statements
(3.8m) and (3.8n) are valid. Then using again (3.8k) we have

‖Γd‖2
H2(D′) =

1
2π

∫ 2π

0

‖(Γd)(eiθ)‖2dθ =
1
2π

∫ 2π

0

hd(eiθ)dθ = ‖d‖2

for all d ∈ D. Consequently, Γ is an isometry. �

For the investigation of the basic condition (3.6) we need to study first the
operator-valued functions

K(z) = 1 − zA(z) (z ∈ D) (3.9)
and

J(z) = K(z)−1 (z ∈ D). (3.9a)

Lemma 3.12.
a) K(z) (z ∈ D) is an outer function.
b) ‖K(z)‖ ≤ 1 (z ∈ D) if and only if A(z) = 0 (z ∈ D).

Proof. For n = 1, 2, 3, . . . we have

I − (zA(z))n = (1 − zA(z))(1 + zA(z) + · · · + (zA(z))n−1) (z ∈ D).

Consequently, for any function h ∈ H2(D) the function

h(z) − znA(z)nh(z)

belongs to the range R of the operator of multiplication by (1− zA(z)) on H2(D).
But, since ‖A(z)nh(z)‖ ≤ ‖h(z)‖ the functions

znA(z)nh(z)

converge to zero weakly in H2(D). It follows that R is weakly dense in H2(D)
and hence (being a subspace of H2(D)) also strongly dense in H2(D). This proves
the first part of the lemma. For the second part, assume that ‖K(z)‖ ≤ 1 for all
z ∈ D. Then

‖K(z)d‖ ≤ ‖d‖ = ‖K(0)d‖, d ∈ D,
and the maximum principle forces K(z)d = K(0)d = d (d ∈ D). Thus A(z) = 0
for (z ∈ D). �

Remark 3.13. Proposition 3.6 in the case A(z) = 0 (z ∈ D) takes the following
trivial form: Γ(·) is an isometry if and only if W (·) is inner. Therefore, from now
on we will assume that A(z) �≡ 0, or equivalently that

ess sup
|ζ|=1

‖K(ζ)‖ > 1. (3.9b)

Remark 3.14. It is worth noticing that the basic condition (3.6) implies that if
F (z) ∈ L(D,D′′) (z ∈ D) is a bounded operator-valued analytic function, where
D′′ is any Hilbert space, such that

F (eit)∗F (eit) ≤ D2
W (eit) = ID −W (eit)∗W (eit) a.e.,
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then F (z) ≡ 0 (z ∈ D). Indeed, for the bounded analytic function

G(z) =
[
W (z)
F (z)

]
(z ∈ D),

we have
G(eiθ)∗G(eiθ) ≤ ID a.e.

Therefore,

G(z)∗G(z) ≤ ID (z ∈ D),

F (z)∗F (z) ≤ D2
W (z) (z ∈ D),

‖F (z)J(z)d‖2 ≤ ‖DW (z)J(z)d‖2 (z ∈ D, d ∈ D), (3.9c)

and hence by virtue of (3.6)

lim
ρ↗1

∫ 2π

0

‖F (ρeiθ)J(ρeiθ)d‖2dθ ≤ lim
ρ↗1

∫ 2π

0

‖DW (ρeiθ)J(eiθ)d‖2dθ = 0.

It follows that the D′′-valued function F (z)J(z) (in H2(D′′)) is identically 0. Thus

F (z) = F (z) · J(z)K(z) ≡ 0 (z ∈ D).

Note that by virtue of ([11, p. 201–203]), the result we just established is equiva-
lent to

DW (·)H2(D)
L2(D)

= DW (·)L2(D)
L2(D)

, (3.10)

where both closures are in L2(D). Thus (3.10) is a necessary condition for Γ(·) to
be an isometry.

It is obvious that if W (·) is inner (that is, DW (eiθ) = 0 a.e.), then (3.10) is
satisfied. We will give now a case in which the basic condition (3.6) in Proposition
3.6 can be replaced with the condition

DW (eit) = 0 (a.e.); (3.11)

that is, W (·) is an inner (analytic) function. To this end we recall that the ana-
lytic operator-valued function K(z), (z ∈ D), is said to have a scalar multiple if
there exist a nonzero function δ(·) ∈ H∞ and a bounded operator-valued analytic
function G(z) (z ∈ D) such that

K(z)G(z) = G(z)K(z) = δ(z)ID (z ∈ D) (3.12)

(cf. [11, Ch. V, Sec. 6]). By adapting the proof of Theorem 6.2 (loc. cit.) to our
situation, we can assume due to Lemma 3.12 a) that δ is an outer function; that is,

δH2 = H2. (3.12a)

Consequently, so is G(·); that is,

G(·)H2(D) = H2(D), (3.12b)

and hence (cf. [11, Ch. V, Proposition 2.4 (ii)])

G(eit)D = D (a.e.) (3.12c)
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Note that (3.12), (3.12a), (3.12b), and (3.12c) imply that

J(eit) = K(eit)−1 exists in L(D) a.e., (3.12d)

and is in fact equal to G(eit)/δ(eit) a.e. Moreover,

‖J(ρeit)d− J(eit)d‖ → 0 for ρ ↗ 1 for all d ∈ D, a.e. (3.12e)

We will now consider the slightly more general case in which (3.12d), (3.12a)
hold regardless of whether a scalar multiple exists for K(·).
Lemma 3.15. Assume that (3.12d) and (3.12e) hold. Then (see the notation in
Proposition 3.11)

kd(eiθ) = ‖DW (eiθ)J(eiθ)d‖2 a.e. (3.13)
and

hd(eiθ) = ‖DA(eiθ)J(eiθ)d‖2 a.e. (3.13a)

Proof. Since A(z) and Ã(z) := A(z̄)∗ are analytic, we have

A(ρeiθ) → A(eiθ), A(ρeiθ)∗ → A(eiθ)∗ strongly a.e.

and consequently

DA(ρeiθ) = (I −A(ρeiθ)∗A(ρeiθ))1/2

→ (I −A(eiθ)∗A(eiθ))1/2 = DA(eiθ) strongly a.e.

A similar argument holds for the strong convergence

DW (ρeiθ) → DW (eiθ) a.e.

Relations (3.13) and (3.13a) are direct consequences of the above strong conver-
gences and of (3.12e). �

We can now give the following corollary to Proposition 3.11.

Proposition 3.16. Assume that (3.12d) and (3.12e) hold. Then Γ(·)∈L(D,H2(D′))
is an isometry if and only if the following property holds:
(e) W (·) satisfies the condition (3.11) and A(·) satisfies the condition

1
2π

∫ 2π

0

‖DA(eiθ)(I − eiθA(eiθ))−1d‖2dθ = ‖d‖2 (d ∈ D). (3.14)

Proof. In the present situation (due to Lemma 3.15) we have that Γ(·) is isometric
if and only if relation (3.14) holds, and

DW (eiθ)J(eiθ)d = 0 a.e. (d ∈ D) (3.15)

hold. Thus property (e) clearly implies that Γ is an isometry. Now, let D0 ⊂ D be
a countable dense subset of D and denote by Ex(d) the null set on which (3.15)
fails. If Ex0 denotes the set of the eiθ is for which at least one of the relations
(3.12d), (3.12e) is not valid, then

Ex = Ex0 ∪
(⋃

d∈D0
Ex(d)

)
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is also a null set and

DW (eiθ)J(eiθ)D0 = {0} (eiθ /∈ Ex). (3.15a)

But for eiθ /∈ Ex, the operatorDW (eiθ)J(eiθ) is bounded. Therefore (3.15a) implies

DW (eiθ) = DW (eiθ)J(eiθ) ·K(eiθ) = 0 ·K(eiθ) = 0 (eiθ �∈ Ex),

i.e., (3.11). This concludes the proof since (3.11) obviously implies (3.15). �

Corollary 3.17. Let a, b ∈ H∞ satisfy the condition∥∥∥∥[a(z)b(z)

]∥∥∥∥ ≤ 1 (z ∈ D)

and define

w(z) =
[
a(z)
b(z)

]
and γ(z) =

b(z)
1 − za(z)

(z ∈ D).

Then

‖γ(·)‖2 =
1
2π

∫ 2π

0

|γ(eiθ)|2dθ ≤ 1 (3.16)

and equality holds in (3.16) if and only if w and a satisfy the following conditions:

w(eiθ)∗w(eit) = 1 a.e. and (3.16a)

1
2π

∫ 2π

0

1 − |a(eiθ)|2
|1 − eiθa(eiθ)|2 dθ = 1. (3.16b)

Proof. The result follows readily from Proposition 3.11, by taking D=D′=C. �

Remark 3.18. In Proposition 3.11, neither one of the equalities (3.16) or (3.16b)
implies the other, as is shown by the following two examples.

Example. Define

u(z) =
3/4
2π

∫ π

0

eiθ + z

eiθ − z
dθ +

1/4
2π

∫ 2π

π

eiθ + z

eiθ − z
dθ +

1
2

1 + z

1 − z
(z ∈ D).

Then
v(z) = Re u(z) ≥ 0 (z ∈ D)

and

v(eiθ) = lim
ρ↗1

v(ρeiθ) =

{
3/4 for 0 < eiθ < π

1/4 for π < eiθ < 2π
.

Set

a(z) =
1
z

u(z) − 1
u(z) + 1

(z ∈ D\{0}) and a(0) =
1
2
u′(0).

Then a(z) ∈ H∞ and

1 − |a(eiθ)|2 =
4v(eiθ)

|u(eiθ) + 1|2 = v(eiθ)|1 − eiθa(eiθ)|2 a.e. (3.17)
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In particular, this relation shows that ‖a(·)‖H∞ ≤ 1; moreover,

1 − |a(eiθ)|2 ≥ 1
4
|1 − eiθa(eiθ)|2 a.e.

Since 1− za(z)(z ∈ D) is an outer function, there exists an outer function b ∈ H∞

such that
|b(eiθ)|2 = 1 − |a(eiθ)|2 a.e.

Therefore (3.16) is valid,

‖w(z)‖ ≤ 1 (z ∈ D), where w(z) =
[
a(z)
b(z)

]
(z ∈ D),

and (3.16a) is satisfied. However, due to (3.17)

1
2π

∫ 2π

0

1 − |a(eiθ)|2
|1 − eiθa(eiθ)|2 dθ =

1
2π

∫ 2π

0

v(eiθ)dθ =
1
2
, and

hence (3.16b) is not valid.

Example. Define

w(z) =
[
1/2
1/2

]
(z ∈ D).

Then ‖w(z)‖ ≤ 1/
√

2 < 1 (z ∈ D) and (3.16) is not satisfied, but

1
2π

∫ 2π

0

1 − (1/2)2

|1 − eiθ/2|2dθ = 1,

i.e., (3.16b) is valid.

4. Isometric intertwining lifting

We return now to the commutant lifting theorem setting presented in Section 3.
We recall that if we denote

A(z) = ΠW (z), d(z) = (I − zA(z))−1d (z ∈ D), (4.1)

where d ∈ D = DX , then the contractive intertwining liftings of X are given by
the formula

B =
[

X
Γ(·)DX

]
∈ L(H,H′ ⊕H2(D)), (4.1a)

where
Γ(z)d = Π′W (z)d(z) (z ∈ D) (4.1b)

and
W (z) = ω̄d(z) +R(z)(I − ω̄∗ω̄)d(z) (z ∈ D). (4.1c)

In (4.1c), ω̄ is the partial isometry ∈ L(D,D ⊕DT ) defined in Section 2 and

R(z) ∈ L(ker ω̄, ker ω̄∗) (z ∈ D)

is an arbitrary analytic operator-valued function such that

‖R(z)‖ ≤ 1 (z ∈ D).
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We also recall that B is isometric if and only if Γ(·) is isometric. According to
Proposition 3.6 this can happen if and only if the (d) set of properties holds for
our current W (·). By noticing that

‖DW (z)d(z)‖2 = ‖d(z)‖2 − ‖ω̄d(z)‖2 − ‖R(z)(1 − ω̄∗ω̄)d(z)‖2

= ‖(1 − ω̄∗ω̄)d(z)‖2 − ‖R(z)(1 − ω̄∗ω̄)d(z)‖2

= ‖DR(z)(1 − ω̄∗ω̄)d(z)‖2 (z ∈ D),

(4.1d)

we have the following result as a direct consequence of Proposition 3.6.

Proposition 4.1. The contractive intertwining lifting B associated to R(·) is iso-
metric if and only if the following two properties hold for all d ∈ D:

lim
ρ↗1

1
2π

∫ 2π

0

‖DR(ρeiθ)(1 − ω̄∗ω̄)d(eiθ)‖2dθ = 0, (4.2)

and the Taylor coefficients dn(n = 0, 1, . . .) of d(·) satisfy

the condition ‖dn‖ → 0 for n → ∞. (4.2a)

Due to (4.1d) (as well as to the equivalence of the facts (a), (b) observed
before Lemma 3.10) we can also reformulate Proposition 3.11 as follows

Proposition 4.2. Γ(·) ∈ L(D, H2(D′)) is an isometry if and only if the following
two conditions are satisfied:∫ 2π

0

hd(eiθ)
dθ

2π
= ‖d‖2 (d ∈ D), (4.3)

where (see also (4.1))

hd(eiθ) = lim
ρ↗1

‖DW (z)d(z)‖
∣∣
z=ρeiθ a.e., (4.3a)

and
lim
ρ↗1

[(1 − |z|2)‖d(z)‖2 + ‖DR(z)(1 − ω̄∗ω̄)d(z)‖
∣∣
z=ρeiθ = 0 a.e. (4.4)

for each d ∈ D.

The problem with these two propositions is that one cannot always apply
them. None of the conditions (4.2), (4.2a), (4.3) or (4.4) is easy to analyse or
check. To illustrate this difficulty we will now give two results.

Proposition 4.3. With the notation of Section 2, assume ‖X‖ < 1 and that there
is an isometric intertwining lifting Y1 of X. Then T is a unilateral shift.

Proof. Let H = H0 ⊕ H1 be the Wold decomposition for T ; that is, TH0 ⊂ H0,
TH1 ⊂ H1, T |H0 is a unilateral shift and T |H1 is unitary, also

H1 =
∞⋂

n=0

T nH.
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Therefore, if Y is any intertwining lifting for X (that is,

U ′Y = Y T, P ′Y = X),

then we have

YH1 ⊆
∞⋂

n=0

U ′nK′ = R,

where
K′ = R⊥ ⊕ R

is the Wold decomposition for U ′. If U ′1 = U ′|R and Y1 is an isometric lifting of
X , then Z = Y − Y1 satisfies

U ′1(Z|H1) = Z(T |H1),

U ′∗1 (Z|H1) = (Z|H1)(T |H1)∗

since U ′1 and T |H1 are unitary. Therefore, ZH1 is a reducing subspace for U ′ and
is orthogonal to H′ (because P ′Z = P ′Y − P ′Y1 = 0). Due to the minimality of
U ′ (that is,

K′ =
∨
n>0

U ′nH′)

we have ZH1 = {0} and hence

Y |H1 = Y1|H1. (4.5)

But the Commutant Lifting Theorem applied to X0 = X/‖X‖ yields a contractive
intertwining lifting Y0 of X0. It follows that Y := ‖X‖Y0 is an intertwining lifting
of X such that ‖Y ‖ ≤ ‖X‖ < 1. From the relation (4.5) and the hypothesis that
Y1 is isometric, we conclude that H1 = {0} and so T = T0 is a unilateral shift. �

This result shows that if X is a strict contraction, there cannot exist an
isometric Γ, unless T is a unilateral shift.

Example. Let U denote the canonical bilateral shift on L2(T ); that is,

(Uf)(eit) = eitf(eit) a.e. (f ∈ L2(T ))

and let S = U |H2 be the canonical unilateral shift on H2. Let V = U |L2[(0, π))
and Q be the orthogonal projection of L2(T ) = L2([0, 2π)) onto L2([0, π)). Then
the following properties are immediate:

V Q = QS, kerQ = {0}, and kerQ∗ = {0}. (4.6)

Now set
T = V ∗, T ′ = S∗, and X = Q∗/2. (4.6a)

Then T and U ′ = U∗ are unitary. Hence, there exists a unique intertwining lifting
Y of X and its norm is equal to ‖X‖ = 1/2 < 1.
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Thus even when the operators T and T ′ are very elementary, (in this case, T
is a unitary operator of multiplicity one and T ′ is the backward shift of multiplicity
one), there may not exist any free Schur contraction that makes Γ isometric. Again
we don’t see how to deduce this fact easily from Propositions 4.1 and 4.2.

In the study of the parametrization of all contractive intertwining liftings of
a given intertwining contraction X , the case when ‖X‖ < 1 is the most amenable
to study. Proposition 4.3 shows that in this case our present study reduces to the
case when T is a unilateral shift. Related to this case we have the following .

Lemma 4.4. Assume T is a unilateral shift, T ′ is a C•0-contraction (that is,
T ∗n → 0 strongly) with dense range, and ‖X‖ < 1. If an isometric intertwin-
ing lifting Y of X exists, then we have

dim ker ω̄ ≤ dim ker ω̄∗. (4.7)

Proof. In this case the space R introduced in the proof of Proposition 4.3 is {0}, or
equivalently, U ′ is also a unilateral shift. Consider the minimal unitary extensions
Û ′ ∈ L(K̂′) and T̂ ∈ L(Ĥ) of U ′ and T , respectively. Let Ŷ ∈ L(Ĥ, K̂′) be the
unique extension of Y satisfying

Û ′Ŷ = Ŷ T̂ .

It is easy to see that Ŷ is isometric and thus the multiplicities ν and μ of the
bilateral shifts Û ′ and T̂ , respectively, satisfy

μ ≤ ν. (4.7a)

The inequality (4.7) follows directly from the equalities

dim ker ω̄ = μ (4.7b)

dim ker ω̄∗ = ν. (4.7c)

To prove (4.7b) and (4.7c) we notice, using the fact that DX is invertible, that

ker ω̄ = D−1
X kerT ∗ and

ker ω̄∗ = {D−1
X X∗DT ′d

′ ⊕ (d′) : d′ ∈ DT ′}.
Thus

dim ker ω̄ = dim kerT ∗ = μ

and
dim ker ω̄∗ = dimDT ′ = dimDT ′∗ = ν,

where the second equality follows from the fact that kerT ′∗ = {0}. �
The preceding lemma shows that the case when the inequality (4.7) holds is

of some interest. Therefore, throughout the remaining part of this section we will
assume that (4.7) is valid. Under this assumption, we will study only the case when
the free Schur contraction R(z) is independent of z; that is, when W (z) = W (0)
(z ∈ D). According to Corollary 3.8, in this case Γ(·) is an isometry if and only if
A0 = ΠW (0) is a C0•-contraction and W (0) is an isometry. This last restriction is
obviously equivalent to the free Schur contraction R(z) ≡ R(0) (z ∈ D) being an
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isometry. Therefore (see Corollary 3.8), if there exists such a free Schur contraction
for which the corresponding Γ(·) is not an isometry, the operator

V = A∗0 = W (0)∗π∗ ∈ L(D) (4.8)

would not be a C•0-contraction. Let V̂ ∈ L(D̂) denote the minimal isometric lifting
of V and let

D̂ = R⊥ ⊕ R
be the Wold decomposition for V̂ , where V̂ |R is the unitary part of V̂ . Since V is
not a C•0-contraction, there exists an r0 ∈ R satisfying d0 = Pr0 �= 0, where P
denotes the orthogonal projection of D̂ onto D. Let

dn = P V̂ ∗nr0 (n = 0, 1, . . .). (4.8a)

Then

V dn+1 = P V̂ V̂ ∗n+1r0 = PV̂ ∗nr0 = dn, (4.8b)

0 ≤ ‖d0‖ ≤ ‖d1‖ ≤ · · · ≤ ‖dn‖ ≤ · · · , (4.8c)

and
‖dn‖ ≤ ‖r0‖ (n = 0, 1, 2, . . .). (4.8d)

At this moment it is worth noticing that we have actually proven part of the
following characterization of a contraction which is not a C•0-contraction, a fact
which may be useful elsewhere.

Lemma 4.5. Let T ∈ L(H) be a contraction. Then T is not a C•0-contraction if
and only if there exists a bounded sequence {hn}∞n=0 ⊂ H such that

h0 �= 0, hn = Thn+1 (n = 0, 1, . . .). (4.9)

Proof. It remains to prove that if such a sequence exists then T is not a C•0-
contraction. To this end note that

‖h0‖ ≤ ‖h1‖ ≤ · · · ≤ ‖hn‖ ≤ ‖hn+1‖ ≤ · · · ≤M < ∞,

where M is the supremum in (4.9). Choose n0 large enough for ‖hn0‖ ≥
√

63 M/8
to hold. Then for any N = 0, 1, . . ., we have

‖(I − T ∗NTN)hn0+N‖4 ≤ ‖(I − T ∗NTN)1/2hn0+N‖2‖hn0+N‖2

≤ ((I − T ∗NTN)hn0+N , hn0+N )M2

= (‖hn0+N‖2 − ‖hn0‖2)M2

≤ M4/64.

Hence

‖TNhn0‖ ≥ ‖hn0+N‖ − ‖(I − T ∗NTN)hn0+N‖
≥

√
63 M/8 −M/2

√
2 > 0

for all N = 0, 1, . . . . This proves that T is not a C•0-contraction. �
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We return now to our particular considerations. The relation (4.8b) can be
written as

W (0)∗Π∗dn+1 = dn (n = 0, 1, . . .). (4.10)
Applying ω̄ to these last equalities we obtain

ω̄ω̄∗Π∗dn+1 = ω̄dn (n = 0, 1, . . .). (4.10a)

Note that (4.10) also implies

‖d0‖ ≤ ‖d1‖ ≤ ‖d2‖ ≤ . . . . (4.10b)

Thus we obtain the following.

Lemma 4.6. Let ω have (besides (4.7)) the following property:
(a) Any sequence {dn}∞n=0 ⊂ D for which (4.10a) and (4.10b) are valid is either

identically zero or unbounded.
Then for any isometric free Schur contraction R(z) ≡ R(0) (z ∈ D), the corre-
sponding operator Γ(·) is also an isometry.

This lemma does not preclude the possibility that its conclusion may hold
under a weaker hypothesis than condition (a).

Indeed, let us assume that we have a sequence {dn}∞n=0 ⊂ D satisfying the
condition (4.10). We extend recursively the definition of the dn’s as follows:

dn−1 = W (0)∗Π∗dn (4.11)

for n = 0, n = −1, . . . . Let D0 be the linear space spanned by {dn}∞n=−∞. Then
the linear map C defined from (I − ω̄ω̄∗)Π∗D0 into (I − ω̄∗ω̄)D0 by

C(I − ω̄ω̄∗)Π∗dn+1 = (I − ω̄∗ω̄)dn (n ∈ Z) (4.11a)

extends by continuity to C = R(0)∗|((I− ω̄ω̄∗)Π∗D0)−. Clearly, C is a contraction
and its definition depends only on ω and the sequence {dn}∞n=0 satisfying (4.10).
Moreover, by its construction C extends to a co-isometry (namely R(0)∗) from
ker ω̄∗ onto ker ω̄.

To continue our analysis we now need the following.

Lemma 4.7. Let H and H′ be two Hilbert spaces with subspaces M ⊂ H and
M′ ⊂ H′. Let C ∈ L(M′,M) be a contraction with dense range in M. Then C

has a coisometric extension Ĉ ∈ L(H′,H) if and only if

dim(H′ � M′) ≥ dim((H �M) ⊕ DC∗). (4.12)

Proof. If a coisometric extension Ĉ of C exists, then for h ∈ H � M we have

(Ĉ∗h,m′) = (h,Cm′) = 0 (m′ ∈ M′)

and so
Ĉ∗(H �M) ⊂ H � M′. (4.12a)

Clearly, we also have
Ĉ∗M ⊥ Ĉ∗(H �M), (4.12b)
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and
P ′M′Ĉ∗|M = C∗, (4.12c)

where P ′M is the orthogonal projection of H′ onto M′. Thus

Ĉ∗m = C∗m+XDC∗m (m ∈ M), (4.12d)

where X ∈ L(DC∗ ,H′ � M′) is an isometry. Due to (4.12b) we have

XDC∗ ⊥ Ĉ∗(H �M)

and therefore (4.12) holds. Conversely, if (4.12) holds we can define an isometric
operator C1 from H into H′ in the following way. First, due to (4.12) we can find
two mutually orthogonal subspaces X and Y of H′ � M′ such that

dimX = dimDC∗ , dimY = dimH �M.

Choose for C1|H � M any unitary operator ∈ L(H �M,Y) and define C1|M by

C1m = C∗m+XDC∗m (m ∈ M), (4.12e)

where X is any unitary operator in L(DC∗ ,X ). The operator thus defined on H is
isometric and

P ′M′C1|M = C∗.
Consequently, C∗1 is coisometric and

(C∗1m
′, h) = (m′, C1h) = (m′, C1PMh) =

= (m′, C∗PMh) = (Cm′, PMh) = (Cm′, h)

for all m′ ∈ M′, h ∈ H, and hence C∗1 |M′ = C, where PM is the orthogonal
projection of H onto M. �

Returning to the discussion preceding the above lemma, we deduce that the
contraction C must satisfy the condition

dim(ker ω̄∗) ≥ dim(ker ω̄ ⊕ DC∗). (4.13)

Thus we have proved the following. �

Proposition 4.8. Assume that there exists a not identically zero sequence {dn}∞n=0 ⊂
D satisfying (4.10a) and (4.10b). In order that this sequence also satisfies (4.10)
for an appropriate free Schur contraction R(z) = R(0) (z ∈ D) where R(0) is
isometric, the following set of properties is necessary and sufficient:
(a) The sequence {dn}∞n=0 can be extended to a bilateral sequence {dn}∞n=−∞

satisfying
ω̄ω̄∗Π∗dn+1 = ω̄dn (n ∈ Z); (4.14)

(b) the definition (4.11a) yields, by linearity and continuity, a contraction in
L(((I − ω̄ω̄∗)ΠD0)−, ((I − ω̄∗ω̄)D0)−), where D0 is the linear span of
{dn}∞n=−∞;

(c) the inequality
dim(ker ω̄∗) ≥ dim(ker ω̄ ⊕ DC∗) (4.14a)

holds.
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Note that (4.14a) is a more stringent condition than (4.7).

Finally, the proof of Lemma 4.6 allows us to infer the following complement
to Proposition 4.8 and Lemma 4.6.

Proposition 4.9. Let {dn} be a sequence satisfying (4.10a), (4.10b), all the prop-
erties (a), (b), and (c) in Proposition 4.8 and

sup
n≥0

‖dn‖ <∞. (4.14b)

Then no operator Γ(·) corresponding to a free Schur contraction provided by Propo-
sition 4.8 is isometric.

We conclude this note with a closer look at the case

‖X‖ < 1, (4.15)

in which the partial isometries ω̄ and ω̄∗ can be given in an explicit form. Indeed,
in this case DX and T ∗D2

XT are invertible operators in H and D = DX = H,

ω̄∗ω̄ = DXT (T ∗D2
XT )−1T ∗DX , (4.15a)

ω̄ =
[
DX

DT ′X

]
(T ∗D2

XT )−1T ∗DX , and (4.15b)

ω̄∗ = DXT (T ∗D2
XT )−1[DX X∗DT ′ ]. (4.15c)

With this preparation we can now prove the following result.

Proposition 4.10. Assume T is a unilateral shift (of any multiplicity) and that the
relations (4.7) and (4.15) are satisfied. Let R0 ∈ L(ker ω̄, ker ω̄∗) be any isome-
try. Define the free Schur contraction by R(z) = R0 (z ∈ D) and let Y be the
corresponding intertwining lifting of X. Then Y is an isometry.

Proof. It will be sufficient to prove that in the present case Property (a) in Lemma
4.6 is satisfied. So, let {dn}∞n=0 be a sequence in H satisfying the relations (4.10a)
and (4.10b). Applying ω̄∗ on both sides of identity (4.10a) we obtain

ω̄∗Π∗dn+1 = ω̄∗ω̄dn (n = 0, 1, 2, . . . , ). (4.16)

Introducing in (4.16) the explicit forms (4.15a) of ω̄∗ω̄; and (4.15c) of ω̄∗, respec-
tively, we obtain

DXT (T ∗D2
XT )−1DXdn+1 = DXT (T ∗D2

XT )−1T ∗DXdn

(n = 0, 1, . . .), whence

dn+1 = D−1
X T ∗DXdn (n = 0, 1, 2, . . .).

We infer
dn = D−1

X T ∗nDXd0 (n = 0, 1, 2, . . .),

where T ∗n → 0 strongly. This together with (4.10b) forces dn = 0 for all n ≥ 0. �
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Remark 4.11. Under the assumptions of Proposition 4.10, the inequality (4.7)
obtains an explicit form. Indeed, since

ker ω̄∗ω̄ = D−1
X kerT ∗

and

ker ω̄ω̄∗ =
{[
D−1

X X∗DTd
′

d′

]
: d′ ∈ DT ′(= D′)

}
,

we have
dim ker ω̄∗ω̄ = dim kerT ∗ = dimDT∗ , (4.17)

and
dim ker ω̄ω̄∗ = dimDT ′ . (4.17a)

Consequently, introducing (4.17) and (4.17a) in (4.7), the last relation takes the
form

dimDT ′ ≥ dimDT∗ . (4.17b)

In fact, the previous proof can be modified to yield the following slight im-
provement of Proposition 4.10.

Proposition 4.12. Assume that T is a unilateral shift and (4.7) is satisfied. Assume
also that

DX and DXT both have closed range. (4.18)

Then the conclusion of Proposition 4.10 is valid.

Proof. We will use the proof of Proposition 4.10 replacing the inverse for T ∗D2
XT

by a left inverse which the fact that DXT and DX have closed range will allow
us to define. The key here is to show that the range of T ∗DX is contained in the
support of T ∗D2

XT . �

Remark 4.13. One can verify using the definition that ker ω̄ = DXH ∩ DT∗H
and ker ω̄∗ = DT ′H′ ∩DX∗H′. Therefore, in the context of Proposition 4.12, (4.7)
becomes

dim(DXH ∩DT∗H) ≤ dim(DT ′H′ ∩DX∗H′). (4.18a)

Obviously, (4.18a) reduces to (4.17b) if ‖X‖ < 1 and hence DX is invertible.

Remark 4.14. We begin by noting that (4.18) in Proposition 4.12 is equivalent
to the assumption that DX and DXT have closed range. Proposition 4.12 has a
direct consequence concerning an apparently more general setting of the Commu-
tant Lifting Theorem. Indeed, let T0 ∈ L(H0) be a contraction, X0 ∈ L(H0,H′)
satisfying

X0T0 = T ′X0, and both DX0 and DX0T0 have closed range. (4.19)

If T ∈ L(H) is the minimal isometric lifting of T0, then

X = X0P0, (4.19a)
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where P0 is the orthogonal projection of H onto H0, will satisfy

XT = T ′X and both DX and DXT will have closed range. (4.19b)

Let Y be any contractive intertwining lifting of X . We have

P ′Y = X0P0 and Y T = T ′Y. (4.19c)

Moreover, any contraction Y ∈ L(H,K′) satisfying (4.19b) (actually referred to as
a contractive intertwining lifting of X0) will be a contractive intertwining lifting
of X . Now assume that T0 is a C•0-contraction. This implies that T is a shift such
that

dimDT∗ = dimDT∗0 .

(see [11, Ch. II]). Moreover

DXH ∩DT∗H = DX0H0 ∩DT∗0 H, DX∗H′ = DX∗0 H
′;

thus, if
dim(DX0H0 ∩DT0H0) ≤ dim(DT ′H′ ∩DX∗0 H

′), (4.20)

we can apply Proposition 4.12 to the present setting and conclude that the set
of the isometric intertwining liftings of X0 is not empty and, moreover, that for
every free Schur contraction of the form R(z) = R0 (z ∈ D) with R0 an isometry,
the corresponding contractive intertwining lifting Y of X0 is also an isometry; in
connection with this result see [5, 7].
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Akadémiai Kiadó, & North Holland Publ. Co., 1970, 389 pp.

Hari Bercovici
Department of Mathematics
Indiana University
Bloomington, Indiana 47405, USA
e-mail: bercovic@indiana.edu

Ronald G. Douglas and Ciprian Foias
Department of Mathematics
Texas A&M University
College Station, Texas 77843, USA
e-mail: rdouglas@math.tamu.edu

foias@math.tamu.edu



Operator Theory:
Advances and Applications, Vol. 197, 77–98
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The One-sided Ergodic Hilbert Transform
of Normal Contractions

Guy Cohen and Michael Lin

Dedicated to the memory of Moshe Livšic

Abstract. Let T be a normal contraction on a Hilbert space H . For f ∈ H

we study the one-sided ergodic Hilbert transform lim
n→∞

∑n
k=1

Tkf
k

. We prove

that weak and strong convergence are equivalent, and show that the conver-

gence is equivalent to convergence of the series
∑∞

n=1

log n‖∑n
k=1 Tkf‖2
n3 . When

H = (I − T )H, the transform is shown to be precisely minus the infinitesimal
generator of the strongly continuous semi-group {(I − T )r}r≥0.

The equivalence of weak and strong convergence of the transform is
proved also for T an isometry or the dual of an isometry.

For a general contraction T , we obtain that convergence of the series∑∞
n=1

〈Tnf,f〉 log n
n

implies strong convergence of
∑∞

n=1
Tnf

n
.

Mathematics Subject Classification (2000). Primary: 47A35, 47B15; Secondary:
37A30, 42A16.

Keywords. Normal contractions, one-sided ergodic Hilbert transform.

1. Introduction

Let θ be a measure preserving invertible transformation of a probability space
(S,Σ,m), and let U be the unitary operator induced on L2(m). For θ ergodic,
Izumi [I] raised the question of almost everywhere (a.e.) convergence of

∑∞
k=1

Ukf
k

for all functions f ∈ L2(m) with zero integral. Halmos [H] proved that when the
probability space (S,Σ,m) is non-atomic, there is always a function f ∈ L2(m)
with zero integral for which the above series fails to converge in L2-norm. For
additional background and references see [AL].
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For T power-bounded on a Banach space X we have ‖ 1
n

∑n
k=1 T

kf‖ → 0 if
and only if f ∈ (I − T )X, and it is known that weak and strong convergence of
the averages are equivalent (e.g., [Kr, §2.1]). Hence, by Kronecker’s lemma, weak
convergence of the one-sided ergodic Hilbert transform

∑∞
k=1

T kf
k strengthens the

strong convergence to zero of the averages.

Theorem 1.1. Let T be a power-bounded operator on a Banach space X, put Y :=
(I − T )X, and denote by S the restriction of T to Y . Then the following are
equivalent:

(i) (I − T )X is closed in X.
(ii) The series

∑∞
k=1

Sk

k converges in operator norm.

(iii) The series
∑∞

k=1
T kf

k converges in norm for every f ∈ Y .

(iv) The series
∑∞

k=1
T kf

k converges weakly for every f ∈ Y .

Proof. (i)=⇒(ii): It is easy to compute that we always have operator-norm con-
vergence of

∑∞
k=1

T k

k (I−T ). By [L], condition (i) implies that (I−S) is invertible
on Y , so (ii) holds.

Clearly (ii)=⇒(iii)=⇒(iv).
By [AL, Proposition 4.1], (iv) implies that Gf := −∑∞

k=1
T kf

k (weak con-
vergence) is a bounded operator on Y which is the infinitesimal generator of a
semi-group. Now the proof of [DL, Theorem 2.23] yields (i). �

Remarks

1. Condition (i) implies that 1
n

∑n
k=1 T

k converges in operator norm, even for
non-reflexive spaces [L].

2. The equivalence of the first three conditions is implicit in [DL], since (iii)=⇒(i)
by [DL, Theorem 2.23].

3. The result of [H] follows from the theorem, since condition (i) is not satisfied
by unitary operators induced by aperiodic probability preserving transforma-
tions (for which the spectrum is the whole unit circle).

Since for a contraction T in H the fixed points of T and T ∗ are the same
[RN, §144], we have (I − T )H = (I − T ∗)H , so 1

n

∑n
k=1 T

kf → 0 if and only if
1
n

∑n
k=1 T

∗kf → 0.

Proposition 1.2. Let T be a contraction in a Hilbert space H. Then
∑∞

k=1
T kf

k

converges (weakly) if and only if
∑∞

k=1
T∗kf

k converges (weakly).

Proof. Using the unitary dilation of T , Campbell [Ca] proved that for every f ∈ H

the series
∑∞

k=1
T kf−T∗kf

k converges in norm. �

For a power-bounded operator T on a Banach space X , Derriennic and Lin
[DL] defined the operator (I − T )α for 0 < α < 1 by the series I −∑∞

k=1 a
(α)
k T k,

where a(α)
k > 0 with

∑∞
k=1 a

(α)
k = 1 are the coefficients of the power-series (1−t)α =
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1−∑∞
k=1 a

(α)
k tk for |t| ≤ 1. They proved that (I−T )X ⊂ (I −T )αX ⊂ (I − T )X,

and when (I − T )X is not closed both inclusions are strict. For T mean ergodic

(e.g., X is reflexive) we have f ∈ (I − T )αX if and only if
∞∑

k=1

T kf

k1−α
converges

strongly ([DL, Theorem 2.11]), and then
∑∞

k=1
T kf

k converges strongly.
When (I − T )X = X we have that {(I−T )r : r ≥ 0} is a strongly continuous

one-parameter semi-group [DL, Theorem 2.22], and the domain of its infinitesimal
generator G contains all f for which

∑∞
k=1

T kf
k converges weakly, and then the

sum of the series is −Gf [AL, Proposition 4.1].
For fixed t ∈ [−1, 1) the infinitesimal generator of (1 − t)r = er log(1−t) is

obviously log(1 − t) = −∑∞
k=1

tk

k , so two natural questions arise (when (I − T )X
is not closed, but dense):

(i) If f is in the domain of G, does the series
∑∞

k=1
T kf

k converge weakly?

(ii) If
∑∞

k=1
T kf

k converges weakly, does it converge strongly?
We answer both questions positively for normal contractions in a (complex)

Hilbert space; for T unitary or self-adjoint this was proved in [AL].

2. Preliminaries

Lemma 2.1. Let {fk} be a sequence in a Banach space. If the series
∞∑

k=1

fk

k
con-

verges, then for every α > 0 the series
∞∑

k=1

fk

k1+α
converges and we have

lim
α→0+

∞∑
k=1

fk

k1+α
=

∞∑
k=1

fk

k
.

Proof. We put Sn =
∑n

k=1
fk

k . By Abel’s summation by parts we have
n∑

k=1

fk

kα+1
=
Sn

nα
+

n−1∑
k=1

Sk

[ 1
kα

− 1
(k + 1)α

]
.

Since Sn converges we have supn ‖Sn‖ < ∞, so the first term on the right-hand
side above tends to zero as n tends to infinity. The second term is absolutely
summable as the factor of Sk there behaves like 1/k1+α. Hence we obtain the first
assertion. In particular we obtain

∞∑
k=1

fk

kα+1
=

∞∑
k=1

Sk

[ 1
kα

− 1
(k + 1)α

]
. (1)

It remains to prove the second assertion. We are going to define a Toeplitz
summability matrix.
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Let αj → 0+ be an arbitrary sequence and define a summability matrix (with
positive entries!) aj,k = 1

kαj − 1
(k+1)αj . Clearly, (i): limj→∞ aj,k = 0 for every k ≥ 1

and (ii):
∑∞

k=1 aj,k = 1 for every j. Put S = limn→∞ Sn.
Using (1) above we have∥∥∥ ∞∑

k=1

fk

k1+αj
− S

∥∥∥ =
∥∥∥ ∞∑

k=1

aj,k(Sk − S)
∥∥∥ ≤

∞∑
k=1

aj,k‖Sk − S‖.

Since ‖Sk − S‖ −→
k→∞

0, properties (i) and (ii) yield

lim
j→∞

∥∥∥ ∞∑
k=1

fk

k1+αj
− S

∥∥∥ = 0.

Since {αj} is arbitrary, the assertion follows. �

Corollary 2.2. Let (X,μ) be a measure space and let T be an operator on Lp(X)

(p ≥ 1). If for some f ∈ X, the series
∞∑

k=1

T kf

k
converges a.e., then

lim
α→0+

∞∑
k=1

T kf

k1+α
=

∞∑
k=1

T kf

k
a.e.

Proof. For a.e. x ∈ X we put fk = [T kf ](x). Now, apply Lemma 2.1 in the normed
space C. �

Corollary 2.3. For every |z| ≤ 1, with z �= 1, we have

lim
α→0+

∞∑
n=1

zn

n1+α
=

∞∑
n=1

zn

n
.

Corollary 2.4. Let T be an operator in a Banach space X and let f ∈ X. If the

series
∞∑

k=1

T kf

k
converges, then lim

α→0+

∞∑
k=1

T kf

k1+α
=

∞∑
k=1

T kf

k
.

Remarks

1. When the series
∑∞

k=1
T kf

k converges weakly, the proof of the lemma still

yields norm convergence of
∑∞

k=1
T kf
k1+α for each α > 0, but the lemma yields

only weak convergence of these series, as α → 0+.
2. Combining Proposition 4.1 and Corollary 4.5 of [AL], we obtain the more

difficult result (not used in the sequel) that for T power-bounded, weak con-
vergence of the series

∑∞
k=1

T kf
k implies the full conclusion of Corollary 2.4.
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By considering the power series
∑∞

k=1
zk

k = − log(1 − z) for |z| < 1, we
conclude that for z = reix, with r < 1, 0 ≤ x < 2π, we have (see [Z, Ch. I, p. 2]):

∞∑
n=1

rn cosnx
n

=
1
2

log
1

1 − 2r cosx+ r2
= − log |1 − z|

∞∑
n=1

rn sinnx
n

= arctan
r sinx

1 − r cosx
= − arg(1 − z).

On the other hand, since the series
∑∞

n=1 n
−1 cosnx and

∑∞
n=1 n

−1 sinnx
converge for x �= 0 (the latter even everywhere and both converge uniformly for
ε ≤ x ≤ 2π − ε), we have continuity at r = 1− by Abel’s summability, so

∞∑
n=1

cosnx
n

= log
1

|2 sin 1
2x|

and
∞∑

n=1

sinnx
n

=
1
2
(π − x), (2)

for 0 < x < 2π (see [Z, Ch. I, p. 5]).

We also have (see [Z, Ch. II, p. 61] and [Z, Ch. V, p. 191], respectively)

sup
n≥1

max
0≤x≤2π

∣∣∣∣ n∑
k=1

sin kx
k

∣∣∣∣ < ∞. (3)

and sup
n≥1

∣∣∣∣ n∑
k=1

cos kx
k

∣∣∣∣ ≤ log
1
x

+ C for 0 < x ≤ π.

Put Sn(x) =
∑n

k=1
cos kx

k . Abel’s summation by parts (with S0 ≡ 0) yields

n∑
k=1

rk cos kx
k

= rnSn(x) +
n−1∑
k=1

(rk − rk+1)Sk(x)

= rnSn(x) + r(1 − r)
n−1∑
k=1

rk−1Sk(x).

Hence for 0 ≤ r ≤ 1 and 0 < x ≤ π we have

sup
n≥1

∣∣∣∣ n∑
k=1

rk cos kx
k

∣∣∣∣ ≤ 2r log
1
x

+ C. (4)

Similar summation by parts for
∑n

k=1
rk sin kx

k yields

sup
0≤r≤1

sup
n≥1

max
0≤x≤2π

∣∣∣∣ n∑
k=1

rk sin kx
k

∣∣∣∣ < ∞. (5)

We also notice that for 0 ≤ r < 1 and any x we have

sup
n≥1

∣∣∣∣ n∑
k=1

rk cos kx
k

∣∣∣∣ ≤ ∞∑
k=1

rk

k
= − log(1 − r) ,
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so we obtain by (4) that for every 0 ≤ r ≤ 1 and 0 ≤ |x| ≤ π we have

sup
n≥1

∣∣∣∣ n∑
k=1

rk cos kx
k

∣∣∣∣ ≤ C + 2 min
{

log
1
|x| ,− log(1 − r)

}
. (6)

Note that only when x = 0 and r = 1 both sides of (6) are infinite; in all other
cases they are finite.

3. The ergodic Hilbert transform for normal contractions

Let T be a normal operator on a complex Hilbert space H with resolution of the
identity E(dz). For f ∈ H denote by σf (dz) = 〈E(dz)f, f〉 the spectral measure
of T with respect to f . By the mean ergodic theorem, f ∈ (I − T )H if and only if
σf ({1}) = 0.

Theorem 3.1. Let T be a normal contraction on H and let 0 �= f ∈ H with spectral
measure σf . Put D = {z : |z| ≤ 1}. The following conditions are equivalent:

(i)
∞∑

n=1

T nf

n
converges strongly;

(ii)
∞∑

n=1

T nf

n
converges weakly;

(iii) sup
N

∥∥∥∥ N∑
j=1

T jf

j

∥∥∥∥ < ∞;

(iv)
∫
D

log2 |1 − z|σf (dz) < ∞ .

If either condition holds, then f ∈ (I − T )H,〈 ∞∑
n=1

T nf

n
, g

〉
= −

∫
D

log(1 − z)〈E(dz)f, g〉 for every g ∈ H ,

and ∥∥∥ ∞∑
n=1

T nf

n

∥∥∥2

=
∫

D

| log(1 − z)|2σf (dz).

Proof. Clearly, (i)⇒(ii) and by the uniform boundedness principle (ii)⇒(iii).
(iii)⇒(iv). Clearly (iii) implies that f is orthogonal to the fixed points of T ∗,

so f ∈ (I − T )H, and we have σf ({1}) = 0. Hence all integrals below with respect
to σf are in fact over D̃ = {z : |z| ≤ 1, z �= 1}.

The spectral theorem gives us the equality∥∥∥∥ N∑
j=1

T jf

j

∥∥∥∥2

=
∫

D̃

[(
�
{ N∑

j=1

zj

j

})2

+
(
�
{ N∑

j=1

zj

j

})2
]
σf (dz).
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The imaginary part is uniformly bounded on the whole closed unit disk D =
{|z| ≤ 1}, so we just need to take care of the real part. By Fatou’s lemma and the
previous equality we have∫

D̃

log2 |1 − z|σf (dz) =
∫

D̃

lim inf
N→∞

(
�
{ N∑

n=1

zn

n

})2

σf (dz) ≤ sup
N

∥∥∥∥ N∑
j=1

T jf

j

∥∥∥∥2

< ∞.

(iv)⇒(i). The convergence of the integral yields σf ({1}) = 0. Hence all inte-
grals with respect to σf are actually over D̃. By the spectral theorem, we have∥∥∥∥ M∑

j=N

T jf

j

∥∥∥∥2

=
∫

D̃

[(
�
{ M∑

j=N

zj

j

})2

+
(
�
{ M∑

j=N

zj

j

})2
]
σf (dz).

We will show that limN,M→∞ ‖∑M
j=N

T jf
j ‖ = 0.

The series
∑∞

n=1
zn

n converges at each point of D̃, so we conclude that
lim

k→∞
sup

N,M≥k
|∑M

n=N
zn

n | = 0. Furthermore, �{∑N
n=1

zn

n } is uniformly bounded on

D̃, hence sup
k≥1

sup
N,M≥k

|�{∑M
n=N

zn

n }| <∞ uniformly on D̃.

Using Lebesgue’s monotone convergence theorem (by considering sup
k≤N,M≤K

(·)

and letting K → ∞), we obtain

sup
N,M≥k

∫
D

(
�
{ M∑

n=N

zn

n

})2

σf (dz) ≤
∫

D

sup
N,M≥k

(
�
{ M∑

n=N

zn

n

})2

σf (dz).

Using Lebesgue’s dominated convergence theorem we conclude that

lim
k→∞

sup
N,M≥k

∫
D̃

(
�
{ M∑

j=N

zj

j

})2

σf (dz) = 0 .

So, it only remains to check the assertion for �{∑N
n=1

zn

n }. We split D̃ into two
disjoint parts by putting

D′ = {z ∈ D̃ : | arg z| > 1} and D′′ = {z ∈ D̃ : | arg z| ≤ 1}.
Using (6) we conclude that

sup
N

max
z∈D′

∣∣∣�{ N∑
n=1

zn

n

}∣∣∣ ≤ C.

Again, the same arguments and using Lebesgue’s dominated convergence theorem
we conclude that

lim
N,M→∞

∫
D′

(
�
{ M∑

j=N

zj

j

})2

σf (dz) = 0 .
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On D′′ we have the following consideration. By (6) we have∫
D′′

sup
N≥1

(
�
{ N∑

n=1

zn

n

})2

σf (dz)

≤ C1‖f‖2 + C2

∫
D′′

min{log2[| log(z/|z|)|], log2(1 − |z|)}σf(dz) .

Now, let z = |z|eix with z ∈ D′′. Since |x| ≤ 1 and 1 − |z| ≤ 1 we have,

min{log2 |x|, log2(1 − |z|)} = log2[max{|x|, 1 − |z|}] .
On the other hand, since 4|z| sin2 x

2 ≤ x2 we obtain

2[max{|x|, 1 − |z|}]2 ≥ (1 − |z|)2 + x2 ≥ (1 − |z|)2 + 4|z| sin2 x

2
= |1 − z|2.

Since all the arguments of the logarithms below are less than or equal 1, this yields
using our assumption,∫

D′′
min{log2[| log(z/|z|)|], log2(1 − |z|)}σf (dz)

≤
∫

D′′
log2

[
1√
2
|1 − z|

]
σf (dz) ≤ C‖f‖2 + C′

∫
D′′

log2 |1 − z|σf (dz) < ∞ .

Hence, using the same arguments as we have considered in the case of the imaginary
part and applying Lebesgue’s dominated convergence theorem, we conclude the
implication (iv) ⇒ (i).

If any of the conditions in the theorem holds, then the last assertion follows
from what we have done and the convergence

∑∞
n=1

zn

n = − log(1 − z) on D̃. �
Remarks

1. The equivalence of conditions (i) and (iv) in Theorem 3.1 is implicit (without
proof) in [G4]; an explicit statement is given and proved there for T unitary.

2. For the particular cases of T unitary or self-adjoint, the equivalence of the
four conditions in the theorem was proved in [AL].

Proposition 3.2. Let T be a normal contraction on H and let 0 �= f ∈ H with
spectral measure σf . If

∞∑
n=1

‖∑n
k=1 T

kf‖2 log n
n3

< ∞ ,

then
∫
D

log2 |1 − z|σf (dz) <∞ .

Proof. For every n ≥ 1 put

Dn :=
{
z = re2iπθ : 1 − 1

n
≤ r ≤ 1, − 1

2n
≤ θ ≤ 1

2n

}
.

Then {Dn} is decreasing, D1 = D, and
⋃∞

n=1(Dn −Dn+1) = D − {1}.
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Let n ≥ 2. Since (1 − 1
n )n−1 decreases to 1/e, for 1 − 1/n ≤ r ≤ 1 we have

rn ≥ r

(
1 − 1

n

)n−1

> r/3

1 − rn = (1 − r)
n−1∑
k=0

rk ≥ (1 − r)nrn−1 ≥ n(1 − r)/3.

For |θ| ≤ 1
2n we have | sin(πnθ)| ≥ 2n|θ| ≥ 2n

π | sin(πθ)|.
For z = re2iπθ ∈ Dn, n ≥ 2, since r ≥ 1

2 , we thus obtain∣∣∣∣ n∑
k=1

zk

∣∣∣∣2 = |z|2
∣∣∣∣1 − zn

1 − z

∣∣∣∣2 = r2
1 − 2rn cos(2πnθ) + r2n

1 − 2r cos(2πθ) + r2

≥ 1
4

(1 − rn)2 + 4rn sin2(πnθ)
(1 − r)2 + 4r sin2(πθ)

≥ n2

36
.

So, by the spectral theorem we obtain

σf (Dn) ≤ 36
n2

∫
Dn

∣∣∣∣∣
n∑

k=1

zk

∣∣∣∣∣
2

σf (dz) ≤ 36
n2

∥∥∥ n∑
k=1

T kf
∥∥∥2

. (7)

For j ≥ 2 and z ∈ Dj − Dj+1 we have j
4 ≤ 1

|1−z| ≤ j + 1, so
∫

D
log2 |1 −

z|σf (dz) < ∞ if and only if
∑∞

n=1(σf (Dn) − σf (Dn+1)) log2 n < ∞.

Assume that
∑∞

n=1
‖∑n

k=1 T kf‖2 log n

n3 < ∞. Then (7) yields
∞∑

n=1

log nσf (Dn)
n

≤ 36
∞∑

n=1

logn‖∑n
k=1 T

kf‖2

n3
< ∞.

Abel’s summation by parts yields
N−1∑
n=1

(σf (Dn) − σf (Dn+1)) log2 n ≤ C′
N∑

n=1

lognσf (Dn)
n

.

So
∫

D log2 |1 − z|σf (dz) <∞. �

Remarks

1. The proposition, suggested by Christophe Cuny, leads (see below) to a char-
acterization of the convergence of the transform by a condition on the norms
of the sums (or of the averages).

2. The computations leading to (7) (and (10) below) were made in [CL], and
are included for the sake of completeness. Computations of this type on the
unit circle (for unitary operators) appear in [G2] and [G3].

Theorem 3.3. Let T be a normal contraction on H and let 0 �= f ∈ H. Then the
following are equivalent:

(i)
∫

D

log2 |1 − z|σf (dz) < ∞
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(ii)
∞∑

n=1

〈T nf, f〉 logn
n

converges.

(iii)
∞∑

n=1

‖
∑n

k=1 T
kf‖2 logn
n3

< ∞ .

Proof. Proposition 3.2 shows (iii)=⇒(i).

(i)=⇒(ii): Assume
∫

D

log2 |1 − z|σf (dz) < ∞. By the spectral theorem,

n∑
k=1

〈T kf, f〉 log k
k

=
∫

D

n∑
k=1

zk log k
k

σf (dz). (8)

We continue to denote D̃ = {z : |z| ≤ 1, z �= 1}. For every n ≥ 1 and
z ∈ D̃ we have |∑n

k=1 z
k| ≤ 2/|1 − z|. Since the sequence {logn/n}n>2 is de-

creasing to zero, Abel’s summation by parts yields that the series
∑∞

n=1
zn log n

n

converges for every z ∈ D̃. Actually, the partial sums are uniformly bounded
on {z ∈ D : |1 − z| ≥ ε > 0}. By our assumption σf ({1}) = 0, so

∑∞
n=1

zn log n
n

converges σf -a.e. To prove convergence in (8), we will prove σf -integrability of
supn≥1 |

∑n
k=1

zk log k
k |.

Recall that using (3) and (6) we have already shown in the proof of Theo-
rem 3.1 that for every z ∈ D̃,

sup
n≥1

∣∣∣ n∑
k=1

zk

k

∣∣∣ ≤ C +
∣∣∣ log

1
|1 − z|

∣∣∣ .
Now, we majorize supn≥1 |

∑n
k=1

zk log k
k | for z ∈ D̃ with 0 < |1 − z| ≤ 1

3 . We
fix z and put n′ = [1/|1 − z|]. For n > n′ write

n∑
k=1

zk log k
k

=
n′∑

k=1

zk log k
k

+
n∑

k=n′+1

zk log k
k

= P1 + P2.

We deal with two cases: (i) n ≤ n′ and (ii) n > n′.

Case (i): put Sj =
∑j

k=1
zk

k . Since logn ≤ logn′ ≤ log(1/|1 − z|), we have

∣∣∣ n∑
k=1

zk log k
k

∣∣∣ ≤ n∑
k=1

log k
k

≤ C log2 n ≤ C log2(1/|1 − z|).
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Case (ii): put S′j =
∑j

k=1 z
k. We use the decomposition P1 + P2, with P1

estimated in case (i). Using Abel’s summation, we obtain∣∣∣ n∑
k=n′+1

zk log k
k

∣∣∣
≤ logn

n
|S′n| +

n−1∑
k=n′+1

( log(k)
k

− log(k + 1)
k + 1

)
|S′k| +

log(n′ + 1)
n′ + 1

|S′n′ |.

Since n ≥ n′ + 1 > 1/|1 − z| and log x/x is decreasing, we obtain

|P2| ≤
logn
n

2
|1 − z| + 2

log(n′ + 1)
n′ + 1

2
|1 − z|

≤ 3
log(1/|1 − z|)

1/|1 − z|
2

|1 − z| = 6 log
( 1
|1 − z|

)
.

Putting the two cases together, for z ∈ D̃ we obtain

sup
n≥1

∣∣∣ n∑
k=1

zk log k
k

∣∣∣ ≤ C′| log(1/|1 − z|)| + C log2(1/|1 − z|). (∗)

Now we prove our claim. For z close to 1, the dominant part in (*) is
log2(1/|1 − z|). Hence by our assumption, the convergence in (8) follows from
the Lebesgue bounded convergence theorem.

(ii) implies (iii): We first prove the implication for T unitary. In this case, it
follows from the general Lemma 3 of [G2] (see also [V], [G4]), but the proof of its
applicability to our case is omitted; for the sake of completeness we give the full
proof.

N∑
n=1

logn
∥∥∥∑n

k=1 T
kf
∥∥∥2

n3
=

N∑
n=1

logn
(
n‖f‖2 + 2�∑n−1

k=1 (n− k)〈T kf, f〉
)

n3

=
N∑

n=1

logn‖f‖2

n2
+ 2�

N∑
n=1

logn
n3

n∑
k=1

(n− k)〈T kf, f〉.

The first series converges, and we show convergence of the second. Write

N∑
n=1

logn
n3

n∑
k=1

(n− k)〈T kf, f〉 =
N∑

k=1

〈T kf, f〉
[ N∑

n=k

logn
n2

− k
N∑

n=k

logn
n3

]
.

For h(x) > 0 non-increasing we have∫ N+1

N

h(x)dx ≤
N∑

n=k

h(k) −
∫ N

k

h(x)dx ≤
∫ k

k−1

h(x)dx ≤ h(k − 1).
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We fix K large, and approximating sums by integrals we obtain
N∑

k=K

〈T kf, f〉
N∑

n=k

logn
n2

=
N∑

k=K

〈T kf, f〉
(

log k
k

+
1
k

− logN
N

− 1
N

+ O
(

log k
k2

))
,

N∑
k=K

〈T kf, f〉k
N∑

n=k

logn
n3

=
N∑

k=K

〈T kf, f〉k
(

log k
2k2

+
1

4k2
− logN

2N2
− 1

4N2
+ O

(
log k
k3

))
.

By Abel’s summation (ii) implies convergence of
∑∞

k=2
〈T kf,f〉

k , and by Kronecker’s
lemma, (ii) implies

logN
N

N∑
k=K

〈T kf, f〉 → 0 and
logN
N2

N∑
k=K

k〈T kf, f〉 → 0.

Letting N → ∞ we obtain (iii) for T unitary.
Now let T be a contraction, and let U be its unitary dilation, defined on

a larger space H1. Since 〈Unf, f〉 = 〈T nf, f〉 for f ∈ H , condition (ii) for T

implies the same for U , so by the above we have that
∑∞

n=1
‖∑n

k=1 Ukf‖2 log n

n3

converges. Continuity of the projection from H1 onto H yields convergence of∑∞
n=1

‖∑n
k=1 T kf‖2 log n

n3 . �
Remarks

1. The proof shows that the implication (ii)=⇒(iii) is in fact true for any con-
traction.

2. It follows from Theorems 3.1 and 3.3 that, when T is normal, a sufficient
condition for the convergence of the one-sided ergodic Hilbert transform is
‖ 1

n

∑n
k=1 T

kf‖ = O
(
1/ logn(log logn)δ

)
for some δ > 1

2 ; this is weaker than
the general assumption in [AL, remark to Corollary 2.2] (for arbitrary con-
tractions in Banach spaces), which requires δ > 1.

3. For T a normal contraction, the equality ‖T nf‖ = ‖T ∗nf‖ yields that the
series in (ii) converges absolutely when

∞∑
n=1

‖T nf‖2 logn
n

< ∞

(by separating the series in (ii) to summations on odd and even integers).
When T is self-adjoint non-negative definite, the converse implication also
holds.

Proposition 3.4. Let T be a normal contraction in H. If
∑∞

k=1
T kf

k converges, then∥∥∥ 1
n

n∑
k=1

T kf
∥∥∥ = O

( 1
logn

)
. (9)
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Proof. If z ∈ Dj −Dj+1, then 1 − |z| ≥ 1
j+1 or |1 − z| ≥ |z| sin π

j+1 ≥ 2|z|
j+1 , so∣∣∣ n∑

k=1

zk
∣∣∣ ≤ ∞∑

k=0

|z|k =
1

1 − |z| ≤ j + 1 or
∣∣∣ n∑
k=1

zk
∣∣∣ ≤ 2|z|

|1 − z| ≤ j + 1 .

For n ≥ 2 we obtain∥∥∥ n∑
k=1

T kf
∥∥∥2

=
∫

D

∣∣∣ n∑
k=1

zk
∣∣∣2σf (dz)

=
∫

Dn

∣∣∣ n∑
k=1

zk
∣∣∣2σf (dz) +

n−1∑
j=1

∫
Dj−Dj+1

∣∣∣ n∑
k=1

zk
∣∣∣2σf (dz)

≤ n2σf (Dn) +
n−1∑
j=1

(j + 1)2(σf (Dj) − σf (Dj+1))

≤ n2σf (Dn) +
n−1∑
j=2

σf (Dj)((j + 1)2 − j2) − n2σf (Dn) + 4σf (D1).

Hence, for n ≥ 2, we have∥∥∥ n∑
k=1

T kf
∥∥∥2

≤ 4
n−1∑
j=1

jσf (Dj) . (10)

Since for z ∈ Dn we have |1 − z| ≤ 4
n , condition (iv) of Theorem 3.1 yields

supn σf (Dn) log2 n < ∞. Using (10) we obtain∥∥∥ n∑
k=1

T kf
∥∥∥2

≤ 4
n−1∑
j=1

jσf (Dj) ≤ K

n−1∑
j=1

j

log2 j
∼ K ′

n2

log2 n
. �

Remarks

1. For unitary operators the proposition is proved in [AL].
2. Assani [A] has constructed a unitary operator T , induced on L2 by an ergodic

probability preserving transformation, and a function f satisfying (9) for
which

∑n
k=1

T kf
k does not converge.

Theorem 3.5. Let T be a normal contraction on H and let 0 �= f ∈ H. The
following assertions are equivalent

(i)
∞∑

n=1

T nf

n
converges strongly

(ii) lim
α→0+

∞∑
n=1

T nf

n1+α
converges strongly

(iii) lim
α→0+

∞∑
n=1

T nf

n1+α
converges weakly
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(iv) sup0<α<1/2

∥∥∥∥∑∞
j=1

T jf
jα+1

∥∥∥∥ < ∞.

If either condition holds, then f ∈ (I − T )H and

lim
α→0+

∞∑
n=1

T nf

n1+α
=

∞∑
n=1

T nf

n
strongly.

Proof. (i)⇒(ii) follows from Corollary 2.4. Clearly, (ii)⇒(iii). The uniform bound-
edness principle yields (iii)⇒(iv).

Now we prove (iv)⇒(i). By (iv) we have

sup
0<α<1/2

∥∥∥∥ ∞∑
j=1

T jf

jα+1

∥∥∥∥ ≤ M < ∞,

so by the spectral theorem we have

sup
0<α<1/2

∫
D̃

(
�
{ ∞∑

k=1

zk

k1+α

})2

σf (dz) ≤M2 < ∞.

Corollary 2.3 and Fatou’s lemma yield∫
D̃

log2 |1 − z|σf (dz) =
∫
D̃

(
�
{ ∞∑

k=1

zk

k

})2

σf (dz)

=
∫
D̃

lim inf
α→0+

(
�
{ ∞∑

k=1

zk

k1+α

})2

σf (dz) ≤ M2 < ∞ .

This proves (i) via Theorem 3.1.
Clearly if either condition holds, then f ∈ (I − T )H. The last assertion fol-

lows from Corollary 2.4. �

Theorem 3.6. Let T be a normal contraction or an isometry on H with (I − T )H =
H. For 0 �= f ∈ H the following assertions are equivalent:

(i)
∞∑

n=1

T nf

n
converges strongly

(ii)
∞∑

n=1

T nf

n
converges weakly

(iii)
∞∑

n=1

‖
∑n

k=1 T
kf‖2 logn
n3

< ∞ .

(iv)
∞∑

n=1

〈T nf, f〉 logn
n

converges.

(v) f is in the domain of G, the infinitesimal generator of the semi-group
{(I − T )r : r ≥ 0}.
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If either condition holds, then

Gf = −
∞∑

n=1

T nf

n
.

Proof. Assume first that T is a normal contraction. We already know by Theo-
rem 3.1 and Theorem 3.3 that the first four conditions are equivalent. By Theo-
rem 3.5 (i) is equivalent to the convergence of lim

α→0+

∑∞
n=1

T nf
n1+α and by Corollary

4.5 in [AL] this last convergence is equivalent to (v).
When either condition holds, we apply [AL, Proposition 4.1] (or [DL, Theo-

rem 2.22(ii)]) to obtain Gf = −
∞∑

n=1

T nf

n
.

Assume now that T is an isometry, and let U be its unitary dilation (on a
larger space H1). By the construction, T nf = EUnf for f ∈ H and n > 0, where
E is the orthogonal projection from H1 onto H , and since T is an isometry we
have T nf = Unf . An application of Theorem 3.5 to U yields that it is in fact valid
also for the isometry T . Similarly, by Theorem 3.1 and Theorem 3.3, the first four
conditions of the theorem are equivalent for the isometry T . Now the first part of
the proof yields the result. �
Corollary 3.7. Let T be a contraction on H such that T ∗ is an isometry. Then∑∞

n=1
T nf

n converges weakly if and only if it converges strongly.

Proof. We may restrict ourselves to (I − T )H = (I − T ∗)H . If
∑∞

n=1
T nf

n con-
verges weakly, then by Proposition 1.2 and the previous theorem applied to T ∗ we
have strong convergence. �

Remark. Similarly, if T ∗ is an isometry,
∑∞

n=1
T nf

n converges if and only if∑∞
n=1

〈T nf,f〉 log n
n converges.

Corollary 3.8. Let T be a normal contraction on H such that (I − T )H = H (so
also (I − T ∗)H = H). Then the infinitesimal generators of {(I − T )r : r ≥ 0} and
{(I − T ∗)r : r ≥ 0} have the same domain of definition.

Proof. Use Proposition 1.2 and the characterization of the domain of the generator
given by Theorem 3.6. �

4. The ergodic Hilbert transform for general contractions

For any contraction T on H , weak convergence of
∑∞

k=1
T kf

k implies convergence
of the series ∞∑

k=1

〈T kf, f〉
k

. (11)

Convergence of (11) yields ‖ 1
n

∑n
k=1 T

kf‖ → 0, by Kronecker’s lemma and the
next proposition.
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Proposition 4.1. Let T be a contraction on a Hilbert space H and f ∈ H. If
1
n

∑n
k=1〈T kf, f〉 → 0, then ‖ 1

n

∑n
k=1 T

kf‖ → 0.

Proof. By the mean ergodic theorem, 1
n

∑n
k=1 T

kf converges to some g ∈ H , and
Tg = g, so also T ∗g = g [RN, §144]. Hence the assumption yields

‖g‖2 = lim
n→∞

〈
g,

1
n

n∑
k=1

T kf

〉
= lim

n→∞

〈
1
n

n∑
k=1

T ∗kg, f

〉
= 〈g, f〉 = 0. �

Remark. Foguel [F] proved that if 〈T nf, f〉 → 0, then T nf → 0 weakly. As men-
tioned above, for the averages weak and strong convergence are the same.

Since the condition of Theorem 3.3(ii) is stronger than convergence of the se-
ries (11), the latter convergence is not expected to imply convergence of

∑∞
k=1

T kf
k .

This will be exhibited in the examples below.

Theorem 4.2. Let T be a contraction on a complex Hilbert space H and f ∈ H. If
∞∑

k=1

〈T kf, f〉 log k
k

converges, then
∞∑

k=1

T kf

k
converges strongly.

Proof. For T unitary the assertion follows from Theorem 3.6.
Now let T be a contraction, and let U be its unitary dilation, defined on a

larger space H1. Since 〈Unf, f〉 = 〈T nf, f〉 for f ∈ H , by Theorem 3.6 applied to
U the assumption yields strong convergence of

∑∞
k=1

Ukf
k , and continuity of the

projection from H1 onto H yields convergence of
∑∞

k=1
T kf

k . �

When H = L2(S,Σ,m) of a σ-finite measure space, it is of interest to in-
vestigate also the almost everywhere (a.e.) convergence of the one-sided ergodic
Hilbert transform of a contraction T . For T unitary there are extensive studies
by Gaposhkin ([G2], [G3], [G4]). Gaposhkin assumes m to be a probability, but
this is not a restriction, since (e.g., [Kr, p. 189]) when m is not finite we take
an equivalent probability m′ and the map V f := f/

√
ψ, with ψ = dm′/dm, is

an order-preserving linear isometry of L2(m) onto L2(m′) which preserves also
pointwise convergence.

Theorem 4.3. Let T be a contraction of L2(S,m) of a σ-finite measure space, and
f ∈ L2(m). If

∞∑
n=1

〈T nf, f〉 logn(log log logn)2

n
converges (12)

then
∑∞

k=1
T kf

k converges a.e. (and in norm).

Proof. The norm convergence follows from Theorem 4.2.
If T is unitary, this is Theorem 3a of [G4] (see also [G2, Theorem 7]).
Now let T be a contraction of L2(S,m). We may assume that m is a proba-

bility. We will use Schäffer’s construction of the unitary dilation [Sc]: Let (Sn,mn)
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be disjoint copies (S,m), put Ω =
⋃

n∈Z
Sn with the obvious σ-algebra, and define

μ(A) =
∑

n∈Z
mn(A ∩ Sn). Then L2(Ω, μ) =

∑
n ⊕L2(Sn,mn), and the unitary

dilation U is defined on L2(μ). The orthogonal projection on L2(S0,m0) is in fact
multiplication by the indicator function 1S0 . If (12) is satisfied, then also f̃ , the
extension by zero to Ω of f on S0, satisfies (12) with T replaced by U . Now we
apply Gaposhkin’s result to obtain μ-a.e. convergence of

∑∞
n=1

Unf̃
n on Ω, which

yields m0-a.e. convergence on S0 of
∑∞

n=1
T nf

n . �

Note that there are contractions on L2 for which even the averages may fail
to converge a.e. ([B, p. 128]; for examples of unitary operators see [G1] or [Kr, p.
191]). The proof of [Kr, Lemma 5.2.1] can be adapted to show that if T is power-
bounded on L2 and f ∈ (I − T )αL2 with α > 1

2 , then 1
n

∑n
k=1 T

kf → 0 a.e. The
next proposition shows that for contractions we can do better.

Proposition 4.4. Let T be a contraction of L2(S,m) of a σ-finite measure space,
and f ∈ L2(m). If the series (11) converges, in particular if

∑∞
k=1

T kf
k converges

weakly, then 1
n

∑n
k=1 T

kf → 0 a.e.

Proof. For T unitary, this is due to Gaposhkin [G1, Theorem 2]. In the general
case, we use the unitary dilation of [Sc] as in the previous proof. �

Theorem 4.5. Let T be a contraction of L2(S,m) of a σ-finite measure space, and
f ∈ L2(m). If

∞∑
n=1

‖ 1
n

∑n
k=1 T

kf‖
n

converges (13)

then
∑∞

k=1
T kf

k converges a.e. (and in norm).

Proof. We may assume that m is a probability. Denote Snf :=
∑n

k=1 T
kf . The

mean ergodic theorem, (13), and the identity

n∑
k=1

T kf

k
=
Snf

n
+

n−1∑
k=1

1
k(k + 1)

Skf

yield that
∑n

k=1
T kf

k converges strongly in L2. By Proposition 4.4, 1
nSnf → 0 a.e.;

since ‖Snf‖1 ≤ ‖Snf‖2 in a probability space, by (13) and Beppo Levi’s theorem∑∞
k=1

1
k(k+1)Skf converges a.e. Thus

∑n
k=1

T kf
k converges a.e. �

Remark. The previous theorem is true also for isometries or order-preserving con-
tractions of Lp, 1 < p < ∞. The proof is the same, except that instead of Proposi-
tion 4.4, we use Kan’s pointwise ergodic theorem [Kn, Corollary 5.1] for isometries
of Lp, p �= 2, and Akcoglu’s pointwise ergodic theorem (e.g., [Kr, p. 190]) for
order-preserving contractions.
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For T unitary on L2, Gaposhkin [G4] proved that

∞∑
n=1

‖ 1
n

∑n
k=1 T

kf‖2 logn(log log logn)2

n
<∞ (14)

is sufficient for a.e. (and norm) convergence of the ergodic Hilbert transform, and
showed that (12) implies (14). We do not know if this latter condition implies
a.e. convergence of the transform for general contractions on L2. We even do not
know if

∥∥ 1
n

∑n
k=1 T

kf
∥∥ = O

(
1

log n(log log n)δ

)
for some δ > 1

2 , which implies (14), is
sufficient for a.e. convergence of the transform for general contractions in L2.

Example 1. U unitary on L2, with f ∈ L2 satisfying (14), but not (13).
Put H = L2([0, 1), dt) and for h ∈ H define Uh(t) = e2πith(t) (the operator

induced by the shift). Denote log2 x := log(log x), and for k ≥ 4 > e + 1 put
ck := (

√
k log3 k log2 k)

−1 , ck = 0 for k < 4. Let f :=
∑∞

k=1 cke2πikt. Clearly,

∥∥∥∥ n∑
j=1

U jf

∥∥∥∥2

=
∥∥∥∥ ∞∑

k=1

e2πikt
n∑

j=1

ck−j

∥∥∥∥2

=
∞∑

l=0

(l+1)n∑
k=ln+1

⎛⎝ n∑
j=1

ck−j

⎞⎠2

=
n∑

k=1

⎛⎝ n∑
j=1

ck−j

⎞⎠2

+
2n∑

k=n+1

⎛⎝ n∑
j=1

ck−j

⎞⎠2

+
∞∑
l=2

(l+1)n∑
k=ln+1

⎛⎝ n∑
j=1

ck−j

⎞⎠2

= ΣI + ΣII + ΣIII .

We start with ΣIII . For n ≥ 4, the monotonicity of {ck}k≥4 yields

ΣIII ≤
∞∑

l=2

(l+1)n∑
k=ln+1

(n · c(l−1)n)2 =
∞∑
l=2

n3(c(l−1)n)2

= n2
∞∑

l=1

1
l log3(ln) log2

2(ln)
≤ n2 C

∫ ∞

n−1

dx

x log3 x log2
2 x

≤ C1n
2

(logn log2 n)2
.

For ΣII we have, using monotonicity,

ΣII ≤ n

( n+3∑
k=4

ck

)2

≤ nC
( ∫ n+3

3

dx√
x log3 x log2 x

)2

≤ C2n
2

log3 n(log2 n)2
.

The same estimate holds for ΣI , since ΣI ≤ n
(∑n−1

k=4 ck
)2 ≤ n

(∑n+3
k=4 ck

)2.
On the other hand,

∥∥∑n
j=1 U

jf
∥∥2 ≥ ΣIII ≥ C′′n2

(log n log2 n)2 , by a similar com-
putation. Hence

C′′n2

(log n log2 n)2
≤
∥∥∥∥ n∑

j=1

U jf

∥∥∥∥2

≤ C′n2

(logn log2 n)2
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and the assertion clearly follows. In fact, also (12) holds, since for n ≥ 4

〈Unf, f〉 =
∞∑

l=0

(l+1)n∑
k=ln+1

ckck+n ≤ cn

n∑
k=1

ck +
∞∑
l=1

n(cln)2.

Definition. A Dunford-Schwartz operator is a contraction T of L1(S,m) which
is also a contraction of L∞ (if m is σ-finite infinite, T is extended to L∞ from
L1∩L∞). By the Riesz-Thorin theorem (see also [Kr, p. 65]), T is also (extendable
to) a contraction of L2(S,m).

Measure preserving transformations, and more generally Markov operators
with a subinvariant measure, induce order-preserving Dunford-Schwartz operators.
If T is a Dunford-Schwartz operator, then 1

n

∑n
k=1 T

kf converges a.e. for any
f ∈ Lp, 1 ≤ p <∞ (e.g., [DuS, p. 675]).

Example 2. A self-adjoint Dunford-Schwartz operator T , f ∈ L2 with (11) conver-
gent,

∑∞
k=1

T kf
k converges a.e. but not weakly in L2.

Let m be the finite measure on the Borel sets of [0, 1) with density dm
dt =

1/(1 − t)| log(1 − t)|3 for t > 1
2 and dm

dt = c for 0 ≤ t ≤ 1
2 . On L1([0, 1),m)

define the operator Th(t) = th(t), which is obviously Dunford-Schwartz. Since
〈T nh, h〉 =

∫
tn|h|2dm for h ∈ H = L2([0, 1),m), the function f ≡ 1 has the

spectral measure σf = m, and by Beppo Levi
∞∑

k=1

〈T kf, f〉
k

=
∞∑

k=1

∫
[0,1)

tkdm

k
=
∫

[0,1)

| log(1 − t)|dm < ∞.

However, the one-sided ergodic Hilbert transform does not converge weakly by
Theorem 3.1, since∫

[0,1)

| log(1 − t)|2dm ≥
∫ 1

1/2

1
(1 − t) | log(1 − t)|dt = ∞ .

Remark. In this example H = (I − T )H, and
∑∞

k=1
T kh

k converges a.e. for every
h ∈ H , although (I − T )H is not closed. Note that T is order-preserving.

Example 3. U unitary on L2, f ∈ L2 with
∑∞

k=1
Ukf

k convergent a.e., but not
weakly in L2.

Let T be the operator on L2([0, 1),m) described in the previous example,
and let U be the unitary dilation constructed by Schäffer [Sc], which is defined
on L2(R, μ) (see the proof of Theorem 4.3). For f of the previous example we
define f̃ on R by f̃(x) = f(x) for 0 ≤ x < 1 and f̃(x) = 0 otherwise. Schäffer’s
definition of U yields that Unf̃ is zero on [1,∞) and on (−∞,−n), on the interval
[−j,−j+1) (1 ≤ j ≤ n) we have Unf̃(x) =

√
1 − (x+ j)2(x+ j)n−jf(x+ j), and

Unf̃(x) = xnf(x) on [0, 1). This yields that
∑∞

n=1
Un f̃

n converges a.e. However,

L2-weak convergence of
∑∞

k=1
Uk f̃

k would imply that of
∑∞

k=1
T kf

k , a contradiction.

Note that since 〈Unf̃ , f̃〉 = 〈T nf, f〉, the series
∑∞

n=1
〈Unf̃ ,f̃〉

k converges.
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Remarks

1. In the example convergence a.e. of the transform does not imply weak (norm)
convergence, which shows that for unitary operators, Gaposhkin’s sufficient
condition (14) for a.e. convergence of the transform is not necessary; neither
is condition (13), as either condition implies also norm convergence.

2. Gaposhkin [G4, pp. 253–254] constructed an example of U unitary on L2[0, 1]
and a function f such that

∑∞
k=1

Ukf
k converges in norm, but not a.e. Thus,

for unitary operators on L2, a.e. and norm convergence of the series are not
comparable in general. It is worth to mention that in his example the ergodic
averages do converge a.e. to 0, since the sufficient conditions of Theorem 3A
in [G3] are satisfied, and also the two-sided Hilbert transform converges a.e.

3. Almost everywhere convergence of the transform for every function (for which
the averages converge to 0), as in Example 2, cannot occur for U induced
by an invertible ergodic measure preserving transformation of a separable
non-atomic probability space: Kakutani and Petersen [KP] proved that there
always exists a bounded function of zero integral for which the one-sided er-
godic Hilbert transform is a.e. non-convergent; for references to earlier related
results see [AL].

Let T be a contraction in H such that (I−T )H is not closed. By Theorem 1.1
there exists f ∈ (I − T )H such that

∑∞
n=1

T nf
n does not converge. A natural

question (raised in the context of Fourier series – see [Z, Theorem V(8.12)] with
remarks and references on [Z, p. 380]), is the convergence of the one-sided ergodic
Hilbert transform for almost every random choice of signs, i.e., the convergence
of

∑∞
n=1 ±T nf

n for every f ∈ (I − T )H. This is made precise in the following
theorem, when we take for {ξn} the Rademacher functions.

Theorem 4.6. Let {ξn} be independent identically distributed random variables on
a probability space (Ω,F ,P) such that E(|ξ1| log+ |ξ1|) < ∞ and Eξ1 = 0. Then
there exists a set Ω1 ∈ F with P(Ω1) = 1 such that when ω ∈ Ω1, for every
contraction T on a Hilbert space H and any f ∈ H the “modulated” transform∑∞

n=1 ξn(ω)T nf
n converges in norm.

Proof. Cuzick and Lai [CuLa, Theorem 1(iv)] proved that for {ξn} as in the the-
orem there exists Ω1 ∈ F with P(Ω1) = 1 such that for ω ∈ Ω1 the “random
Fourier series”

∞∑
n=1

ξn(ω)
n

λn

converges uniformly for complex |λ| = 1. We fix ω ∈ Ω1.

For a unitary operator U on H and f ∈ H the spectral theorem yields∥∥∥ k∑
n=j

ξn(ω)Unf

n

∥∥∥2

=
∫
{|λ|=1}

∣∣∣ k∑
n=j

ξn(ω)λn

n

∣∣∣2dσf ≤ ‖f‖2 sup
|λ|=1

∣∣∣ k∑
n=j

ξn(ω)λn

n

∣∣∣2
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which converges to 0 as k > j → ∞ by the choice of ω. Hence
∑∞

n=1 ξn(ω)Unf
n

converges in norm.
For T a contraction on H let U be its unitary dilation on H1 containing H .

Then ∥∥∥ k∑
n=j

ξn(ω)T nf

n

∥∥∥2

≤
∥∥∥ k∑

n=j

ξn(ω)Unf

n

∥∥∥2

−→
k>j→∞

0

so
∑∞

n=1 ξn(ω)T nf
n converges in norm. �
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Abstract. Preconditioned iterative solvers are considered to be one of the
most promising methods for solving large and sparse linear systems. It has
been shown in the literature that their impact can be fairly easily extended to
semi-separable systems or even larger classes build on semi-separable ideas.
In this paper, we propose and evaluate a new type of preconditioners for the
class of matrices that have a two level deep ‘symbolically hierarchical semi-
separable form’ meaning that the matrices have a semi-separable like block
structure with blocks that are (sequentially) semi-separable themselves. The
new preconditioners are based on approximations of Schur complements in
a sequential or hierarchical decomposition of the original block matrix. The
type of matrices considered commonly occur in 3D modeling problems.

Mathematics Subject Classification (2000). 65F10, 65F15; 65F50; 93A13.

Keywords. Preconditioners, semi-separable systems, model reduction, Poisson
equation.

1. Introduction

The importance of preconditioners to solve large systems of sparse equations has
been amply demonstrated in the literature, an excellent survey is to be found in
[3]. However, in a number of crucial cases, finding good preconditioners has proved
to be very difficult, if not impossible, lacking a systematic method to construct
them either from basic principles or from the physical circumstances leading to the
system to be solved. In this paper we propose a method based on algebraic prin-
ciples, but which can also accommodate physical considerations to some extent.
The proposed method is adequate to handle systems that extend in 2 dimensions
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(2D-systems) but we want to show that the ideas will extent to 3D systems as well.
Although the method applies to a fairly general class of systems, we are only able
to validate it on systems that can be solved explicitly. In this paper we consider
one type of such systems: positive definite, Hermitian of the block-Toeplitz-block-
Toeplitz (BTBT) kind and we consider two cases: purely Toeplitz and circulant.
Validation to larger classes has necessarily to be experimental, but the physical
connotations of the method makes it a very good candidate for future use in 3D
systems in general.

The generic system solver solves a set of equations

Φu = b (1)

in which Φ is a square matrix, b a conformal vector of data and u is the solution
vector to be found. We assume that Φ is non-singular and even that it can be
LU-factored (the method can be extended to the Moore-Penrose case, but that is
beyond our present scope). We put further assumptions on the structure of Φ that
make the class considered adequate for fairly general modeling problems that lead
to 3D sparse matrices.

A good preconditioner P is a matrix of the same dimensions as Φ such that (1)
I − ΦP is small and (2) multiplication with P is computationally cheap. Iterative
solvers are adequate when (1) also the multiplication with Φ is cheap and (2) a
good P is known or can easily be determined. The iterative solver will then iterate
on the error residue and converge quickly when the eigenvalues of I−ΦP are close
to zero – we refer to the literature for more details [3].

Solvers based on preconditioners are obviously attractive when Φ is a sparse
matrix, for then the condition of ‘cheap multiplication with Φ’ is automatically
fulfilled. However, this is certainly not the only class that leads to cheap multi-
plication. Another is the class of ‘sequentially semi-separable matrices’ [5, 7], or
the class of ‘hierarchically semi-separable matrices’ [1]. These classes are distinct,
sparse matrices are not semi-separable in general (only banded matrices are). Hi-
erarchically semi-separable matrices can be transformed into specific classes of
sparse matrices, making it an attractive class because the extra structure allows
for efficient solving, either in a direct or a preconditioned way. The problem with
general classes of sparse matrices is the difficulty of finding a good preconditioner.
Our approach is to extend the class of structured matrices of the semi-separable
type so that it covers a wider collection of sparse matrices and transformations
thereof. The extension that we consider in this paper (and that is described in
the next paragraph) is able to cover most, if not all, 2D type modeling problems,
whether of the sparse type or the so-called ‘multipole’ type.

The matrix structure that we consider in this paper can be termed ‘symbol-
ically semi-separable’. We shall treat the semi-separable structure extensively in
a further section. A semi-separable matrix is characterized by a so-called ‘realiza-
tion’, i.e., an ordered sets of seven (small) diagonal block-matrices denoted, e.g., as
{A,B,C,D,A ′, B ′, C ′}. We say that the structure is ‘symbolical’ if the character-
ization has the same form, but the characterizing set of matrices has further struc-
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ture, namely all the submatrices are themselves either sequentially semi-separable
or symbolically semi-separable again. E.g., if A = diag[· · ·Ak · · · ] where each Ak

is sequentially semi-separable (and hence characterized again by a realization at a
lower hierarchical level) then the symbolical hierarchy will have two layers.

Hence, our goal will be the construction of preconditioners, assuming the
underlying matrix structure to be given in terms of blocks that themselves have a
sequential or symbolical semi-separable structure. We shall formulate the theory
and the results at a ‘medium complexity level’ – to keep things as simple as possible
without endangering the generality needed to handle significant 3D modeling cases.
In particular, we shall assume a block tri-diagonal form for the top level hierarchy.
This structure is less general than full blown symbolic semiseparability, but it does
cover the main application, namely systems originating from 3D finite element
modeling. A special case is obtained when second-order 3D partial differential
equation is considered on a regular (finite 3D) grid. We shall develop this case for
Laplace’s (or Poisson’s) equation in the next section and carry it as a test case
throughout the paper, comparing the performance of the various preconditioners
proposed. In particular, we use a 27-point stencil to discretized the PDF, basic cells
of dimension 8 × 8 resulting in an overall matrix of dimension 83 × 83. Measures
for performance of the preconditioner P are norm differences between I and ΦP
and the largest eigenvalue of the matrix I − ΦP because it determines the rate of
convergence (we wish it typically smaller than 0.1).

2. Prototype example

As prototype example and to fix ideas, we consider Poisson’s equation in a ho-
mogeneous medium, discretized on a uniform 3D grid. A formulation of Poisson’s
equation requires the solution of

−
(
∂2

∂x
u(x, y, z) +

∂2

∂y
u(x, y, z) +

∂2

∂z
u(x, y, z)

)
= f(x, y, z)

for (x, y, z) ∈ Ω where Ω = [0, 1]× [0, 1]× [0, 1] with boundary conditions that after
discretization with a 27 point stencil results in either a hierarchical n3 ×n3 block-
tridiagonal block-Toeplitz or block circulant system of equations. Let us define a
parameter ε = 0 for the block-tridiagonal case and ε = 1 for the circulant case,
then the discretized equations to be solved take the form

Φu = b (2)⎛⎜⎜⎜⎜⎜⎜⎝

M −LH −εL
−L M −LH

−L M
. . .

. . . . . . −LH

−εLH −L M

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

u0

u0

...
um−1

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
b0
b1
...

bm−1

⎞⎟⎟⎟⎠
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where we have assumed that ui are the discretized unknowns along the ith column
of the n × n × n grid. Φ is a symmetric positive definite matrix with n block
columns, and has the same sub-blocks on each of the tri-diagonal given by

M =

⎛⎜⎜⎜⎜⎜⎝
O −PH −εP
−P O −PH

−P O −PH

. . . . . . . . .
−εPH −P O

⎞⎟⎟⎟⎟⎟⎠ (3)

L =

⎛⎜⎜⎜⎜⎜⎝
R QH εQ
Q R QH

Q R QH

. . . . . . . . .
εQH Q R

⎞⎟⎟⎟⎟⎟⎠ (4)

O =
1
30

⎛⎜⎜⎜⎜⎜⎝
128 −14 −14ε
−14 128 −14

−14 128 −14
. . . . . . . . .

−14ε −14 128

⎞⎟⎟⎟⎟⎟⎠ (5)

P =
1
30

⎛⎜⎜⎜⎜⎜⎝
14 3 ε3
3 14 3

3 14 3
. . .

. . .
. . .

ε3 3 14

⎞⎟⎟⎟⎟⎟⎠ (6)

Q =
1
30

⎛⎜⎜⎜⎜⎜⎝
3 1 ε1
1 3 1

1 3 1
. . . . . . . . .

ε1 1 3

⎞⎟⎟⎟⎟⎟⎠ (7)

R =
1
30

⎛⎜⎜⎜⎜⎜⎝
14 3 ε3
3 14 3

3 14 3
. . . . . . . . .

ε3 3 14

⎞⎟⎟⎟⎟⎟⎠ (8)

The example exhibits a strong hierarchical structure. At the top level we have a
tri-diagonal or circulant block structure, whereby each of the component blocks
again has a tri-diagonal or circulant block structure of scalar entries. The overall
resulting matrix is therefore very sparse with a sparsity pattern characterized by
small bunches of non-diagonals clustered in bands. Such a situation is typical for
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3D systems in which there is only local interaction between the quantities (as is
the case with a differential equation). The regularity produces a Toeplitz or at
least a block-Toeplitz structure, but in the more general case the sparsity pattern
keeps the same general structure in which many diagonals are zero, with big gaps
between significant diagonals. It is those big gaps that make the elimination pro-
cedures tricky because of the systematic occurrence of fill ins in the gaps. In the
next section we propose a strategy that consists in forcing only partial or approx-
imated elimination steps so that an explosion of fill ins is avoided and replaced by
approximations based on a small amount of data.

3. The basic procedure: decoupling

The preconditioners we propose in this paper are based on partitioning the set of
equations and decoupling them by estimating (approximating rather than calcu-
lating) the perturbation one set exerts on the other. This approach is somewhat
similar to what has been termed incomplete LU factorization in the literature [9].
The difference with this traditional ad hoc approach is in how the perturbation is
gauged. An efficient realization of the perturbed matrix (actually a Schur comple-
ment) is the key in the reduced modeling. In this section we review the basis for the
decoupling strategy and introduce some notation that will allow for hierarchical
recursion of the procedure.

Assume that we split the set of unknowns u ∈ V into two nonintersecting
subsets u1 ∈ V(1) of size n1 and u2 ∈ V(2) of size n2, V(1) ∩ V(2) = ∅ and
n = n1 + n2, as

u =
(
u1

u2

)
.

This splitting induces in a natural way a 2-by-2 block splitting of the matrix Φ,

Φ =
(

Φ11 Φ12

Φ21 Φ22

)
.

Then the matrix can be decomposed into a two level structure by a block LU
factorization, (

Φ11 Φ12

Φ21 Φ22

)
=
(

I 0
Φ21Φ−1

11 I

)(
Φ11 Φ12

0 S

)
where I and 0 are generic identity and zero matrices of appropriate dimensions
and

S = Φ22 − Φ21Φ−1
11 Φ12

is the Schur complement of Φ11 in Φ (as stated already, we assume existence of all
relevant Schur complements).
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Suppose the right-hand side vector b partitioned as above then the linear
system decouples in two systems of reduced dimensions

Φ11 u
′
1 = b ′1

S u ′2 = b ′2
(9)

with b ′1 = b1, b ′2 = b2 − Φ22Φ−1
11 b1, u1 = u ′1 − Φ−1

11 Φ12u
′
2 and u2 = u ′2.

Our strategy for preconditioning consists in setting up a recursive schema of
partitioning the variables and then decoupling the respective linear systems, and
we do this not only at the top level of the hierarchy (as is discussed here), but
recursively at lower levels as well. At each step in the procedure we approximate
(or if one wishes, model reduce) the Schur complement systematically. The moti-
vation for this is that the determination of the Schur complement is the step in the
procedure where the fill ins are produced and the model complexity of the system
hence increases. In many cases (and in particular the model case we are consid-
ering) approximating at this point is both physically and numerically justifiable,
provided the partitioning is done in a justifiable way.

The recursive procedure can be set up in either a linear or a hierarchical
manner. The linear recursion is of course the same as in the common LU factor-
ization. In the block tri-diagonal case it reduces to a recursive determination of
Schur complements, e.g., in the kth step written as{

S0 = M0,

Sk+1 = Mk+1 − LkS
−1
k LH

k .
(10)

In our model case, the recursion starts out with a block tridiagonal matrix. In the
2D case each of these blocks is again a tri-diagonal matrix. After the first step, the
Schur complement then already has nine diagonals and at every step the number
more than doubles, filling up the matrix quickly. It is not difficult to show that
also the more general ‘degree of semi-separability’ [4] increases at the same rate,
but at the same time it can be shown that there is a system with a low degree of
semi-separability close by in operator norm. It is this model reduction that allows
the determination of a low complexity approximant (in the semi-separable sense)
in the 2D case. In the 3D case, however, one more level of hierarchy has to be
dealt with – we discuss how to do this further on.

As discussed in the previous paragraph, a partitioning of the network (data
and unknowns) leads to decoupling. This procedure can of course be repeated
on each of the two sets, and then again, leading to a hierarchical decomposition
tree representing the partitioning (still at this top level of the original hierarchy).
Attached to each node of the tree there is the decoupled system of equations
(and, of course, the corresponding primed and unprimed data sets which can be
converted to each other according to the elimination formulas of the previous
section). We use a level ordering notation as in the papers on ‘HSS = Hierarchical
Semi Separable’ decompositions: the ordered index pair (k, �) indicates node � at
level k (� ∈ (1 · · · 2k)). Node (k, �), if it is not a leaf node, gets decomposed in two
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nodes (k + 1, 2�− 1) and (k + 1, 2�). To such a level decomposition there is a four
block decomposition of the system attached to the node being decomposed. The
decoupled system attached to the uneven child node is the 11 block of the parent
system, while the system attached to the even child node is the Schur complement
of that 11 block within the system defined by the parent node. In the sequel we
shall mark the (eventually approximate) Schur complements with the index pairs
indicating the level at which they define the decoupled system.

Because of the block triangular structure of the original system (and even-
tual semi separable generalizations thereof not considered here) there is a further
hierarchical relation between Schur complements at various levels of the hierarchy.

Let Φα be a block triangular matrix at any given level α < logm higher
than the bottom level, dropping the index α for a simple notation and applying
the two-by-two LU factorization on Φ we obtain Φ11 and Φ22 as block triangular
matrices and Φ12 and Φ21 as low rank matrices with only one block at the left
lower corner and the right upper corner respectively.

Φ =
(

Φ11 Φ12

Φ21 Φ22

)
.

Factorizing the matrix one more level we get:

Φ =

⎛⎜⎜⎝
Φ1111 Φ1112 0 0
Φ1121 Φ1122 Φ1221 0

0 Φ2112 Φ2211 Φ2212

0 0 Φ2221 Φ2222

⎞⎟⎟⎠
with Φ11 and Φ22 the matrix decomposition for the next level. Then the Schur
complement S of matrix Φ11 in Φ is

S = Φ22 − Φ21Φ−1
11 Φ12

=
(

Φ2211 − Φ2112(Φ
−1
11 )22Φ1221 Φ2212

Φ2221 Φ2222

)
.

Let us put temporarily
E = Φ11

then with the two-by-two factorization block structure we find

E−1 =
(
E−1

11 + E−1
11 E12S

−1
E E21E

−1
11 −E−1

11 E21S
−1
E

−S−1
E E21E

−1
11 S−1

E

)
,

which shows that
(E−1)22 = S−1

E .

We substitute
(Φ−1

11 )22 = S−1
Φ11

back, where SΦ11 is the Schur complement of block Φ1111 in Φ11. Therefore the
Schur complement S of Φ11 in Φ becomes:

S =
(

Φ2211 − Φ2112S
−1
Φ11

Φ1221 Φ2212

Φ2221 Φ2222

)
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in which the (11)-entry is actually the Schur complement of SE in the submatrix(
SE Φ1221

Φ2112 Φ2211

)
.

Hence, the higher level Schur complement is constituted of lower level Schur com-
plements and other lower level matrices.

In this fashion, the causality relations get to be very simple when the recursion
is spun out to the bottom decomposition level, no calculations are needed to move
to higher levels in the tree, only assembly of submatrices. In an exact calculation,
a chain of Schur complements only involving local matrices is obtained at the
bottom level of the hierarchy – see Fig. 3 – typically the level of the size of the
block entries in the original tri-diagonal matrix, but any higher level may serve
as bottom level just as well. The recursion starts out with a tridiagonal matrix
and then doubles in theoretical semi-separable complexity at each step. Keeping
this complexity increase under control is the key to the systematic construction of
preconditioners based on Schur complementation. That is the topic of Section 7.

Figure 1. Causality relations for the Schur elimination schema. Only
the bottom line requires computations, all the upward arrows only in-
volve assembly of matrices.

4. Algorithms for sequentially semi-separable matrices

In this section we treat the case in which the Schur complement is approximated
by a low-order semi-separable representation. This would be the method to be
followed in the 2D case, or at the bottom level of the hierarchy in the 3D case. In
[4, 7] it is shown that subsequent Schur complements occurring in the solution of
the regular 2D Poisson problem are close to a low degree semi-separable matrix. In
particular, in [7] the convergence in terms of the ε-rank of Hankel blocks is shown
to be bounded with some low bound. These bounds are confirmed by experiments,
which actually exhibit very close approximation even at low semi separable degree.
The precise results for the regular Poisson equation are of course due to the fact
that in this case the system can be solved in closed form. We start out with a brief
summary of the basic properties of semi-separable representations we use. For a
comprehensive treatment of the basics we refer to [5].
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Matrices that have the following structure, defined through a set of small
matrices {Ak, Bk, Ck, Dk, A

′
k, B

′
k, C

′
k}⎛⎜⎜⎜⎜⎜⎝

D1 B1C2 B1A2C3 . . . B1A2 . . . An−1Cn

B ′
2C

′
1 D2 B2C3 . . . B2A3 . . . An−1Cn

B ′
3A

′
2C

′
1 B ′

3C
′
2 D3 . . . B3A4 . . . An−1Cn

. . . . . . . . .
B ′nC

′
n−1 Dn

⎞⎟⎟⎟⎟⎟⎠
are called matrices with sequentially semi-separable structure, and the sequence of
matrices is called the state realization of the sequentially semi-separable structure
of the matrix [5]. Let T be such a matrix, then the realization matrices correspond
to a computational schema for the input-output product y = uT involving a set
of intermediate so-called state vectors {xk, x

′
k} that are computed recursively⎧⎨⎩

xk+1 = xkAk + ukBk

x ′k−1 = x ′kA
′
k + ukB

′
k

yk = xkCk + x ′kC
′
k + ukDk.

Rewritten in global operator form by assembling the matrices Ak, Bk etc. . .
as diagonal operators on spaces of sequences of appropriate dimensions

A =

⎡⎢⎢⎣
. . . 0

Ak

0
. . .

⎤⎥⎥⎦B =

⎡⎢⎢⎣
. . . 0

Bk

0
. . .

⎤⎥⎥⎦
etc. . . and defining the shift-operator Z as (uZ)i = ui−1 we obtain a compact
representation of T in terms of its structural matrices as

T = D +BZ(I −AZ)−1C +B ′Z−1(I −A ′Z−1)−1C ′.

Of course, all dimensions of matrices and vectors have to match wherever needed.
The structural matrices are often brought together in view of this as

Tc =
[
A C
B D

]
, Ta =

[
A ′ C ′

B ′ 0

]
, (11)

which is a 4× 4 block matrix with diagonal entries. We now briefly discuss matrix
operations using the semi separable structure. We first concentrate on upper trian-
gular matrices for which the accented quantities are zero. Let us, for convenience,
define the diagonal shift operator T (1) by

ZMT (1) = TZN

that is, T (1) = Z−1TZ, then T (1) is the operator T whose representation is shifted
one position into the South-East direction: (T (1))i,j = Ti−1,j−1. More generally,
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the kth diagonal shift of T into the southeast direction along the diagonals of T
is defined by

T (k) = (Zk)−1TZk.

Equivalently, (T (k))i,j = Ti−k,j−k.

4.1. State transformations

Two realizations {A1, B1, C1, D} and {A2, B2, C2, D} are called equivalent if their
respective state vectors are related through an invertible transformation R. We
have then [

A2 C2

B2 D

]
=
[
R

I

] [
A1 C1

B1 D

] [
[R(−1)]−1

I

]
R(−1) = ZRZ−1.

We say that a realization is minimal if none of the dimensions of the state vec-
tors can be reduced further. It is known [5] that these minimal dimensions form a
unique sequence and that two minimal realizations are related through an invert-
ible transformation matrix.

4.2. Sum of two realizations

let T1, T2 be two upper triangular matrices, with realizations A1, B1, C1, D1 and
A2, B2, C2, D2, respectively. Then the sum of these two operators, T = T1 + T2,
has a realization given directly in terms of these two realizations as[

A C
B D

]
=

⎡⎣ A1 0 C1

0 A2 C2

B1 B2 D1 +D2

⎤⎦ .
The state dimension sequence of this realization is equal to the sum of the state
dimension sequences of T1 and T2. It is, however, not necessarily minimal even if
the component dimensions are.

4.3. Product of two realizations

The product of T = T1T2 can also be obtained using realizations by[
A C
B D

]
=

⎡⎣ A1 C1B2 C1D2

0 A2 C2

B1 D1B2 D1D2

⎤⎦ .
In this case also the dimension of the given product realization is the sum of
the dimensions of the components. It is not necessarily minimal even though the
realizations of the factors are – there may be cancellations between the factors.

4.4. Realization of an upper inverse

Let T be an invertible upper triangular matrix, and suppose that it is known that
T−1 is also upper, then the D matrix in the realization has to be square invertible
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and a realization for T−1 is given by [5][
A ′ C ′

B ′ D ′

]
=
[
A− CD−1B −CD−1

D−1B D−1

]
.

This realization for T−1 will be minimal if the realization for T is.

4.5. Cholesky factorization

We now return to the mixed upper-lower case. Given T > 0 and let the upper
triangular part of T have a minimal state space realization Ak, Bk, Ck, Dk. Let
T = FHF where F is upper triangular. The main property of relevance here is that
the upper factor F has a minimal state space realization of the same dimensions
as the upper part of T . It is given by
Then a realization AF,k, BF,k, CF,k, DF,k of F is given by (superscript ·H indicates
Hermitian conjugation) ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

AF,k = Ak

CF,k = Ck

DF,k = (Dk − CH
k ΛkCk)−1/2

BF,k = D−1
F,k(Bk − CH

k ΛkAk)

where Λk is given by the recursion

Λk+1 = AH
k ΛkAk +BH

F,kBF,k.

T has to be positive definite for this recursion to work out. In case that turns out
not to be so, then at a certain point k in the recursion Dk − CH

k ΛkCk will turn
out to be non-positive definite, leading to a non positive square root.

5. Efficient Schur reduction: the semi-separable case

In this section we consider the rather more general case where the matrix to be
reduced has the form

Φ =

⎛⎜⎜⎜⎜⎜⎜⎝
M1 −LH

1

−L1 M2 −LH
1

. . . . . . . . .
. . . Mm−1 −LH

m−1

−Lm−1 Mm

⎞⎟⎟⎟⎟⎟⎟⎠ (12)

5.1. State space realizations of matrices M and L

Φ consists of block matrices Mk and Lk. Dropping the index k whenever clear
from the context, we assume further that the matrices M and L have general
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sequentially semi-separable realizations of the type

Mk = {AMc , AMa , BMc , BMa , CMc , CMa , DM}
= DM +BMcZ(I −AMcZ)−1CMc

+BMaZ
−1(I −AMaZ

−1)−1CMa

Lk = {ALc , ALa , BLc , BLa , CLc , CLa , DL}
= DL +BLcZ(I −ALcZ)−1CLc

+BLaZ
−1(I −ALaZ

−1)−1CLa .

The realization of a sequentially semi-separable structure matrix can be computed
by a low rank factorizations of some off-diagonal blocks called Hankel blocks, as
described in [8]. In the tri-diagonal case the derivation is trivial.

5.2. Schur complements in the state space formalism

Because of the Hermitian structure of Φ, M and L, we may assume the realizations
of M and L to have

AMa = AH
Mc
,

BMa = CH
Mc
,

CMa = BH
Mc
,

and

ALa = AH
Lc
,

BLa = CH
Lc
,

CLa = BH
Lc
.

From equation (10), each Sk will be Hermitian matrix as well, and hence can be
Cholesky factorized as Sk = FH

k Fk.
Assuming that the upper triangular matrix Fk has a realization

{AFc, BFc, CFc, DF },
we now try to find the realization of upper triangular matrix Fk+1 using only state
space data.

Sk+1 = FH
k+1Fk+1

= Mk+1 − Lk(FH
k Fk)−1LH

k

= Mk+1 − LkF
−1
k F−H

k LH
k .

Let Ek = F−1
k and let us factorize Lk to be Lk = L1k

L2k
and let the Cholesky

factorization of Mk be Mk = XkX
H
k , with Ek and L2k

upper triangular matrices
and L1k

and Xk lower triangular. We get

FH
k+1Fk+1 = Xk+1X

H
k+1 − L1k

L2k
EkE

H
k L

H
2k
LH

1k

Let Gk = L2k
Ek, which is an upper triangular matrix. To make the computation

simple, we convert eachGk matrix to a lower triangular matrixHk, whereGkG
H
k =

HkH
H
k . We get

FH
k+1Fk+1 = Xk+1X

H
k+1 − L1k

GkG
H
k L

H
1k

= Xk+1X
H
k+1 − L1k

HkH
H
k L

H
1k
.
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Let Yk = L1k
Hk (lower triangular), then

FH
k+1Fk+1 = Xk+1X

H
k+1 − YkY

H
k .

Dropping the index k in the following sections for simplification, and assuming the
realization of any upper matrix O to be

O = {AO, BO, CO, DO}
= DO +BOZ(I −AOZ)−1CO

and the realization of any lower matrix P

P = {AP , BP , CP , DP }
= DP +BPZ

−1(I −APZ
−1)−1CP .

The following subsections explain how to get the state space of

Fk+1 = {A ′F , B ′
F , C

′
F , D

′
F } from Fk = {AF , BF , CF , DF }

using the basic steps explained above.

5.2.1. From Fk−1 to Ek. As Fk−1 is an upper triangular matrix, we can get the
realization of Ek = F−1

k−1 directly by time varying system theory as:

AE = AF − CFD
−1
F BF

BE = D−1
F BF

CE = −CFD
−1
F

DE = D−1
F .

5.2.2. Factorize Lk to L1k
and L2k

. where each L1k
is an lower triangular matrix

and L2k
is a upper triangular matrix.

Al1 = ALa ;
Al2 = ALc ;
Bl1 = BLa ;
Cl2 = CLc ;
Dl2 = I;

Dl1 = (DL −BLaΛCLc)D
−1
l2

Bl2 = D−1
l1

(BLc −BLaΛALc)

Cl1 = (CLa −ALaΛCLc)D
−1
l2

Λ(1) = Cl1Bl2 +Al1ΛAl2

where Λ(1) stands for Λk+1 and Λ(−1) stands for Λk−1.
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5.2.3. Gk = L2k
Ek. Both L2k

and Ek are upper triangular matrices, so does Gk.

AG =
[
Al2 Cl2BE

0 AE

]
BG =

[
Bl2 Dl2BE

]
CG =

[
Cl2DE

CE

]
DG = Dl2DE.

5.2.4. From Gk to Hk. Gk are upper triangular matrices while Hk are lower tri-
angular matrices with GkG

H
k = HkH

H
k .

AH = AH
G ;

BH = DGC
H
G +BGΛAH

G ;

DH = (DGD
H
G +BGΛBH

G −BHΓBH
H )1/2

CH = (BH
G −AH

G ΓBH
H )D−1

H

where
Λ(−1) = CGC

H
G +AGΛAH

G

Γ(1) = CHC
H
H +AHΓAH

H .

5.2.5. Yk = L1k
Hk. Yk, L1k

, and Hk are all lower triangular matrices,

AY =
[

AH 0
Cl1BH Al1

]
BY =

[
Dl1BH Bl1

]
CY =

[
CH

Cl1DH

]
DY = Dl1DH .

5.2.6. Factorize Mk = XkX
H
k . We can get lower triangular matrix Xk from Mk

by Cholesky factorization again.

AX = AH
M

BX = CH
M

DX = (DM − CH
MΓCM )1/2

CX = (BH
M −AH

MΓCM )D−1
X

where
Γ(1) = CXC

H
X +AH

MΓAM .
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5.2.7. Get Fk+1 from FH
k+1Fk+1 = Xk+1X

H
k+1 −YkY

H
k . Compute lower triangular

matrix Wk = X−1
k Yk,

AX−1 = AX − CXD
−1
X BX

BX−1 = −D−1
X BX

CX−1 = CXD
−1
X

DX−1 = D−1
X

AW =
[

AY 0
CX−1BY AX−1

]
BW =

[
DX−1BY BX−1

]
CW =

[
CY

CX−1DY

]
DW = DX−1DY .

Let lower triangular matrix Δ satisfy ΔΔH = I − WWH , and after Cholesky
factorization, we obtain

AΔ = AW

BΔ = −BW

DΔ = I −DWDH
W −BW ΛBH

W −BW ΓBH
W )1/2

CΔ = (CWDH
W +AW ΛBH

W +AW ΓBH
W )D−1

Δ

where
Λ(1) = CWCH

W +AW ΛAH
W

Γ(1) = CΔC
H
Δ +AW ΓAH

W .

Multiply F = XΔ. We finally get the lower triangular matrix F ′k+1 and upper
triangular matrix Fk+1 = F ′k+1 as

AF =
[
AH

Δ BH
ΔC

H
X

0 AH
X

]
BF =

[
CH

Δ DH
ΔC

H
X

]
CF =

[
BH

ΔD
H
X

BH
X

]
DF = DH

ΔD
H
X .

5.3. Model reduction

The resulting Schur complement factor Fk at each step in the recursion can
be model reduced by reduction on both reachability Gramian and observability
Gramian in the state space. Let us assume that the realization of Fk obtained
in the recursion step is {A,B,C,D}, and do the model reduction on reachability
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Gramian Λc first, which results the reduced realization {A ′11, B ′1, C ′1 , D ′}. Then
we reduce it again on observability Gramian Λo on {A ′11, B ′

1, C
′
1 , D

′}, resulting
the final reduced realization {A ′ ′11, B

′ ′
1 , C

′ ′
1 , D

′ ′}. More details can be found in [2].

5.3.1. On reachability Gramians. Let Λc be the reachability Gramian of the given
realization {A,B,C,D} of T , then it has the eigenvalue decomposition:

Λc = RH
c

[
Λ̃c 0
0 0

]
Rc, Rc =

[
R̃c

∗

]
,

where Λ̃c is a diagonal matrix containing the nonzero eigenvalues of Λc, while
Rc can be chosen unitary, and R̃c contains the columns of Rc corresponding to
the entries in Λ̃c. Apply Rc as a state transformation to T , we get an equivalent
realization T ′ = {A ′, B ′, C ′, D ′},[

A ′ C ′

B ′ D ′

]
=
[
Rc 0
0 I

] [
A C
B D

] [
R

(−1)H
c 0
0 I

]
=

[
RcAR

(−1)H
c RcC

BR
(−1)H
c D

]

Λ ′c =
[

Λ̃c 0
0 0

]
where Λ ′c is the reachability Gramian of T ′, and satisfies the Lyapunov equation
Λ ′(−1)

c = A ′HΛ ′cA
′ +B ′HB ′. Partition A ′, B ′, and C ′ according to that of Rc,

A ′ =
[
A ′11 0
A ′21 A ′22

]
, C ′ =

[
C ′1
C ′2

]
,

B ′ =
[
B ′

1 0
]
, D ′ = D.

Because B ′H2 B ′
2 +A ′H12 Λ11A

′
12 = 0 and Λ11 > 0, we have B2 = A12 = 0.

Then the model reduced realization is[
A ′11 C ′1
B ′1 D ′

]
=

[
R̃cAR̃

(−1)H
c R̃cC

BR̃
(−1)H
c D

]
.

5.3.2. On observability Gramians. Similarly, the observability Gramian Λo of re-
alization {A ′11, B ′1, C ′1 , D ′} can be decomposed as:

Λo = R−1
o

[
Λ̃o 0
0 0

]
R−H

o , Ro =
[
R̃o ∗

]
,
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Apply the unitary matrix Ro to the realization {A ′11, B ′1, C ′1 , D ′}, we get realiza-
tion, [

A ′ ′ C ′ ′

B ′ ′ D ′ ′

]
=
[
Ro 0
0 I

] [
A ′11 C ′1
B ′1 D ′

] [
R

(−1)H
o 0
0 I

]
=

[
RoA

′
11R

(−1)H
o RoC

′
1

B ′1R
(−1)H
o D ′

]

Λ ′ ′o =
[

Λ̃o 0
0 0

]
and

A ′ ′ =
[
A ′ ′11 A ′ ′12

0 A ′ ′22

]
, C ′ ′ =

[
C ′ ′1

0

]
,

B ′ ′ =
[
B ′ ′1 B ′ ′2

]
, D ′ ′ = D.

So the final reduced realization is[
A ′ ′11 C ′ ′1

B ′ ′
1 D ′ ′

]
=

[
R̃oA

′ ′
11R̃

(−1)H
o R̃oC

′ ′
1

B ′ ′1 R̃
(−1)H
o D ′ ′

]
.

6. Exact solutions for the 3D model cases

In this section we present the exact solutions (in closed form) for the two regular
3D-cases announced earlier. The method we use extends the method presented
in [4, 7] to the 3D case. In particular, we compute the exact value of the Schur
complements and their limiting fixed point. In the next section we shall use these
results to evaluate pre-conditioners in a number of situations.

Reverting back to the notation of Section 2 we have that the sequence of
Schur complements from the top-left subblock to the down-right subblock is given
by equation (10).

Because of the positive definiteness of the Poisson matrix, all subsequent
Schur complements are positive definite as well, and the recursion will converge, as
we shall see, to a fixed point matrix S∞, which we shall evaluate. It turns out that
the latter is actually a very good approximant of the actual Schur complements
for larger values of k, the convergence being pretty fast.

6.1. Block symmetric tri-diagonal Toeplitz matrix

In this section we consider only real symmetric (block-) tri-diagonal Toeplitz ma-
trices, in which the blocks themselves are real symmetric (block) tri-diagonal and
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Toeplitz. For brevity, we introduce the shorthand tridiag(A,B) for the matrix

tridiag(A,B) =

⎛⎜⎜⎜⎜⎜⎜⎝
A BH

B A BH

B A
. . .

. . . . . . B
B A

⎞⎟⎟⎟⎟⎟⎟⎠ . (13)

In this hierarchy we indicate the depth d by a super-index, and the corresponding
size of the matrices by nd. At level 0 we then have

A(0) = tridiag(A(1), B(1)). (14)

The hierarchy terminates when a certain depth d = D − 1 is reached, where each
of the sub-blocks is a symmetric tri-diagonal Toeplitz matrix having the form

A(D−1) = tridiag(a, b) (15)

with scalar entries.

Theorem 1. Given a block real symmetric tri-diagonal Toeplitz matrices T =
tridiag(A,B) at a hierarchical depth d with nd number of sub-blocks on its di-
agonal, and let the d − 1 depth sub-block matrices A and B have eigenvalues
ΛA = diag(λA;1, . . . , λA;p) and ΛB = diag(λB;1, . . . , λB;p) respectively, with di-
mension p× p and the same normalized eigenvector matrix U , then the matrix T
has eigenvalues ΛT = ΛA + 2ΛB cos kπ

nd+1 , where 1 ≤ k ≤ nd with corresponding
normalized block eigenvectors given by

Vk =

⎛⎜⎜⎜⎝
U sin( 1kπ

nd+1 )/σ
U sin( 2kπ

nd+1 )/σ
...

U sin( ndkπ
nd+1 )/σ

⎞⎟⎟⎟⎠ where σ =

√√√√ nd∑
i=1

sin2

(
ikπ

nd + 1

)
.

The theorem generalizes a result of [6] about tri-diagonal Toeplitz matrices
reproduced hereunder.

Theorem 2. If C is an n× n tri-diagonal Toeplitz matrix with

C =

⎛⎜⎜⎜⎜⎜⎜⎝

a b
c a b

c a
. . .

. . .
. . . b
c a

⎞⎟⎟⎟⎟⎟⎟⎠ (16)

then the eigenvalues of C are given by

λj = a+ 2b
√
c

b
cos(

jπ

n+ 1
), (17)
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where 1 ≤ j ≤ n, and corresponding eigenvectors are given by

xj =

⎛⎜⎜⎜⎜⎜⎜⎝
( c

b )
1/2 sin( 1jπ

n+1 )
( c

b )
2/2 sin( 2jπ

n+1 )
( c

b )
3/2 sin( 3jπ

n+1 )
...

( c
b )

n/2 sin( njπ
n+1 )

⎞⎟⎟⎟⎟⎟⎟⎠ . (18)

Proof of Theorem 1. The theorem follows from the fact that all matrices involved
commute. This is true at the bottom level D−1 of the hierarchy since at that level
the off-diagonal entries of the matrices are equal resulting in eigenvectors that can
be chosen equal. Moving up the hierarchy, the constitutive block-matrices keep
commuting. We may assume recursively that A and B are diagonalized by the
same eigenvector matrix U ,

A = UΛAU
H

B = UΛBU
H

then

T =

⎛⎜⎜⎜⎝
U

U
. . .

U

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

ΛA ΛB

ΛB ΛA

. . . ΛB

ΛB ΛA

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

UH

UH

. . .
UH

⎞⎟⎟⎟⎠ .

Let us denote

T ′ =

⎛⎜⎜⎜⎝
ΛA ΛB

ΛB ΛA

. . . ΛB

ΛB ΛA

⎞⎟⎟⎟⎠ (19)

and apply Theorem 2 on T ′, (notice that after proper permutation P , T ” = PT ′P
is block diagonal matrix with each sub-block a symmetric tri-diagonal Toeplitz
matrix,) we get the eigenvalues of T ′:

ΛT ′
k

= ΛA + 2ΛB cos
(

kπ

nd + 1

)
, (20)

where 1 ≤ k ≤ nd, and the corresponding eigenvector block is

V ′j =

⎛⎜⎜⎜⎜⎜⎜⎝
Ip×p sin( 1kπ

nd+1 )/σ
Ip×p sin( 2kπ

nd+1 )/σ
Ip×p sin( 3kπ

nd+1 )/σ
...

Ip×p sin( nkπ
nd+1 )/σ

⎞⎟⎟⎟⎟⎟⎟⎠ . (21)
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where

σ =

√√√√ nd∑
i=1

sin2

(
ikπ

nd + 1

)

T =

⎛⎜⎜⎜⎝
U

U
. . .

U

⎞⎟⎟⎟⎠V ′ΛT ′V
′H

⎛⎜⎜⎜⎝
UH

UH

. . .
UH

⎞⎟⎟⎟⎠ .

Therefore, the eigenvalues and eigenvectors of T are: ΛT = ΛA + 2ΛB cos kπ
nd+1 ,

where 1 ≤ k ≤ nd. The corresponding block eigenvector is

Vk =

⎛⎜⎜⎜⎝
U sin( 1kπ

nd+1 )/σ
U sin( 2kπ

nd+1 )/σ
...

U sin( ndkπ
nd+1 )/σ

⎞⎟⎟⎟⎠ .

The block eigen-structure can hence be applied hierarchically in this case
leading to a diagonalized matrix at the top level of the hierarchy. From this it
follows that subsequent Schur complements and the fixed point solution of the
Schur-complement equation can be found explicitly. On the diagonalized matrix
all the Schur complements are diagonal as well, as well as the fixed point solution.
This is stated in the following (almost obvious) theorem.

Theorem 3. Let Φ be given by (2), and assume that for any block-dimension n, Φ
is strictly positive definite. Then ΛM > 2ΛL and the fixed point solution for the
Schur complement S∞ is given by

S∞ =
1
2
V

(
ΛM +

√
Λ2

M − 4Λ2
L

)
V H . (22)

where

ΛMj = ΛO + 2ΛP cos
(

jπ

n+ 1

)
,

ΛLj = ΛR + 2ΛQ cos
(

jπ

n+ 1

)
,

λOi = aO + 2bO cos
(

iπ

n+ 1

)
,

λPi = aP + 2bP cos
(

iπ

n+ 1

)
,

λQi = aQ + 2bQ cos
(

iπ

n+ 1

)
,
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λRi = aR + 2bR cos
(

iπ

n+ 1

)
,

vj =
1√∑n

k=1 sin2( kjπ
n+1 )

⎛⎜⎜⎜⎝
U sin( 1jπ

n+1 )
U sin( 2jπ

n+1 )
...

U sin( njπ
n+1 )

⎞⎟⎟⎟⎠ .

ui =
1√∑n

k=1 sin2( kiπ
n+1 )

⎛⎜⎜⎜⎝
sin( 1iπ

n+1 )
sin( 2iπ

n+1 )
...

sin( niπ
n+1 )

⎞⎟⎟⎟⎠
and 1 ≤ j ≤ n, 1 ≤ i ≤ n.

Proof. In this case the hierarchical decomposition is just two levels deep (corre-
sponding to the 3D case) and the matrices involved can easily be written down
explicitly. It is easy to tell from the theorem that M and L share the same eigen-
vector matrix V and M = V ΛMV H , L = V ΛLV

H . Hence we have S0 = UΛ0U
H

and Sk = UΛkU
H for the same collection of normalized eigenvectors assembled in

U . The Schur recursion then becomes a collection of scalar recursions given by{
Λ0 = ΛM ,

Λk+1 = ΛM − ΛLΛ−1
k ΛH

L (k = 0, 1, . . . ).

The intermediate matrices at the hierarchical level 2 have a diagonalization rep-
resented by Φ ′ = tridiag(ΛM ,ΛL) which transforms, by reordering of rows and
columns into a direct sum of Toeplitz matrices of the form tridiag(mk, �k). Since
all these are strictly positive definite for any dimension by assumption, it must be
that mk > 2�k, by a well-known property of Toeplitz matrices (corresponding to
the fact that the limiting spectrum must be (strictly) positive definite – see [6]).
The scalar iteration

xk+1 = m− �x−1
k � with m > 2� > 0

converges to

x =
1
2
(m+

√
m2 − 4l2).

Since ΛM > 2ΛL, the iteration converges for each entry in the recursion, leading
to the result claimed in the theorem. �

6.2. The block-circulant case

A theory similar to the block triangular Toeplitz case can be set up for (block-)
circulant matrices. It covers the case of a regular grid on which periodic bound-
ary conditions are in effect. The eigenvalue analysis in this case leads to Fourier
transformation. We briefly summarize the results.
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A block circulant matrix is completely determined by its first block row. This
we denote as follows

circ(Ak : k = 0 · · ·n− 1) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

A0 A1 A2 . . . An−1

An−1 A0 A1 . . .
...

An−2 An−1 A0 . . .
...

... . . . . . .
. . . A1

A1 A2 . . . An−1 A0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

We consider a hierarchy of such matrices, meaning that at each level we dispose of
a circulant block matrix with blocks that are themselves circulant block matrices
up to a level where the components are just scalar circulant matrices – this corre-
sponds to a physical situation in which periodic boundary conditions are in effect
in every dimension. We shall indicate the hierarchical level with a super-index.
Assuming the overall hierarchical depth is D, A(0) indicates the top matrix in the
hierarchy. Then

A(0) = circ(A(1)
k : k = 1 · · ·n1)

in which

A
(1)
k = circ(A(2)

k;� : � = 1 · · ·n2)

etc. . . This keeps going until depth d = D − 1, where each of the sub-blocks is a
regular circulant matrix with scalar entries.

Theorem 4. Given a one depth block circulant matrix with n× n sub-blocks

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

A0 A1 A2 . . . An−1

An−1 A0 A1 . . .
...

An−2 An−1 A0 . . .
...

... . . . . . .
. . . A1

A1 A2 . . . An−1 A0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Assume that every sub-block Ak, k = 1, . . . , n has the same dimension p × p
and the same complete set of orthonormal eigenvectors assembled in the matrix
U . Let the eigenvalue matrix of sub-block matrix Ak be Γk = diag(γk;1, . . . , γk;p).
Then the matrix A has eigenvalue Λm = diag(λm;1, . . . , λm;p), with corresponding
eigenvector block x(m), where

λm;i =
n−1∑
k=0

γk;ie
−2πjmk

n ,

x(m) =
1√
n

[U,Ue
−2πjmk

n , . . . , Ue
−2πj(n−1)k

n ]T .
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Proof. The equation Ax = λx for the eigenvalues and eigenvectors of A specializes
to⎛⎜⎜⎜⎜⎜⎜⎜⎝

A0 A1 . . . An−1

An−1 A0 . . .
...

An−2 An−1 . . .
...

... . . .
. . . A1

A1 . . . An−1 A0

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎝
�x1

�x2

...
�xn

⎞⎟⎟⎟⎠ =

⎛⎜⎝ Λ1

. . .
Λn

⎞⎟⎠
⎛⎜⎜⎜⎝

�x1

�x2

...
�xn

⎞⎟⎟⎟⎠ (23)

where

�xm =

⎛⎜⎜⎜⎝
xm;1

xm;2

...
xm;p

⎞⎟⎟⎟⎠ (24)

Λm =

⎛⎜⎝ λm;1

. . .
λm;p

⎞⎟⎠ (25)

n−1−m∑
k=0

Ak�xk+m +
n−1∑

k=n−m

Ak�xk−n+m = �xmΛm (26)

for m = 1, . . . , n.
Because

Ak = UΓkU
∗. (27)

Let

�ym = U∗�xm =

⎛⎜⎜⎜⎝
ym;1

ym;2

...
ym;p

⎞⎟⎟⎟⎠ (28)

then

�xm = U�ym, (29)
n−1−m∑

k=0

Γk�yk+m +
n−1∑

k=n−m

Γk�yk−n+m = �ymΛm, (30)

n−1−m∑
k=0

γk;iyk+m;i +
n−1∑

k=n−m

γk;iyk−n+m;i = ym;iλm;i, (31)

where m = 1, . . . , n and i = 1, . . . , p.
As this system of equations involves a scalar circulant matrix, namely

circ(γk;i : k = 0 · · ·n− 1),
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the solution can be written down directly (the discrete Fourier transform of order
n diagonalizes the matrix)

yk;i = ρk, (32)

with ρ = e−
2mπj

n . Furthermore

λm;i =
n−1∑
k=0

γk;ie
−2πjmk

n ; (33)

yi =
1√
n

[1, e
−2πjm

n , . . . , e
−2πjm(n−1)

n ]T . (34)

Thus, for the sub-blocks,

Λm =

⎛⎜⎝ λm;1

. . .
λm;p

⎞⎟⎠ ; (35)

x(m) =

⎛⎜⎜⎜⎝
Uyi,1

Uyi,2

...
Uyi,n

⎞⎟⎟⎟⎠ (36)

where I is the p× p identity matrix.
Therefore,

Λm =

⎛⎜⎝ λm;1

. . .
λm;p

⎞⎟⎠ , (37)

λm;i =
n−1∑
k=0

γk;ie
−2πjmk

n , (38)

x(m) =
1√
n

[UT , UT e
−2πjmk

n , . . . , UT e
−2πjm(n−1)k

n ]T . (39)
�

6.2.1. Application to the 3D Poisson equation on a regular grid. Using the nota-
tion of Section 2 we take the circulant version of the matrices Φ,M,L, . . . , i.e.,
the case ε = 1. Application of Theorem 4 immediately provides the eigenvalues as
samples of the Fourier transforms (it is just as convenient to handle the transforms
directly):

F(O) = −64
15

+
14
15

cos θ

F(P ) =
7
15

+
1
5

cos θ

F(R) =
7
15

+
1
5

cos θ
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F(Q) =
1
10

+
1
15

cos θ

F(M) = F(O) + 2F(P ) cosnθ

= −64
15

+
14
15

cos θ + 2
(

7
15

+
1
5

cos θ
)

cosnθ

F(L) = F(R) + 2F(Q) cosnθ

=
7
15

+
1
5

cos θ + 2
(

1
10

+
1
15

cos θ
)

cosnθ.

As in the previous schema, we can approximate the Schur complement sequence
by calculating S∞,

S∞ =
M +

√
M2 − 4LLH

2
(40)

with Fourier transform of S∞

F(S∞) = F
(
M +

√
M2 − 4LLH

2

)
(41)

=
1
2
(F(M) +

√
F2(M) − 4F2(L))

=
1
15

[−32 + 7 cos θ + 7 cosnθ + 3 cos θ cosnθ

+ [5(−5 + 2 cos θ + 2 cosnθ + cos θ cosnθ)

· · · (−39 + 4 cos θ + 4 cosnθ + cos θ cosnθ)]
1
2 ].

This explicit representation of the fixed point for the Schur complement recursion,
although interesting in its own right, allows us to evaluate various approximation
schemas that lead to candidate pre-conditioners. We report on a number of re-
sults in the next section. Looking at the spectrum (formula 41) it is obvious that
it oscillates strongly with a period π/m – in contrast to the 2D-case where the
spectrum is very smooth with just a discontinuity in the first derivative at zero
frequency [4]. As a consequence, any reasonable rational (finite state space) ap-
proximation of such a spectrum will need an order that is at least m. This shows
that the 3D case is essentially different from 2D, where low order semi-separable
approximation yield very good results. Hence, a different pre-conditioning strategy
will have to be used in 3D and higher dimensions. The following section presents
a preliminary investigation of this issue.

7. Decoupling strategies for matrices with 3D sparsity patterns

The goal of this section is to obtain insight in the possibilities of constructing
pre-conditioners through decoupling, whereby the Schur complements that have
to be introduced are being approximated by simpler matrices. This can happen
at various positions in the schema, as we shall indicate further on in this section.
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Since we dispose of exact inverses for special types of matrices (Poisson’s equation
on a regular grid) as presented in the previous sections, we can evaluate the various
strategies on this very well-conditioned example. The idea behind this approach is
that a pre-conditioning strategy should at least work well on simple straight exam-
ples, for there would be no hope for it to work in more complex cases if it already
breaks down on the most well-conditioned realistic examples. We first describe the
general strategies and then apply them on the Poisson case. The chapter has a
very preliminary nature, as many possibilities have yet to be investigated.

As explained in the section “Hierarchical Decoupling Structure”, the matrix
on one layer of the symbolic hierarchy can be decoupled into several levels (all
within that layer):

Figure 2. Level decomposition: level 0, level 1 and level 2 are shown

To keep terminology consistent we use the term ‘layer’ systematically to
indicate the position in the symbolic hierarchy, while the term ‘level’ will be used
for subdivisions within one layer as indicated by the diagrams above.

Positioning ourselves at a given layer of the hierarchy (say the top layer), if it
consists of n×n sub-blocks from its next layer, then we dispose of log2 n levels for
decoupling totally at the given layer. Consider a point k+ 1 where an approxima-
tion of a Schur inverse has to be introduced. The exact solution is of course given
by equation (10). The simplest approximant would of course be Sk+1 = M , which
would amount to putting L = 0. This we would refer to as a ‘Jacobi step’. Notice
that doing so, the resulting decoupled matrices remain positive definite (they are
in fact more positive than the exact ones, as the difference is a semi-positive oper-
ator). This amount to a ‘zero’th order’ approximation. One step more (first order)
would take Sk+1 = M −LM−1LH , which again would produce a positive definite
decoupling as can be seen from considering the positive definite block submatrix
with rows and columns indexed by k, k + 1, . . . . This we would call a ‘first-order
approximant’. This process can of course be continued leading to second, third
etc. . . order approximants. We show later that for the example the approximation
error decreases quickly when higher orders are involved - the approximation error
at the top layer of the hierarchy will appear to be the most significant factor.

The first-order approximation involves the inverse M−1. This is a matrix
at the next layer of the hierarchy. We may denote it as S−1

k+1;−1 as we regress
one stage in the Schur recursion. Similarly, the second order will involve a matrix
Sk+1;−2, which would be obtained by regressing two stages – we have not studied
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this case yet. As these inverses involve a lower layer of the hierarchy, again a
Schur approximation can be introduced, but now involving matrices with a lower
hierarchical structure. In the case of hierarchical depth D = 3, this may already
involve a semi-separable approximation – we do present numerical results for this
case where we restrict ourselves to a one-stage recursion (i.e., we approximate the
relevant Sk+1 as M − LM−1LH).

Matrix Φ is then first decoupled in the middle, where k =  n
2 !. The process

can then be repeated at the next levels on the same layer. We specify a level
number lvl1 and decouple matrix Φ into 2lvl1 matrices as in the picture above, and
approximate the Schur complement by Sk+1 = M − LM−1LH at the decoupling
points while performing the exact recursion in between:⎧⎨⎩

S0 = M,
Sk+1 = M − LM−1LH , k =  n

2lvl1 !,  2n
2lvl1 !, . . .

Sk+1 = M − LS−1
k LH , k = else.

(42)

Let us now specialize these ideas to our prototype example, the matrix representing
the 3D regular Poisson problem with discretization based on the 27 points stencil.
It has the form given in Fig. 3 (here specialized to n = 8). Each block in the matrix

Figure 3. Structure of matrix Φ

represents a 2D plane, while each row corresponds to an array of points in the x-
direction. The interactions in the y-direction take place within the blocks while
the interactions in the z-direction create entries between blocks in the top layer.
These interactions are shown in Fig. 4. where each of the xy-plane corresponds
to a diagonal 2D block, each x line corresponds to a diagonal 1D block, and
the lines between these points correspond to the off-diagonal blocks or entries,
representing their relations. Introducing a cut in the top layer matrix (e.g., in the
middle as shown in Fig. 5) forces the elimination of the cross dependencies between
the layers, which are then incorporated as a (Schur-) correction (−LS−1

k LH) on
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Figure 4. Physical model of matrix Φ

the next diagonal block. Our strategy hence consists in estimating rather than
calculating that correction.

Figure 5. Cut on 3D layer (0 order)

Figure 6. Matrix cut on 3D layer (0 order)
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Figure 7. Cut on 3D layer (1 order)

Figure 8. Matrix cut on 3D layer (1 order)

The first layer steps (up to a certain level) hence consist in the estimation of
the Schur correction term, which in the first-order approximation is −LM−1LH in
which M and L again have structure, in our example they are block tridiagonal,
with blocks that are tridiagonal with scalar entries. A central step is then the
computation of M−1 with such a structure. One way of proceeding is to assume
semi-separability for this layer of computation, motivated by the fact that the
2D case is (extremely) well approximated by such systems, in contrast to 3D
systems. Assuming low-order semi-separability, Sk for k = 1, . . . , n will also be
semi-separable, and we can calculate the Schur complements Sk using the state
space theory expounded in Sections 4 and 5. In the experiments we report on here,
we use a rather global semi-separable strategy, restricting the semi-separable order
to nkp = rm (i.e., the size of a block) with a low value of r (called MRsize for
‘Model Reduction Size’). It turns out that with very low values the approximation
error is already negligible.
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Simulation results

To characterize the various experiments we introduce the notation
‘3D(level,order)2D(level,order,MRsize)’

to indicate an experiment in which the indicated levels and orders have been used
in the 3D block matrix, respect. 2D block submatrices, with an eventual semi
separable model order reduction size in the 2D case. Figure 9 shows ‖I − ΦP‖F

for a number of situations (if a 2D specification is not shown, it means that the
2D calculation has been done on the full matrix without approximations). Each
schema is carried out on orders from 0 to 3 (the latter meaning a regression of 3
layers). The X-axis shows the 3D level, while y-axis shows ‖I − ΦP‖F , where the
preconditioner P ≈ Φ−1 is computed as

P =
(

I 0
Φ21Φ−1

11 I

)(
Φ11 Φ12

0 S(3D)

)

Figure 9. ‖I − ΦP‖F for decoupling approximation on 3D layer and
3D & 2D layers, where 3D(level, order) is by only decoupling on 3D
layer with decoupling level level and approximation order order, while
3D(level, order)2D(level, order) is by decoupling on 2D layer when the
level and order on 3D layer is 3 and 1
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in which S(3D) is the approximated Schur complement by the difference approxi-
mation schemas described above. The order on the 3D layer in this figure is just
one, and three levels approximation are shown as explained before. So the x-axis
shows the level used on the 2D submatrices. We compare the different approxi-
mation orders on 2D taking the one without 2D approximation as a reference. As
expected, cutting on both the 2D and 3D layers gives more error, but the influence
of the approximation on the lower layer is much smaller compared with that on
the 3D layer. This means that for a good preconditioner, the top layer must use
a higher order of approximation than the lower layers. This situation is expected
and it is quite pronounced.

Figure 10 shows the approximations in Frobenius norm, if in addition model
order reduction with sizes 1 and 2 are applied on the 2D submatrices, and it shows
the comparison with the no model reduction case. Here r = 1 means the realization
matrices considered size 8 × 8, while they are 16 × 16 when r = 2.

Figure 10. ‖I − ΦP‖F for state space approximation on 3D layer,
where 3D(level, order) is by matrix computation and

3D(level, order, reduction rate)state space

is by state space realization with model reduction rate state space
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Eigenvalues of the preconditioning error. the preconditioner P is supposed to
approximate Φ−1. Its performance can be checked by evaluating the maximum
eigenvalue λmax of (I−ΦP ) for all the proposed cases. These are listed below from
table 1 to 5 for approximation schemas “Fixed point”, “Cutting on 3D layer”,
“Cutting on 3D layer in state space with model reduction rate r = 2”, “Cutting on
3D layer but keeping the diagonal values on off-diagonal 3D blocks”, and “Cutting
on both 2D and 3D layer”. In these tables level stands for the number of level cut
in 3D/2D layer; and order stands for the approximation order.

λmax(I − ΦP )
0.16

Table 1. Fixed point

λmax(I − ΦP )
Order level=1 level=2 level=3

0 0.3636 0.4420 0.5413
1 0.1304 0.1629 0.2154
2 0.0440 0.0554 0.0754
3 0.0119 0.0178 0.0244

Table 2. Cutting on 3D layer

λmax(I − ΦP )
Order level=1 level=2 level=3

0 0.3636 0.4420 0.5413
1 0.1304 0.1629 0.2154
2 0.0440 0.0554 0.0754
3 0.0119 0.0178 0.0244

Table 3. Cutting on 3D layer with rate r = 2

λmax(I − ΦP )
Order level=1 level=2 level=3

0 0.3205 0.3935 0.4884
1 0.1145 0.1428 0.1902
2 0.0381 0.0485 0.0658
3 0.0098 0.0153 0.0212

Table 4. Partially cutting on 3D layer

If we require the preconditioner to produce error eigenvalues smaller than
0.1, then schemas that qualify are “Cutting on 3D layer”, “Cutting on 3D layer
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λmax(I − ΦP )
Order level=0 level=1 level=2 level=3

0 0.2154 0.2218 0.2292 0.2419
1 0.2154 0.2157 0.2160 0.2165
2 0.2154 0.2155 0.2155 0.2155
3 0.2154 0.2154 0.2154 0.2155

Table 5. Cutting on both 2D and 3D layer

λmax(I − ΦP )
Order level=1 level=2 level=3

0 0.3636 0.4420 0.5413
1 0.1304 0.1629 0.2154
2 0.0440 0.0554 0.0754
3 0.0119 0.0178 0.0244

Table 6. Cutting 3D layer & 2D≈ SSS

in state space with model reduction” and “Cutting on 3D layer but keeping the
diagonal values on off-diagonal 3D blocks” when the approximation order is larger
than one.

8. Discussion

Many more numerical results are available than those presented in this paper. We
have tried in particular to use the fixed point solution as preconditioner with ex-
cellent results (almost no approximation error). If such a strategy is desired, then
an efficient method must be devised to compute the fixed point solution – a ques-
tion that is solvable using the exact solutions presented here, but it goes beyond
the purposes of the present paper. The numerical results that we do present show
that there exist very good schemas in which the preconditioning error (defined as
λmax(I − ΦP )) is below .1 or .2, resulting in very good low complexity precondi-
tioners. This is to some extent due to the good conditioning of the Poisson matrix
Φ. In future work we wish to investigate whether these properties can be extended
to system matrices that are much less well conditioned, such as matrices resulting
from full Maxwell equations. This will be the next effort on the program.
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Pick Matrices for Schur Multipliers

Harry Dym and Dan Volok

Dedicated to the memory of Moshe Livsic, a gentleman and a scholar

Abstract. It is well known that the classical Nevanlinna-Pick problem for
holomorphic contractive functions in the open unit disk is solvable if and only
if a matrix P with entries of the form

pjk =
1 − ηjηk

1 − ωjωk
, j.k = 1, . . . , n,

that is based on the data of the problem is positive semidefinite. The purpose
of this purely expository note is to draw attention to another matrix that
arises in the theory of interpolation problems for multipliers which deserves
to be better known. This matrix and other more general forms are discussed
in [AlB97] and [AlBL96]. Our interest in this problem was aroused by the
formula

pjk =
1 − ηj(1 − ω�

jωk
�)ηk

1 − ωjωk
, j.k = 1, . . . , n,

that was mentioned by M.A. Kaashoek in a lecture at the IWOTA conference
in Blacksburg, Virginia, as a byproduct of his joint investigations with C.
Foias and A.E. Frazho [FFK02] into constrained lifting problems.

Mathematics Subject Classification (2000). Primary 30E05; Secondary 47B32,
47B38, 46E22.

Keywords. Tangential interpolation, Schur class, multipliers, Pick matrices,
reproducing kernel Hilbert spaces.

1. Introduction

Let Ω+ denote either the open unit disc D = {λ ∈ C : |λ| < 1} or the open upper
half-plane C+ = {λ ∈ C : −i(λ− λ) > 0}, let

ρω(λ) =

{
(1 − λω) if Ω+ = D

−2πi(λ− ω) if Ω+ = C+
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and let Sp×q(Ω+) denote the Schur class of p× q mvf’s (matrix-valued functions)
s(λ) that are holomorphic and contractive (i.e., ‖s(λ)‖ ≤ 1) in Ω+.

It is well known that:

Theorem 1.1. If

ω1, . . . , ωn ∈ Ω+, ξ1, . . . , ξn ∈ C
p and η1, . . . , ηn ∈ C

q, (1.1)

then there exists a mvf s(λ) in the Schur class Sp×q(Ω+) such that

ξ∗j s(ωj) = η∗j for j = 1, . . . , n (1.2)

if and only if the n× n matrix P with jk entry

pjk =
ξ∗j ξk − η∗j ηk

ρωk
(ωj)

(1.3)

is positive semidefinite.

A proof of Theorem 1.1 based on reproducing kernel Hilbert spaces may be
found, e.g., in [Dy89] and [Dy03]; see also [Dy94] for a sketch of other approaches
and additional references.

The purpose of this expository note is to draw attention to another less well-
known Pick matrix that is encountered in the theory of interpolation problems for
multipliers.

2. Preliminaries

Let Hk
2 (Ω+) denote the set of k × 1 vector-valued functions with entries in the

Hardy space H2(Ω+). The vector-valued functions in Hk
2 (Ω+) have nontangential

limits a.e. on the boundary of Ω+ and are Hilbert spaces with respect to the inner
product

〈f, g〉st =

{
1
2π

∫ 2π

0 g(eiθ)∗f(eiθ)dθ if Ω+ = D∫∞
−∞ g(μ)∗f(μ)dμ if Ω+ = C+.

If b(λ) is a q× q inner function, then H(b) = Hq
2 � bHq

2 is a closed subspace of Hq
2 .

A Hilbert space H of m × 1 vector-valued functions defined on Ω+ is said
to be a reproducing kernel Hilbert space if there exists an m ×m matrix-valued
function Kω(λ) on Ω+ × Ω+ such that for every choice of f ∈ H, ω ∈ Ω+ and
u ∈ Cm

Kωu ∈ H and 〈f,Kωu〉H = u∗f(ω).

A matrix-valued function Kω(λ) with these two properties is called a reproducing
kernel for the reproducing kernel Hilbert space H. It is readily checked that:

(1) A reproducing kernel Hilbert space has exactly one reproducing kernel.

(2) If Kω(λ) is a reproducing kernel, then Kω(λ)∗ = Kλ(ω).
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(3) A reproducing kernel Kω(λ) on Ω+ × Ω+ is positive in the sense that
n∑

j,k=1

u∗kKωj(ωk)uj ≥ 0

for every choice of vectors u, . . . , un ∈ Cm and points ω1, . . . , ωn ∈ Ω+.

(4) Finite linear combinations of the form
∑n

j=1Kωjuj with uj ∈ Cm and ωj ∈
Ω+ are dense in H.

The Hilbert spaces Hp
2 and H(b) = Hq

2 � bHq
2 are both reproducing kernel

Hilbert spaces with respect to the standard inner product with reproducing kernels

Ip
ρω(λ)

and Λb
ω(λ) =

Iq − b(λ)b(ω)∗

ρω(λ)
,

respectively as is easily checked with the help of Cauchy’s formula for the Hardy
space H2.

3. The main formula

LetMs denote the operator of multiplication by a p×q mvf s(λ) that is holomorphic
on Ω+, from a subspace of Hq

2 into Hp
2 .

Theorem 3.1. Let b(λ) be a q×q mvf that is inner with respect to Ω+ and ‖b(λ)‖ < 1
for each point λ ∈ C+. Then there exists a p× q mvf s(λ) that is holomorphic in
Ω+ such that
(1) The interpolation conditions (1.2) are met and
(2) Ms maps the Hilbert space H(b) = Hq

2 � bHq
2 contractively into the Hilbert

space Hp
2

if and only if the n× n matrix P̃ with jk entry

p̃jk =
ξ∗j ξk − η∗j (Iq − b(ωj)b(ωk)∗)ηk

ρωk
(ωj)

(3.1)

is positive semidefinite.

Proof. Suppose first that conditions (1) and (2) are met and let

f =
n∑

j=1

cjΛb
ωj
ηj and g =

n∑
i=1

ci
ξi
ρωi

for any choice of c1, . . . , cn ∈ C. (3.2)

Then

〈Msf, g〉st =

〈
Msf,

n∑
i=1

ci
ξi
ρωi

〉
st

=
n∑

i=1

ciξ
∗
i s(ωi)f(ωi)

=
n∑

i,j=1

ciξ
∗
i s(ωi)Λb

ωj
(ωi)ηjcj =

n∑
i,j=1

ciη
∗
i Λb

ωj
(ωi)ηjcj = ‖f‖2

st.
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Moreover, since Ms is contractive,

‖f‖2
st = |〈Msf, g〉st| ≤ ‖Msf‖st‖g‖st ≤ ‖f‖st‖g‖st, i.e., ‖f‖st ≤ ‖g‖st.

Thus, as

‖f‖2
st =

n∑
i,j=1

ciη
∗
i Λb

ωj
(ωi)ηjcj and ‖g‖2

st =
n∑

i,j=1

ci
ξ∗i ξj

ρωj (ωi)
cj ,

it follows that
n∑

i,j=1

ci

{
ξ∗i ξj − η∗i (Iq − b(ωi)b(ωj)∗)ηj

ρωj (ωi)

}
cj ≥ 0

for every choice of c1, . . . , cn ∈ C. and hence that the modified Pick matrix P̃
defined by (3.1) is positive semidefinite.

Now suppose conversely that P̃ is positive semidefinite and let

xj =
[

ξj
b(ωj)∗ηj

]
and yj = ηj for j = 1, . . . , n.

Then, since p̃jk = (x∗jxk−y∗j yk)/ρωk
(ωj), Theorem 1.1 guarantees that there exists

a mvf Σ ∈ S(p+q)×q such that

x∗j Σ(ωj) = y∗j for j = 1, . . . , n. (3.3)

Thus, upon writing

Σ(λ) =
[
Σ11(λ)
Σ12(λ)

]
with blocks Σ11(λ) of size p×q and Σ12(λ) of size q×q, the interpolation conditions
(3.3) can be reexpressed as

ξ∗j Σ11(ωj) + η∗j b(ωj)Σ12(ωj) = η∗j for j = 1, . . . , n,

and hence, upon setting

s(λ) = Σ11(λ)(Iq − b(λ)Σ12(λ))−1,

that
ξ∗j s(ωj) = η∗j for j = 1, . . . , n.

Moreover, the kernel

Lω(λ) =
Ip − s(λ){Iq − b(λ)b(ω)∗}s(ω)∗

ρω(λ)

=
[Ip s(λ)b(λ)]

[
Ip

b(ω)∗s(ω)∗

]
− s(λ)s(ω)∗

ρω(λ)

=
[Ip s(λ)b(λ)] {Ip+q − Σ(λ)Σ(ω)∗}

[
Ip

b(ω)∗s(ω)∗

]
ρω(λ)

is clearly positive on Ω+ × Ω+.
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It remains to show that the multiplication operator Ms maps H(b) contrac-
tively into Hp

2 .
Let T denote the linear operator from Hp

2 into H(b) that is defined by the formula

T
x

ρα
= Λb

αs(α)∗x for α ∈ Ω+ and x ∈ C
p.

Then, since the kernel Lω(λ) is positive on Ω+ × Ω+,∥∥∥∥∥∥T
n∑

j=1

cj
xj

ραj

∥∥∥∥∥∥
2

st

=

∥∥∥∥∥∥
n∑

j=1

cjΛb
αj
s(αj)∗xj

∥∥∥∥∥∥
2

st

=
n∑

j,k=1

ckx
∗
ks(αk)Λb

αj
(αk)s(αj)∗xjcj

≤
n∑

j,k=1

ck
x∗kxj

ραk
(αj)

cj =

∥∥∥∥∥∥
n∑

j=1

cj
xj

ραj

∥∥∥∥∥∥
2

st

,

which clearly displays the fact that ‖T ‖ ≤ 1. Moreover, the formula〈
T
x

ρα
,Λb

βy

〉
st

= y∗
(
T
x

ρα

)
(β) = y∗Λb

α(β)s(α)∗x.

implies that

x∗s(α)Λb
β(α)y =

〈
Λb

βy, T
x

ρα

〉
st

=
〈
T ∗Λb

βy,
x

ρα

〉
st

= x∗(T ∗Λβy)(α),

i.e.,
(T ∗Λβy)(α) = s(α)Λb

β(α)y = (MsΛb
βy)(α).

Thus,
‖Ms‖ = ‖T ∗‖ = ‖T ‖ ≤ 1

and the proof is complete. �

Remark 3.2. The proof of the preceding theorem is easily adapted to show that

‖Ms‖ ≤ 1 ⇐⇒ Lω(λ) is a positive kernel on Ω+ × Ω+. (3.4)

Thus, if

f =
n∑

j=1

cjΛb
αj
s(αj)∗xj and g =

n∑
i=1

ci
xi

ραi

for any choice of α1, . . . , αn ∈ Ω+, x1, . . . , xn ∈ Cp and c1, . . . , cn ∈ C, then the
implication =⇒ follows from the formulas

‖f‖2
st = 〈Msf, g〉st ≤ ‖Ms‖‖f‖st‖g‖st

just as in the first part of the proof of the theorem. The opposite implication is
verified in the last few lines of the proof of the theorem.



138 H. Dym and D. Volok

References

[AlB97] D. Alpay and V. Bolotnikov, On tangential interpolation in reproducing kernel
Hilbert modules and applications; in Topics in Interpolation Theory (Leipzig,
1994) (H. Dym, B. Fritzsche, V. Katsnelson and B. Kirstein, eds.), Oper.
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The Stable Rank of a Nest Algebra and Strong
Stabilization of Linear Time-varying Systems

Avraham Feintuch

This paper is dedicated to the memory of my teacher, colleague and friend,
Moshe Livsic, one of the great operator theorists of our time. Conversations
with Moshe, about mathematics or any other topic always reminded me of a

statement of the Rabbis of the Talmud (Tractate Berachot, 38, a) that one who

sees a wise man is required to thank God “who gave of his wisdom to humanity”.

Abstract. It is shown that the stable rank of a continuous time nest algebra
is infinite. From this it follows that there exist stabilizable continuous time
systems which are not strongly stabilizable.

Keywords. Time-varying linear systems, coprime factorizations, stabilization,
causality, continuous nests, stable rank.

1. Introduction

The notion of stable rank of a ring, was introduced by Bass ([1]) to study sta-
bilization results in algebraic K-theory. Bass’ results turned out to have several
applications extending to topics in topology and analysis and in the early 1980’s
Corach and Suarez ([2]) computed the stable rank of various Banach algebras. In
particular they showed that the stable rank of the algebra of bounded linear op-
erators on an infinite-dimensional Hilbert space H is infinite. One can look at this
theorem as giving the stable rank of the nest algebra determined by the trivial nest
{{0},H} and therefore raising the problem of computing the stable rank of nest
algebras with nontrivial nests. In this paper we consider this problem. In partic-
ular we show that for any continuous nest its nest algebra also has infinite stable
rank. Our motivation for studying this problem comes from a well-known problem
in the stability theory of linear feedback systems, the strong stabilization prob-
lem: given a linear system which is stabilizable by linear dynamic feedback, can
one choose the stabilizing compensator to be itself a stable system? This problem
seems to have been initially posed by Vidyisagar ([15])in the framework of linear
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time-invariant finite-dimensional systems and has since been studied in various
frameworks by numerous authors (e.g., [10]). The deep result of S. Treil ([13]) that
H∞ has stable rank one and its immediate extension to the algebra Mn(H∞) of n
by n matrices with entries from H∞ by A. Quadrat gives that stabilizable linear
time invariant multi-input multi-output systems are strongly stabilizable. In this
paper we consider this problem for stabilizable linear time-varying systems. We
obtain that for continuous time, there exist such systems which are not strongly
stabilizable. We discuss the implications of this result and define a more tractable
problem. The results here do not shed any light on the discrete time case.

2. Preliminaries

Let H denote the complex infinite-dimensional Hilbert function space L2[0,∞),
the space of square integrable complex-valued functions on the interval [0,∞),
with the standard inner product and norm. For each 0 ≤ t < ∞, Pt denotes the
standard truncation projection on the subspace L2[0, t] defined on H. For each
t we consider the seminorm defined for x ∈ H by ‖ x ‖t=‖ Ptx ‖. This family
of semi-norms defines the “resolution topology” on H (see [6], Chapter 5). The
completion of H with respect to this topology is called the extended space of H
and is denoted by He. In fact this is just

{f : [0,∞) → C : f ∈ L2[0, t]∀0 ≤ t < ∞}.
The totally ordered continuous set {Pt : 0 ≤ t ≤ ∞} (where P∞ = I) is used
to define the physical notion of causality for linear systems. A continuous linear
transformation T on He (with the resolution topology) is a causal linear system
if for each 0 ≤ t < ∞, PtT = PtTPt. A causal linear system T is stable if its
restriction to H is a bounded operator ([6], Chapter 5).This means that there exists
a positive constant c such that for every f in H, Tf is in H and ‖Tf‖ ≤ c‖f‖.
The set of stable systems is a weakly closed Banach algebra C containing the
identity. This is the algebra of operators which leave invariant the (complete) nest
{L2[t,∞)} of subspaces. Such algebras are called nest algebras ([6]), and in our
case the nest is continuous, a fact of fundamental importance for our analysis.

Let L and C be given causal linear systems and consider the standard feed-
back configuration with plant L and compensator C, where the closed loop system
equation for this configuration is[

u1

u2

]
=
[
I C
L −I

] [
e1
e2

]
.

The system is well posed if the internal input e =
[
e1 e2

]
can be expressed

as a causal function of the external input
[
u1 u2

]
. This is equivalent to ([6],

chapter 6) requiring that
[
I C
L −I

]
be invertible. This inverse is easily computed
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formally and is given by the transfer matrix

H(L,C) =
[

(I + CL)−1 C(I + LC)−1

L(I + CL)−1 −(I + LC)−1

]
.

L and C may not be stable. This means that there may be an input u in H
such that Lu or Cu may not be in H. Let D(L) = {u ∈ H : Lu ∈ H} and

D(C) = {u ∈ H : Cu ∈ H}. Then
[
I C
L −I

]
can be seen as a linear transformation

from D(L)
⊕

D(C) into H
⊕

H.
Definition 2.1. The closed loop system determined by the plant L and compensator
C is stable if all the entries of H(L,C) are stable systems on H. The plant L is
stabilizable if there exists a causal linear system C such that the closed loop system
determined by L and C is stable.

In order to characterize the stabilizable and strongly stabilizable systems we
need the notions of right and left strong representations for a causal linear system.
Recall that the graph of a linear transformation L with domain D(L) in H is

G(L) =
{[

x
Lx

]
: x ∈ D(L)

}
. The following definitions are from [6], Chapter 6.

Definition 2.2. A plant L has a strong right representation
[
A
B

]
with A and B

stable if

(1) G(L) = Im

[
A
B

]
,

(2)
[
A
B

]
has a stable left inverse: there exist X, Y stable such that

[
X Y

] [A
B

]
= I.

L has a strong left representation
[
−B̂ Â

]
with Â, B̂ stable if

(1) G(L) = Ker
[
−B̂ Â

]
.

(2)
[
−B̂ Â

]
has a stable right inverse; there exist X̂, Ŷ stable such that[

−B̂ Â
] [Ŷ
X̂

]
= I.

The following theorem is well known (see [5], Chapter 9, [6], Chapter 6).

Theorem 2.3. A causal linear system L is stabilizable if L has a strong right and a
strong left representation. If this is the case the representations can be chosen so
that the double Bezout identity[

X Y

−B̂ Â

] [
A −Ŷ
B X̂

]
=
[
A −Ŷ
B X̂

] [
X Y

−B̂ Â

]
=
[
I 0
0 I

]
.
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holds. The causal linear systems which stabilize L are given by the strong right rep-

resentations
[
Ŷ −BQ

X̂ +AQ

]
and the strong left representation

[
−(X +QÂ Y −QB̂

]
for some stable Q.

3. Strong stabilization

Practicing control engineers are reluctant to use unstable compensators for the
purpose of stabilization. This motivated considering whether among the stabilizing
compensators parametrized by the Youla parametrization for a given stabilizable
plant L that were described above, there exist stable ones. If there exists such
a compensator, L is said to be strongly stabilizable. We continue with the setup
and notation used in the previous theorem. The following theorem is from [6],
Chapter 6.

Theorem 3.1. Suppose L satisfies the hypothesis of Theorem 2.3. The L is stabilized
by a stable C if and only if Â+ B̂C is invertible in C. Equivalently, C stabilizes L
if and only if A+ CB is invertible in C.

It is interesting that while the two formulations are independent the same C
will in fact work for both. (See [7], Theorem 3.2.)

Theorem 3.2. Given a causal linear system L with doubly coprime factorization as
above. For C ∈ C, Â + B̂C is invertible in C if and only if A + CB is invertible
in C.

As a result of the previous discussion, we can now give a simple formulation
of the strong stabilization problem: Given A,B,X, Y ∈ C, which satisfy the Bezout
equation AX+BY = I, does there exist CεC such that A+CB is invertible in C? It
is of interest to point out that if C is replaced by L(H), the algebra of all bounded
linear operators on H, then the answer is negative. This follows immediately from
a corollary to Theorem 2 of [2]. Our proof for C will use this approach.

4. Nest algebras

A nest is a chain N of closed subspaces of a Hilbert space which is closed under
intersection and closed linear span.The nest algebra T (N ) is the set of all operators
T on H such that TN ⊂ N for each N ∈ N . T (N ) is a weakly closed subalgebra of
the algebra B(H) of operators on H. The theory of nest algebras is described in [4].

Let N be a nest and N ∈ N . Define

N− = ∨{N ′ ∈ N : N
′ ⊂ N}.

N− is the immediate predecessor to N if there is one. Otherwise N− = N . The
subspaces N � N− are called the atoms of N . If there are no atoms, N is called
continuous. We will be concerned here with nest algebras for continuous nests.
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Consider the following continuous nests:

N = {L2[0, t] : 0 ≤ t ≤ 1},
M = {L2[0, t] ⊕ L2[0, t] : 0 ≤ t ≤ 1}.

The first is a continuous nest of subspaces in L2[0, 1] (this nest, the Volterra nest,
was studied by Moshe Livsic in [8]). and the second in L2[0, 1] ⊕ L2[0, 1]. These
nests are not unitarily equivalent. There doesn’t exist a unitary operator U from
L2[0, 1] onto L2[0, 1] ⊕ L2[0, 1] such that UN = {UN ;N ∈ N} equals M. They
are however similar. There exists a bounded invertible operator S from L2[0, 1]
onto L2[0, 1]⊕L2[0, 1] such that SN = {SN ;N ∈ N} equals M. In fact D. Larson
showed that this is true for any two continuous nests ([4], Theorem 13.10):

Theorem 4.1. Any two continuous nests on separable spaces are similar and there-
fore the corresponding nest algebras are isomorphic Banach algebras.

This fact will play a fundamental role in our analysis.

5. The stable rank of C
Let A be a ring with identity e, and n a positive integer. An will denote the set

{(a1, a2, . . . , an) : ai ∈ A, 1 ≤ i ≤ n}.
Definition 5.1. An element a = (a1, a2, . . . , an) ∈ An is called (left) unimodular if
there exists b = (b1, b2, . . . , bn) ∈ An such that Σn

k=1bkak = e.

The set of unimodular elements of An will be denoted by Un(A).

Definition 5.2. An element a ∈ Un+1(A) is called (left) reducible if there exists
x = (x1, x2, . . . , xn) ∈ An such that

(a1 + x1an+1, . . . , an + xnan+1) ∈ Un(A).

Definition 5.3. The (left) (Bass) stable rank of A, denoted sr(A), is the least integer
n ≥ 1 such that every a ∈ Un+1(A) is reducible, and it is infinite if no such integer
exists.

It is well known ([1]) that for any ring A, the left stable rank and right stable
rank are equal, and this number is called the stable rank of A. It was shown in
[2] that for an infinite-dimensional separable Hilbert space H, the stable rank of
the algebra of bounded linear operators on H is infinite. The connection between
the stable rank of C, the nest algebra of stable systems and the question whether
every continuous time stabilizable system is strongly stabilizable is clear. If the
stable rank of C is greater than one, then there are stabilizable systems which are
not strongly stabilizable. We will show that the stable rank of C is infinite.

We will need two known results. The first is the deep result of Larson ([4],
Theorem 13.10) mentioned above.
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The second result we need is due to Vasershtein ([14], Theorem 3)

Theorem 5.4. Given a ring A with stable rank k, let Mn(A) denote the ring of
n×n matrices with entries from A. The stable rank of Mn(A) is 1− [−k−1

n ], where
[r] denotes the largest integer smaller than or equal to r.

Let A be a nest algebra with continuous nest {Pt : 0 ≤ t ≤ 1} on the Hilbert
space H (Any continuous nest can be parametrized in this way. See [4], Chapter 2).
It is easy to see that for any positive integer n, the nest algebra associated with the
nest {Pt ⊕Pt ⊕ · · ·⊕Pt} (n copies) on the space H⊕H⊕· · ·⊕H is Mn(A). Since,
by Larson’s theorem, these algebras are similar and therefore isomorphic Banach
algebras, they have the same stable rank for any n. It follows from Vasershtein’s
formula that if k is not one it must be infinite. We will show that for a nest algebra
with continuous nest its stable rank can not be one and it will then follow that it
is infinite.

We begin with the nest algebra C with continuous nest {Pt} and consider
the nest N = {Pt ⊕ Pt ⊕ · · · } of countably infinitely many copies of Pt acting
on the Hilbert space l2+(H) = {(x1, x2, . . . ) : Σ∞i=1 ‖ xi ‖2< ∞}, the space of
(one-sided) square summable infinite sequences of vectors from H. We denote a
projection from this nest by Qt. Every bounded linear operator on this space can
be represented as an (one-sided) infinite matrix whose entries are bounded linear
operators on H and which define bounded linear operators on l2+(H). The nest
algebra for this continuous nest is the subalgebra B of those one-sided infinite
matrices which satisfy QtAQt = QtA. This is equivalent to requiring that each
entry Aij satisfy PtAijPt = PtAij for each t.

By Larson’s theorem this algebra is isomorphic to C.

Proposition 5.5. The stable rank of B is greater than one.

Proof. We use ideas from [12] and [2]. Let

U1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0 . . .
0 0 0 0 . . .
0 I 0 0 . . .
0 0 0 0 . . .
0 0 I 0 . . .
...

...
...

...
. . .

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, U2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 . . .
I 0 0 0 . . .
0 0 0 0 . . .
0 I 0 0 . . .
0 0 0 0 . . .
0 0 I 0 . . .
...

...
...

...
. . .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

V1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

I 0 0 0 0 . . .
0 0 I 0 0 . . .
0 0 0 0 I . . .
0 0 0 0 0 . . .
0 0 0 0 0 . . .
...

...
...

...
...

. . .

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, and, V2 =

⎡⎢⎢⎢⎢⎢⎣
0 I 0 0 0 0 . . .
0 0 0 I 0 0 . . .
0 0 0 0 0 I . . .
0 0 0 0 0 0 . . .
...

...
...

...
...

. . .

⎤⎥⎥⎥⎥⎥⎦ .
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Then U1 and U2 are isometries and Ui, Vi ∈ B for i = 1, 2. Also

U1V1 + U2V2 = I and ViUj = δijI,

for i, j,= 1, 2. We show that the mapping

φ(T ) = [TU1, TU2]

from B to B2 is an isomorphism with inverse

ϕ([S, T ]) = SV1 + TV2.

That φ is injective follows immediately from the existence of a left inverse. For
surjectivity, let

A =

⎡⎢⎣A11 A12 A13 . . .
A21 A22 A23 . . .
...

...
... . . .

⎤⎥⎦ ,
and

B =

⎡⎢⎣B11 B12 B13 . . .
B21 B22 B23 . . .
...

...
...

. . .

⎤⎥⎦ ,
belong to B with (A,B) ∈ B2. It is easy to see that

T =

⎡⎢⎣A11 B11 A12 B12 . . .
A21 B21 A22 B22 . . .
...

...
...

...
. . .

⎤⎥⎦ ,
defines a bounded operator and belongs to B. Since TU1 = A, TU2 = B we have
φ(T ) = (A,B).

If sr(B) = 1, then, since U1V1 + U2V2 = I, there exists C ∈ B such that
V1 + CV2 is left invertible in B. If its left inverse is F , define μ on B by

μ(T ) = T (V1 + CV2).

Since μ(AF ) = A for all A ∈ B, μ is surjective. Now consider the mapping ρ from
B to B2 defined by

ρ(T ) = [T, TC] = T [I, C].
Then, for all T ∈ B, we obtain

ϕρ(T ) = ϕ[T, TC] = TV1 + TCV2

= T (V1 + CV2) = μ(T ).

Since ϕ is an isomorphism and μ is surjective, so is ρ. Then there exists X ∈ B
such that ρ(X) = [0, I]. By the definition of ρ this is impossible. Thus sr(B) is not
one. �

The immediate consequence of this theorem is our main result:

Theorem 5.6. The stable rank of C is infinite.
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Remark 5.7. What happens in discrete time? In this case we consider the sequence
Hilbert space H = l2[0,∞) as the input output space and the algebra of stable
systems C is the algebra of the lower triangular (one-sided) infinite matrices which
define bounded linear operators on H. In this case Larson’s theorem doesn’t hold.
Thus finding the stable rank in the discrete time case would require a different
approach.

6. A weak type of strong stabilization

Theorem 5.6 of the previous section shows that for continuous time the existence
of a doubly coprime factorization doesn’t guarantee strong stabilization. For if
this was the case the stable rank of C would be 1. Thus the problem that must
be considered is the identification of those stabilizable systems which are strongly
stabilizable. In order to give a clear mathematical formulation of this problem we
consider the diagonal seminorm function which has played a fundamental role in
the theory of nest algebras beginning with the seminal paper of Ringrose [11]. We
restrict ourselves to continuous time and take our parameter set to be the interval
[0, 1].

Definition 6.1. Given A ∈ (C), for each t ∈ (0, 1],

it(A) = lim
h→0

‖(Pt − Pt−h)A(Pt − Pt−h)‖,

for h > 0.

If the elements of a nest algebra are an abstraction of triangular matrices
with respect to a given basis on a finite-dimensional space,then it is an abstract
way of relating to the “diagonal part” of the operators in the nest algebra. It is
easy to see that, for fixed t, the function it(A) is a seminorm on C. Also, since it
is a limit of norms of compressions to semi-invariant projections for the elements
of C,

it(CAB) ≤ ‖C‖‖B‖it(A)
for all C,B,∈ C. It is shown in [3] that for fixed A ∈ C, it is left upper semicon-
tinuous:

lim sup
s→t

is(A) ≤ it

for s < t. The parametrization of the nest {L2[0, t)} gives rise to a projection-
valued Borel measure E(·) on the interval [0, 1]. This has the defining property
E((0, t)) = Pt.

The following theorem is based on [3], Lemma 2.3, Prop. 2.4. An analogous
argument can be given in discrete time.

Theorem 6.2. Suppose A,B ∈ C such that [A,B] is left coprime (there exist X,Y ∈
C such that XA + Y B = I). Then there exists C ∈ C and δ > 0 such that
it(A+ CB) ≥ δ.
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Proof. We first show that there exists δ > 0 such that max{it(A), it(B)} ≥ δ for
all t in our interval. Since XA+Y B = I, it follows from the semi-norm properties
of it that

‖X‖it(A) + ‖Y ‖it(B) ≥ 1

for all t. Thus max{it(A), it(B)} ≥ δ = (‖X‖ + ‖Y ‖)−1 > 0 for all t. Now let
U = {t : it(A+B) < δ}, a Borel subset of [0, 1]. Since it is subadditive on C,

it(A+B) + it(A−B) ≥ 2 max{it(A), it(B)}.
Let C be the operator I − 2E(U) (recall that E(·) is the projection-valued Borel
measure determined by the nest). For t ∈ U , there is an h > 0 such that (t−h, t) ⊆
U , so (Pt − Pt−h)C = −(Pt − Pt−h). Thus it(A + CB) = it(A − B) which is at
least δ since it(A+B) < δ. If t is in the interior of U c, the compliment of U , then
it(A + CB) = it(A +B) ≥ δ. Thus it(A + CB) ≥ δ on the dense set U ∪ U c and
by left upper semicontinuity, it(A+ CB) ≥ δ for all t. �

It is shown by Orr in [9] that there exist operators in C with the property
that it(A) ≥ δ for all t but which aren’t left invertible in the algebra. In fact these
operators are characterized by the following deep result of Orr ([9]):

Theorem 6.3. A ∈ C satisfies it(A) ≥ δ for all t ∈ [0, 1] if and only if there exist
S, T ∈ C such that SAT = I.

Thus it is natural to consider the question: Given A ∈ C such that it(A) is
bounded below for all t, when is A invertible in C? As a consequence of Theorem
5.2, the answer to this question will allow us to determine when a given continuous
time time-varying stabilizable linear system is strongly stabilizable.
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1. Introduction

1. Let A be a complex n × n matrix and (Af, f) be the corresponding quadratic
form on the space Cn. In 1918, O. Toeplitz [T] considered the range W (A) of this
quadratic form on the unit sphere S and proved that the outer boundary of W (A)
is a convex curve. He also suggested that the set W (A) by itself is convex. This
conjecture was proved in 1919 by F. Hausdorff [H]. As an auxiliary result he proved
that, in the case of Hermitian form (Af, f), all its level sets on S are connected.

The results of Toeplitz and Hausdorff were developed and generalized by
many authors. This area continues to attract the attention of researchers, and
one of the main reasons is its numerous applications in various domains. Some
information on the contemporary state of this direction can be found in the book
[GR]. See also the papers [FM] and [G] intended for the general reading public.

This paper is devoted to a systematic study of the following question: Which
sets, besides the unit sphere, have the properties of convexity and connectedness
discovered by Toeplitz and Hausdorff? We consider an arbitrary inner product
(pre-Hilbert) space X. In the question that we consider, there is no substantial



150 I. Feldman, N. Krupnik and A. Markus

difference neither between the finite and infinite dimensions, nor between complete
and incomplete spaces (if dimX = ∞). This is the reason that we sometimes
restrict ourselves to the case dimX < ∞, even if the generalization to the infinite
dimension does not require much effort. On the contrary, some essential differences
arise sometimes between the cases dimX = 1 and dimX > 1 (Section 7), and more
often – between the cases dimX = 2 and dimX > 2 (Sections 3, 4, 5).

Consider a set M ⊂ X. If the level sets of arbitrary Hermitian form of the
set M are connected, we say that M has the Hausdorff property (or is an H-set).
If the range of arbitrary quadratic form on the set M is convex, we say that M
has the Toeplitz-Hausdorff property (or is a TH-set).

Some examples of TH- and H-sets appeared (explicitly or implicitly) in vari-
ous papers. Without any claim on completeness, we mention here [K], [AP], [LTU],
[LM], [GM], [BM].

2. The paper contains 7 sections (including this Introduction). In the next
section, we consider some examples and prove some properties of TH- and H-sets.
In particular, we prove that each H-set is also a TH-set and give various examples
of TH-sets which are not H-sets.

Section 3 is devoted to the case dimX = 2. Let X be realized as C2. A set
M ⊂ C2 is called bicircular (or toroidal) if it contains, together with each its vector
(u, v), all vectors of the form (z1u, z2v) where |z1| = |z2| = 1. We prove that for
any bicircular set M the Hausdorff property and the Toeplitz-Hausdorff property
are equivalent. We give also a suitable test for these properties (Theorem 3.5).

In Section 4, we discuss the similarity and difference between the cases
dimX = 2 and dimX > 2. We prove that in any dimension the annulus

{f ∈ X : r ≤ ‖f‖ ≤ R} (1.1)

is an H-set. In addition, we consider sets defined through �p norms in Cn (for
simplicity, we restrict ourselves to finite dimension). We give our main attention
to the �p unit balls in Cn. We show that there is an essential difference between
the cases n = 2 and n > 2. It follows also from these results that the test for
TH- and H-properties of bicircular sets does not admit generalization to the case
n > 2.

In Section 5, we prove the Hausdorff property for various subsets of the unit
sphere S. In particular, we show that if dimX > 2 and G is a selfadjoint operator,
then the set

{f ∈ S : p1 ≥ (Gf, f) ≥ p2} (p1, p2 ∈ R)

is an H-set. Some unbounded H-sets also are considered in this section.
In Section 6, we bring some applications. At first we prove some operator

inequalities. We formulate one of them. Let A and B be two operators in X
(dimX > 2). Suppose that B is an indefinite selfadjoint operator and that

(Bf, f) = 0 ⇒ (Af, f) �= 0 (f �= 0).

Then there exist real numbers θ and μ such that Re(exp(iθ)A) ≥ μB.
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The last section is connected with the recent paper by Guttierrez and
de Merdano [GM]. They considered the ranges and level sets on the sphere for
arbitrary (non-homogeneous in general) quadratic functionals. We generalize their
results to the case of the annulus (1.1). Exactly as in [GM], this allows us to show
that an arbitrary shift of the annulus (1.1) is an H-set.

2. Definitions, examples and first results

1. Let X be a complex vector space provided with a positive definite inner product
(f, g) (pre-Hilbert space). We denote by L(X) the set of all linear operators in X
bounded with respect to the norm ‖f‖ = (f, f)1/2. Denote by S the unit sphere
in X :

S = {f ∈ X : ‖f‖ = 1}.
Let M be a set in X and A ∈ L(X). Denote

W (A,M) = {(Af, f) : f ∈M}.
In other words, W (A,M) is the range of the quadratic form (Af, f) on the set M .

Instead of W (A,S) we will use the usual notation W (A). We say that the
set M has the Toeplitz-Hausdorff property (in short, M is a TH-set) if the set
W (A,M) is a convex subset of C for arbitrary A ∈ (X).

For a selfadjoint operator B ∈ L(X) and for a real number p, denote

Z(B,M, p) = {f ∈M : (Bf, f) = p}.
In other words, the sets Z(B,M, p) are the level sets on the Hermitian form (Bf, f)
on the set M.

We say that the set M has the Hausdorff property (in short, M is an H-set)
if the sets Z(B,M, p) are connected for all p ∈ R and for all selfadjoint operators
B ∈ L(X).

Obviously, the empty set is both a TH- and an H-set. The simplest example
of nonempty TH- and H-sets gives the singleton {h}. Before considering some
substantive examples, we prove a statement on the connection between the two
main subjects of this paper. We use here the Halmos approach [Ha, pp. 314–315]
to the proof of the Teoplitz-Hausdorff Theorem.

Theorem 2.1. Every H-set is also a TH-set.

Proof. We identify C with R2. To prove the convexity of a set W (A,M) (A ∈
L(X)), it is enough to show that the intersection Δ of W (A,M) with any straight
line ax + by = c is connected. Let G1 = 1

2 (A + A∗), G2 = 1
2i (A − A∗) and

B = aG1 + bG2. It is easy to see that a point (x, y) belongs to Δ if and only if
(Bf, f) = c. Since M is an H-set, the set Z(B,M, c) is connected. But the set Δ is
the continuous image of Z(B,M, c) under the mapping f → ((G1f, f), (G2f, f)).
Hence Δ also is connected. �
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The next statement gives a simple necessary condition for the Hausdorff
property.

Proposition 2.2. If M is an H-set, then it is connected.

Indeed, if we put B = 0 and p = 0, we obtain Z(0,M, 0) = M.
For TH-sets we can prove only a weaker statement.

Proposition 2.3. If M is a TH-set, then
(1) for any h ∈ X the set {|(f, h)| : f ∈M} is connected;
(2) the set {‖f‖ : f ∈ M} is connected.

Proof. If A = (·, h)h then the set W (A,M) = {|(f, h)|2 : f ∈ M} is convex, and
this implies (1). For (2) it is enough to consider A = I (the identity operator). �

Proposition 2.2 allows to give an example of a TH-set which is not an H-set.

Example 2.4. Let f0 �= 0 and M = {f0,−f0}. For each A ∈ L(X) the set W (A,M)
is a singleton {(Af0, f0)}, and hence M is a TH-set. But M is disconnected, and
by Proposition 2.2 it not an H-set.

We show below that it can happen that even a connected TH-set is not an
H-set (see Examples 2.16–2.18).

Now we consider the classical example of an H- and a TH-set, namely, the
unit sphere S. These results were obtained by Toeplitz and Hausdorff, and we
prove them for the convenience of the reader.

Theorem 2.5. (Hausdorff) S is an H-set.

Proof. Since Z(B,S, p) = Z(B− pI, S, 0), it is enough to prove the connectedness
of Z(B,S, 0) for arbitrary selfadjoint B.

Let f, g ∈ S and (Bf, f) = (Bg, g) = 0. If f and g are linearly dependent,
then g = eiθf for some θ ∈ R, and s0(t) = eitθf (0 ≤ t ≤ 1) is a path in
Z(B,S, 0) connecting f and g. So, we can consider the case when f and g are
linearly independent.

Choose α ∈ R such that Re{eiα(Bf, g)} = 0 and denote h = eiαf. Let

s(t) =
th+ (1 − t)g

‖th+ (1 − t)f‖ (0 ≤ t ≤ 1).

It is easy to see that (Bs(t), s(t)) ≡ 0, and hence s(t) is a path in Z(B,S, 0)
connecting h and g. Since the path s1(τ) = eiταf (0 ≤ τ ≤ 1) connects f and h,
the vectors f and g are path connected in Z(B,S, 0). �

Theorems 2.1 and 2.5 imply

Theorem 2.6. (Toeplitz-Hausdorff) The set W (A) is convex for any A ∈ L(X)
(i.e., S is a TH-set).

Now consider the simplest case of a one-dimensional space (i.e., X = C).

Example 2.7. Let dimX = 1.
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(a) The set M ⊂ X is a TH-set if and only if the set {|z| : z ∈ M} is connected.
(b) The set M is an H-set if and only if it is connected and the set

M ∩ {reiθ : −π ≤ θ ≤ π}
is connected for each r > 0.

Proof. (a) M is a TH-set if and only if for each a ∈ C the set {a|z|2 : z ∈ M} is
convex. This is equivalent to the connectedness of {|z| : z ∈M}.

(b) We have to check the connectedness of the sets

Z(b,M, p) = {z ∈M : b|z|2 = p}
for arbitrary b, p ∈ R. If at least one of the numbers b, p equals 0, then the set
Z(b,M, p) is either M , or M ∩{0}, or ∅. If b, p �= 0 and p

b < 0, then Z(b,M, p) = ∅.
Finally, if p

b > 0, then Z(b,M, p) = M ∩
{√

p
b e

iθ : 0 ≤ θ ≤ 2π
}
. �

2. Here we bring some simple properties of TH- and H-sets.

Proposition 2.8. If M is a TH-set (resp. H-set) and D ∈ L(X), then DM also is
a TH-set (resp. H-set).

Proof. It follows from (ADf,Df)=(D∗ADf,f) that W (A,DM)=W (D∗AD,M)
and Z(B,DM,p)=Z(D∗BD,M,p). These equalities imply both statements. �

Taking D = zI and D = diag[a1, . . . , an] in Proposition 2.8, we obtain the
following two statements.

Corollary 2.9. If M is a TH-set (resp. H-set) and z ∈ C, then zM also is a
TH-set (resp. H-set).

Corollary 2.10. Let M (⊂ Cn) be a TH-set (resp. H-set) and ak ∈ C. Then the
set

M1 = {(akuk)n
1 : (uk)n

1 ∈ M}
also is a TH-set (resp. H-set).

Proposition 2.11. Let X0 be a subspace of X and M ⊂ X0. Then M is a TH-set
(resp. H-set) in X if and only if M is a TH-set (resp. H-set) in X0.

Proof. Let P (∈ L(X)) be the orthogonal projection on X0. If A ∈ L(X), B =
B∗ ∈ L(X) and f ∈M, then

W (A,M) = W (PAP |X0,M), Z(B,M, p) = Z(PBP |X0,M, p).

Since {PAP |X0 : A ∈ L(X)} = L(X0), the statements follow. �

Proposition 2.12. If M is a TH-set (resp. H-set) and P ∈ L(X) is a projection
on a subspace X0, then the set PM is a TH-set (resp. H-set) in X0.

Proof. Follows from Propositions 2.8 and 2.11. �
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Proposition 2.13. Let (f, g)1 be a new inner product in X equivalent to the initial
inner product (f, g). Then a set M is a TH-set (resp. H-set) with respect to (f, g)1
if and only if it is a TH-set (resp. H-set) with respect to (f, g).

Proof. There exists an invertible operator G ∈ L(X) such that

(f, g)1 = (Gf,Gg) (f, g ∈ X).

Hence (Af, f)1 = p if and only if (G∗AGf, f) = p. If we denote the sets W (·, ·)
and Z(·, ·, ·) with respect to (f, g)1 by W1(·, ·) and Z1(·, ·, ·), we obtain

W1(A,M) = W (G∗AG,M), Z1(B,M, p) = Z(G∗BG,M, p),

and the statements follow. �

3. Here we consider one simple but useful example.
Let f, g,∈ X. We will use the notation [f, g] (or [g, f ]) for the closed interval

joining f and g, i.e.,

[f, g] = {tf + (1 − t)g : 0 ≤ t ≤ 1}. (2.1)

Proposition 2.14. The set M = [f, g] is a TH-set if and only if the vectors f and
g are linearly dependent.

Proof. If f and g are linearly independent, then there exists a pair {f̃ , g̃} which is
biorthogonal to the pair {f, g}, i.e.,

(f, f̃) = (g, g̃) = 1, (f, g̃) = (g, f̃) = 0.

Consider the operator A = (·, f̃)f̃ + i(·, g̃)g̃. Then

(A(tf + (1 − t)g), tf + (1 − t)g) = t2 + i(1 − t)2,

and W (A,M) is the curve z = t2 + i(1 − t2) (0 ≤ t ≤ 1). Obviously, W (A,M) is
not convex, and hence M is not a TH-set.

Let the vectors f, g be linearly dependent. The case f = g = 0 is trivial,
and we suppose for definiteness that g �= 0 and f = λg (λ ∈ C). Then for any
A ∈ L(X)

(A(tf + (1 − t)g), tf + (1 − t)g) = |(λ− 1)t+ 1|2(Ag, g).
The set {|(λ − 1)t + 1|2 : 0 ≤ t ≤ 1} is a segment in [0,∞), and hence W (A,M)
is convex for each A ∈ L(X). Hence M is a TH-set. �

Now we determine when the set [f, g] is an H-set. By Proposition 2.14 and
Theorem 2.1 this can happen only if f and g are linearly dependent. Since the
case f = g = 0 is trivial, we can suppose that g �= 0 and then f = λg (λ ∈ C).

Proposition 2.15. Let f = λg and M = [f, g]. The set M is an H-set if and
only if the number λ belongs to the union of the half-plane Reλ ≥ 1 and the disk∣∣λ− 1

2

∣∣ ≤ 1
2 .
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Proof. Let B = B∗ ∈ L(X) and p ∈ R. Since

(B(tf + (1 − t)g), tf + (1 − t)g) = |(λ− 1)t+ 1)|2(Bg, g),

the set Z(B,M, p) is the set of all vectors of the form tf+(1−t)g where t (∈ [0, 1])
is a solution of the equation

|(λ− 1)t+ 1|2(Bg, g) = p. (2.2)

If (Bg, g) = 0 then this equation either has no solutions or each t ∈ [0, 1] is a
solution of (2.2), and the choice depends on p (p �= 0 or p = 0). Obviously, in both
cases Z(B,M, p) is connected. Let (Bg, g) �= 0. Denote σ = Reλ, τ = Imλ and
rewrite (2.2) in the form

((σ − 1)t+ 1)2 + τ2t2 =
p

(Bg, g)
or

((σ − 1)2 + τ2)t2 + 2(σ − 1)t =
p

(Bg, g)
− 1. (2.3)

In the case λ = 1, the set M = {g} is an H-set. Suppose that λ �= 1. Then
equation (2.3) (with respect to t) cannot have more than 2 solutions. Obviously,
the set Z(B,M, p) is connected if and only if the equation (2.3) has at most one
solution on the segment [0, 1]. The left-hand side of (2.3) is a monotone function
on [0, 1] if and only if

1 − σ

(σ − 1)2 + τ2
/∈ (0, 1). (2.4)

This implies that the set Z(B,M, p) is connected for all p ∈ R if and only if
the condition (2.4) holds. It is easy to check that this condition holds if and only
if either σ ≥ 1 or σ2 + τ2 − σ ≤ 0. �

From Propositions 2.14 and 2.15, we see that for g �= 0 and for λ that does
not satisfy the conditions of Proposition 2.15, the set [λg, g] is a TH-set but not
an H-set. In particular, for λ = −1 we obtain the following simple example.

Example 2.16. Let g �= 0 and

M = {sg : −1 ≤ s ≤ 1}.

Then the set M is a TH-set but not an H-set.

It is worth noting that by Proposition 2.11, it is enough to prove Proposi-
tion 2.15 for the case dimX = 1, and then we can use Example 2.7. However, this
approach to the proof of Proposition 2.15 also needs some considerations.

4. Example 2.16 is suitable for arbitrary dimX ≥ 1. Here we give two more
examples of TH-sets which are not H-sets. The first relates to the case dimX = 2,
and the second to the case dimX > 2.
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Example 2.17. Let M (⊂ C2) be defined by the equality

M = {(x, y) : x, y ∈ R, x2 + y2 ≤ 1}.
Consider also the set

M0 = {(x, y) : x, y ∈ R, x2 + y2 = 1}.
Let us prove first that for any matrix A ∈ C2×2 the set W (A,M0) is an ellipse

in C = R2. Since W (A− λI,M0) = W (A,M0)− λ for any λ ∈ C, we can consider
here the case when trA = 0, i.e.,

A =
[
a b
c −a

]
.

Each vector g ∈ M0 can be written in the form g = (cos θ, sin θ) for some
θ ∈ R. Then

(Ag, g) = a(cos2 θ − sin2 θ) + (b+ c) cos θ sin θ.
If a = a1 + ia2,

1
2 (b+ c) = d1 + id2, then

(Ag, g) = a1 cos 2θ + d1 sin 2θ + i(a2 cos 2θ + d2 sin 2θ).

Denote σ = a1 cos 2θ+d1 sin 2θ, τ = a2 cos 2θ+d2 sin 2θ. Eliminating the parameter
θ, we obtain that

W (A,M0) = {(σ, τ) ∈ R
2 : (a2σ − a1τ)2 + (d2σ − d1τ)2 = (a1d2 − a2d1)2},

and this is an ellipse (maybe, degenerate).
Since the general form of a vector f ∈ M is f = rg where g ∈ M0 and

r ∈ [0, 1], the set W (A,M) is the convex hull of W (A,M0) and the point (0, 0).
This proves that M is a TH-set.

Consider now the matrix B=[0 0
0 1]. It is easy to check that the set Z(M,B, 1)

is disconnected:
Z(M,B, 1) = {(0, 1), (0,−1)}.

Hence M is not an H-set.

The next example is based on a result of Brickman [B].

Example 2.18. Consider the set

M =
{

(x1, . . . , xn) ∈ R
n :

n∑
k=1

x2
k = 1

}
.

in C
n (n ≥ 3). If A = diag[1, 0, . . . , 0], then

Z(A,M, 1) = {(1, 0, . . . , 0), (−1, 0, . . . , 0)}
and hence M is not an H-set.

On the other hand, if C is an arbitrary complex n× n-matrix, then

W (C,M) = W

(
1
2
(C + CT )

)
where CT is the transpose (see [B, Corollary]). Hence from Theorem 2.6 it follows
that M is a TH-set.
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3. Two-dimensional case

1. In this section we assume that X = C2. To each subset M ⊂ C2 we assign the
following subset of the first quadrant R2

+ of the real plane R2 :

K(M) := {(|u|2, |v|2) : (u, v) ∈M}.
Lemma 3.1. If M is a TH-set, then the set K(M) is convex.

Proof. If A = diag[1, i], then

W (A,M) = {|u|2 + i|v|2 : (u, v) ∈M},
and this set must be convex. Identifying C and R2, we haveW (A,M)=K(M). �

The inverse statement is not true. The next lemma gives (for a wide class of
sets M) an additional necessary condition to be a TH-set. First of all we define
this class.

We say that a set M ⊂ C2 is bicircular if for each vector (u, v) ∈ M all
vectors of the form (eiαu, eiβv) (α, β ∈ R) also belong to M.

Lemma 3.2. If M is a nonempty bicircular TH-set, then the set K(M) contains
at least one point (x′, y′) such that x′y′ = 0.

Proof. Since the set M is bicircular,

M = {(
√
xeiα,

√
yeiβ) : (x, y) ∈ K(M);α, β ∈ R}.

If A = [ 0 0
1 0 ] , then

W (A,M) = {√xy exp(iγ) : (x, y) ∈ K(M), γ ∈ R}.
Since the set W (A,M) is convex, it must contain the point 0. �

The main result of this section is the proof that for a bicircular set M two
necessary conditions of Lemmas 3.1 and 3.2 are together sufficient. We prove also
that for the bicircular sets the H- and TH-properties are equivalent.

2. Let M (⊂ C2) be a bicircular set, B be a selfadjoint operator and p ∈ R.
Since the set M is invariant with respect to all diagonal unitary operators, we may
assume that

B =
[
a c
c b

]
(3.1)

where a, b, c ∈ R. Then

Z(B,M, p) = {(
√
x exp(iϕ),

√
y exp(iψ)) : (x, y) ∈ K(M); ϕ, ψ ∈ R;

ax+ by + 2c
√
xy cos(ϕ− ψ) = p}.

We start with a technical lemma.

Lemma 3.3. Suppose that M is a bicircular set, the set K(M) is convex and it con-
tains a point (x′, y′) such that x′y′ = 0. Then for each vector f0 ∈ Z(B,M, p), there
exists a path connecting f0 within Z(B,M, p) with a vector f1 = (

√
x exp(iβ),

√
y)

where (x, y) ∈ K(M) and β ∈ [0, π].



158 I. Feldman, N. Krupnik and A. Markus

Note that the main point here is that β ∈ [0, π] (and not only real). It is easy
to see from the proof that we can even claim that β equals either 0 or π, but this
is not relevant for us.

Proof. Let f0 = (
√
x0 exp(iϕ),

√
y0 exp(iψ)). If c = 0 then

(
√
x0 exp(iϕt),

√
y0 exp(iψt)) (0 ≤ t ≤ 1)

gives the required path. Now we mention that the path

s(t) := (
√
x0 exp(i(ϕ− tψ)),

√
y0 exp(i(ψ − tψ)) (0 ≤ t ≤ 1)

connects f0 within Z(B,M, p) with the vector s(1) = (
√
x0 exp(iα),

√
y0) (α =

ϕ−ψ). It is easy to see that in the case x0y0 = 0 this implies the statement of the
lemma.

Below we assume that c �= 0 and x0y0 �= 0. Of course, it is enough to consider
only the case α ∈ (−π, 0).

For definiteness, we suppose that (x′, y′) = (0, d) (d ≥ 0). Let y = kx + d
be the equation of the straight line which passes through the points (0, d) and
(x0, y0). Then the condition s(1) ∈ Z(B,M, p) can be written as

ax0 + b(kx0 + d) + 2c
√
x0(kx0 + d) cosα = p. (3.2)

Define

h(x) =
p− bd− (a+ bk)x

2c
√
x(kx + d)

(0 < x ≤ x0). (3.3)

Since x0y0 > 0, the function h(x) is well defined. It follows from (3.2) that
h(x0) = cosα.

If |h(x)| ≤ 1 for some x ∈ (0, x0], we define

α(x) = − arccosh(x), (3.4)

g(x) = (
√
x exp(iα(x)),

√
kx+ d). (3.5)

Since (0, d), (x0, y0) ∈ K(M) and K(M) is convex, (x, kx + d) ∈ K(M) for
all x ∈ [0, x0]. It follows from (3.2)–(3.5) that g(x) ∈ Z(B,M, p) for all x such that
|h(x)| ≤ 1. Observe also that the definition (3.4) and the condition α ∈ (−π, 0)
imply g(x0) = s(1).

Consider two cases.
1◦. |h(x)| < 1 for all x ∈ (0, x0). Then the vector function g(x) is defined

on (0, x0]. It is easy to check that lim
x→0

g(x) = (0,
√
d), and hence we have a path

connecting g(x0) = s(1) and (0,
√
d) within Z(B,M, p). Of course, the vector

f1 = (0,
√
d) has the required form.

2◦. There exists a number x ∈ (0, x0) such that |h(x)| ≥ 1. In this case we
denote

x1 = max{x < x0 : |h(x)| = 1}.
Then |h(x)| < 1 on (x1, x0], |h(x1)| = 1 and the path g(x) (x1 ≤ x ≤ x0) connects
g(x0) = s(1) and

g(x1) = (
√
x1 exp(iα(x1)),

√
kx1 + d).
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It is easy to see that exp(iα(x1)) = ±1, and in both cases the vector f1 =
g(x1) has the required form. �

3. Lemma 3.3 enables us to obtain the following result.

Lemma 3.4. If a set M satisfies the conditions of Lemma 3.3, it is an H-set.

Proof. We have to prove the connectedness of the set Z(B,M, p) for any operator
(3.1) and any p ∈ R. By Lemma 3.3 it is enough to find a path in Z(B,M, p)
which joins two vectors of the form

f1 = (
√
x1 exp(iα),

√
y1), f2 = (

√
x2 exp(iβ),

√
y2)

where (xj , yj) ∈ K(M) (j = 1, 2) and α, β ∈ [0, π]. Define for t ∈ [0, 1]

x(t) = tx2 + (1 − t)x1, y(t) = ty2 + (1 − t)y1,

q(t) =
(1 − t)

√
x1y1 cosα+ t

√
x2y2 cosβ√

x(t)y(t)
.

Consider first the case when x1y1x2y2 �= 0. Then x(t) and y(t) do not vanish
and therefore q(t) is well defined.

We need the inequality

(1 − t)
√
x1, y1 + t

√
x2y2 ≤

√
x(t)y(t) (3.6)

which can be reduced by squaring to the obvious inequality

2
√
x1y1x2y2 ≤ x1y2 + x2y1.

It is easy to see that (3.6) implies |q(t)| ≤ 1 (t ∈ [0, 1]), and we can define

γ(t) = arccos q(t), f(t) = (
√
x(t) exp(iγ(t)),

√
y(t)). (3.7)

It can be directly checked that

ax(t) + by(t) + 2c
√
x(t)y(t) cos γ(t) = (1 − t)(Bf1, f1) + t(Bf2, f2) = p.

Using the condition α, β ∈ [0, π], we obtain that f(0) = f1, f(1) = f2. So
f(t) (0 ≤ t ≤ 1) is a path joining f1 and f2 within Z(B,M, p).

We turn now to the cases when some of the numbers x1, x2, y1, y2 equal 0.
If one of the vectors f1, f2 (say, f1) equals 0, then p = 0 and the path

f(t) = tf2 solves the problem.
If x1 = x2 = 0, we set f(t) = (0,

√
y(t)).

If y1 = y2 = 0, then the path

(
√
x1 exp(i(α− tα)), 0) (3.8)

joins f1 and (
√
x1, 0), and then the path

(
√
x2 exp(i(α− tα)), 0)

joins f2 and (
√
x2, 0). Now use the path (

√
x(t), 0).

If y1 = x2 = 0, the path (3.8) joins f1 and (
√
x1, 0). Now define

g(t) = (i
√

(1 − t)x1,
√
ty2).
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It is easy to check that

(Bg(t), g(t)) = a(1 − t)x1 + bty2 + 2c
√
t(1 − t)x1y2 cos

π

2
= p,

and hence the path g(t) joins i(
√
x1, 0) and f2 within Z(B,M, p). The case x1 =

y2 = 0 is completely analogous.
It remains to consider the case when exactly one of the numbers x1, x2, y1, y2

equals 0. If x1 = 0, we use the path f(t) (see (3.7)) where

q(t) :=
√
ty2 cosβ√
y(t)

.

If y1 = 0, we first take the path (3.8) to pass to the vector (
√
x1, 0), and then use

the path f(t) where

q(t) :=
√
tx2 cosβ√
x(t)

.

The cases x2 = 0 and y2 = 0 are completely analogous. �

4. Now we are able to obtain the main result of this section.

Theorem 3.5. For any bicircular set M , the following properties are equivalent:
(a) M is an H-set;
(b) M is a TH-set;
(c) The set K(M) is convex and contains at least one point (x′, y′) such that

x′y′ = 0.

Proof. (a) implies (b) by Theorem 2.1; (b) implies (c) by Lemmas 3.1 and 3.2.
Finally, (c) implies (a) by Lemma 3.4. �

Theorem 3.5 has a number of consequences. We start with several statements
connected with �p norms (quasinorms, if p < 1) in C2. Recall the definition of ‖·‖p

in Cn:

‖f‖p =

(
n∑

k=1

|fk|p
)1/p

(0 < p < ∞), ‖f‖∞ = max
1≤k≤n

|fk|.

Corollary 3.6. Let 0 < r ≤ R <∞. The set

{(u, v) ∈ C
2 : r ≤ ‖(u, v)‖p ≤ R} (3.9)

is a TH-set (H-set) if and only if p = 2.

The next two statements show that the restrictions r > 0 and R < ∞ in
Corollary 3.6 are essential.

Corollary 3.7. The set

{(u, v) ∈ C
2 : ‖(u, v)‖p ≤ 1} (3.10)

is a TH-set (H-set) if and only if p ≥ 2.
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Corollary 3.8. The set

{(u, v) ∈ C
2 : ‖(u, v)‖p ≥ 1} (3.11)

is a TH-set (H-set) if and only if p ≤ 2.

The next statement is a generalization of Corollary 3.6.

Corollary 3.9. Let 0 < r1, r2 <∞, 0 ≤ p1 ≤ p2 ≤ ∞. The set

{(u, v) ∈ C
2 : ‖(u, v)‖p1 ≥ r1, ‖(u, v)‖p2 ≤ r2} (3.12)

is a TH-set (H-set) if and only if r1 ≤ r2 and p1 ≤ 2 ≤ p2.

Remark 3.10. Corollaries 3.6–3.9 remain true if one or both the sings ≤ in def-
initions (3.9)–(3.12) are replaced by the sign < . Analogous remarks about the
replacement of some non-strict inequalities with strict one hold for a number of
statements below. We mention here Theorems 4.3, 4.4, 5.2, 5.6, 5.10, 7.2. These
modifications do not require substantial changes in the proofs.

The following statement gives a generalization of the “if” part in Corol-
lary 3.7.

Corollary 3.11. Let n(x, y) be another norm on R2 which satisfies

n(x, y) = n(|x|, |y|).
Then the set

M = {(u, v) ∈ C
2 : n(|u|2, |v|2) ≤ 1}

is an H-set.

Proof. The set K(M) is the intersection of R2
+ and of the unit ball in the norm

n(x, y). Hence K(M) is convex, and Theorem 3.5 implies that M is an H-set. �
We conclude this section with a characterization of unit spheres which cor-

respond to norms generated by inner products.

Theorem 3.12. Let M (⊂ C2) be a bicircular set, and for each nonzero vector
f ∈ C2 there exists exactly one positive number t such that tf ∈ M. If the set M
is a TH-set, then it has the form

M =
{

(u, v) ∈ C
2 :

|u|2
a

+
|v|2
b

= 1
}

(3.13)

for some positive numbers a, b.

Proof. Let us show that for each nonzero vector g = (x, y) ∈ R2
+ there exists

exactly one t > 0 such that tg ∈ K(M).
Indeed, if tjg ∈ K(M) (j = 1, 2), then t

1/2
j (x1/2, y1/2) ∈ M (j = 1, 2) (we

use here that M is bicircular). Hence t1/2
1 = t

1/2
2 and t1 = t2.

This property of the set K(M) implies that K(M) has no inner points. From
the other hand, by Lemma 3.1 the set K(M) is convex. The only convex sets in
R

2 which have no inner points are intervals. Since the set K(M) contains points of
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the form (a, 0) and (0, b) and K(M) ⊂ R2
+, we obtain that K(M) is the segment

joining the points (a, 0) and(0, b), i.e.,

K(M) =
{
(x, y) ∈ R

2
+ :

x

a
+
y

b
= 1

}
.

This equality implies (3.13). �

Corollary 3.13. Let n(u, v) be another norm (or quasi-norm) on C2 which satisfies
n(u, v) = n(|u|, |v|). The corresponding unit sphere

{(u, v) ∈ C
2 : n(u, v) = 1}

is a TH-set (H-set) if and only if

n(u, v) =
( |u|2

a
+

|v|2
b

)1/2

for some a, b > 0.

4. Passage to dim X > 2: similarities and differences

1. We start with the following simple statement which allows sometimes to reduce
the problems from the case of arbitrary dimension to the case dimX = 2.

Lemma 4.1. Let M ⊂ X, dimX > 2. If for each two-dimensional subspace L
(⊂ X) the set M ∩L is a TH-set (resp. H-set), then M is a TH-set (resp. H-set).

Proof. Consider the case of TH-sets (the case of H-sets is completely analogous).
To prove that W (A,M) is convex for any A ∈ L(X), it is enough to show

that each two points (Af, f), (Ag, g) ∈ W (A,M) are contained in some convex
subset of W (A,M). Let L = span(f, g) and P be the orthogonal projection in X
on the subspace L. By the condition of the lemma, the set W (PA|L,M ∩ L) has
the required properties. �

The following example shows that the inverse of Lemma 4.1 does not hold.
Moreover, there exists an H-set M and a two-dimensional subspace L (⊂ X) such
that M ∩ L is not a TH-set.

Example 4.2. LetX = C
3, {e1, e2, e3} be the standard basis in C

3 and S, as always,
be the unit sphere. Denote G = diag[3/2, 1/2, 1], M = {f ∈ S : (Gf, f) = 1} and
L = span(e1, e2). It follows from Theorem 5.4 below (or directly from [LM]) that
M is an H-set. It is easy to check that

M ∩ L = {(u, v) ∈ C
2 : |u| = |v| = 1/

√
2}.

By Lemma 3.2 M ∩ L is not a TH-set.

2. Since every two-dimensional subspace of an inner product space X is iso-
metric to C2, Lemma 4.1 and Corollaries 3.6–3.8 (for p = 2) imply the following
result.
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Theorem 4.3. If 0 ≤ r ≤ R ≤ ∞, then the set

{f ∈ X : r ≤ ‖f‖ ≤ R}
is an H-set.

Of course, if R = ∞ the inequality ‖f‖ ≤ R disappears.
Now we can obtain also a generalization of Corollary 3.6.

Theorem 4.4. Let 0 < p ≤ ∞, 0 < r ≤ R < ∞ and

Mp = {f ∈ C
n : r ≤ ‖f‖p ≤ R}.

Then the following statements are equivalent:
(a) Mp is an H-set;
(b) Mp is a TH-set;
(c) p = 2.

Proof. Implication (a) ⇒ (b) follows from Theorem 2.1 and implication (c) ⇒ (a)
follows from Theorem 4.3

(b) ⇒ (a) Define A1 = diag[1, i, 0, . . . , 0]. It is clear that

W (A1,Mp) = {|f1|2 + i|f2|2 : f ∈Mp}.
Denote |f1|2 = x, |f2|2 = y and identify C with R2. Then, obviously,

W (A1,Mp) ⊂ {(x, y) ∈ R
2
+ : ‖(x, y)‖p/2 ≤ R2}.

Since (R2, 0), (0, R2) ∈ W (A1,Mp) and the set W (A1,Mp) is convex, it follows
that p ≥ 2.

Now consider A2 = diag[1, . . . , 1, i]. Then

W (A2,Mp) =

{
n−1∑
k=1

|fk|2 + i|fn|2 : f ∈ Mp

}
.

Denote
∑n−1

1 |fk|2 = x, |fn|2 = y. Since p ≥ 2, we have

x = ‖(f1, . . . , fn−1)‖2
2 ≥ ‖(f1, . . . , fn−1‖2

p,

and hence
‖(x, y)‖p/2 ≥ ‖f‖2

p ≥ r2 (f ∈ Mp).

Thus,
W (A2,Mp) ⊂ {(x, y) ∈ R

2
+ : ‖(x, y)‖p/2 ≥ r2}.

Since (r2, 0), (0, r2) ∈W (A2,Mp) and the set W (A2,Mp) is convex, it follows that
p cannot be > 2. Hence p = 2. �

Let us formulate separately the assertion for the case of the �p spheres.

Corollary 4.5. Let 0 < p ≤ ∞ and

Sp = {f ∈ C
n : ‖f‖p = 1}.
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Then the following statements are equivalent:
(a) Sp is an H-set;
(b) Sp is a TH-set;
(c) p = 2.

3. To each subset M ⊂ Cn we assign the following subset of Rn
+ :

K(M) :=
{
(|fk|2)n

1 : f = (fk)n
1 ∈ M

}
.

We already used this notion for n = 2. Unfortunately, for n > 2 it is not very
useful.

We do not know if Lemma 3.1 remains true for n > 2, but we prove the
following weaker statement.

Lemma 4.6. Let M (⊂ Cn) be a TH-set. Then for any linear operator T : Rn →
R2, the set T (K(M)) is convex.

Proof. Consider the matrix representation of T :

T =
[
t11 · · · t1n

t21 · · · t2n

]
and define A := diag[t1k + it2k]n1 . It is easy to check (we identify C with R2) that

W (A,M) =

{
n∑

k=1

(t1k + it2k)|fk|2 : f ∈ M

}

=

{(
n∑
1

t1k|fk|2,
n∑
1

t2k|fk|2
)

: f ∈ M

}
= T (K(M)).

Since M is a TH-set, the set W (A,M) is convex. �

Let {ej}n
1 be the standard basis in Cn. Denote by Bn

p the �p unit ball in Cn,
i.e.,

Bn
p = {f ∈ C

n : ‖f‖p ≤ 1} (0 < p ≤ ∞).
Prove that for p < 2 many subsets of Bn

p cannot be TH-sets.

Lemma 4.7. Let M be a subset of Bn
p which contains two vectors ej, ek (j �= k). If

p < 2, then M is not a TH-set.

Proof. Let T be the orthogonal projection in R
n on the subspace span{ej, ek}.

Then

K(M) ⊂ K(Bn
p ) =

{
x ∈ R

n
+ :

n∑
k=1

x
p/2
k ≤ 1

}
and

T (K(M)) ⊂
{

(x1, x2) ∈ R
2
+ : xp/2

1 + x
p/2
2 ≤ 1

}
.

Since the vectors (1, 0) and (0, 1) belong to T (K(M)) and p < 2, the set T (K(M))
is not convex. By Lemma 4.6, M is not a TH-set. �
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We say that a set M ⊂ Cn is n-circular if for any vector f = (fk)n
1 from M ,

all vectors of the form (zkfk)n
1 (|zk| = 1; k = 1, . . . , n) also belong to M .

Recall that for n = 2 we already used this notion in Section 3 under the name
bicircular. The next statement is a generalization of Lemma 3.2.

Lemma 4.8. Let M be an n-circular TH-set. Then for any two different indices
j, k ∈ {1, . . . , }, there exists a vector x = (x0

1, . . . , x
0
n) ∈ K(M) such that x0

jx
0
k = 0.

Proof. Assume that there exists a pair j, k (j �= k) such that xjxk �= 0 for all
x = (xi)n

1 ∈ K(M). Let A be the n × n matrix which has exactly one non-zero
element, and this element equals 1 and lies on the intersection of the jth row and
the kth column. Since M is n-circular,

W (A,M) =
{√

xjxk exp(iϕ) : x ∈ K(M), ϕ ∈ [−π, π]
}
.

This set contains a circle with center in the point 0 but does not contain this point.
Hence W (A,M) is not convex. Contradiction. �

4. Here we give some examples of n-circular sets which are not TH-sets. This
allows us to show that some results from Section 3 do not admit generalizations
for n > 2. In particular, this concerns the properties of the balls Bn

p (2 < p ≤ ∞).
By Theorem 4.3 Bn

2 is an H-set for all n, by Corollary 3.7 B2
p is a TH-set

(H-set) if and only if p ≥ 2, and by Lemma 4.7 Bn
p is not a TH-set if p < 2. Now

we pass to the case n > 2, p > 2, and we begin with B3
∞.

Theorem 4.9. Let M be a 3-circular subset of B3∞. If (1, 1, 1) ∈ M then M is not
a TH-set.

Proof. Consider the matrix

A =

⎡⎣ 0 0 0
1 0 0
−1 1 0

⎤⎦ .
If

f = (x exp(iθ), y exp(iϕ), z exp(iψ)) (x, y, z ≥ 0; θ, ϕ, ψ ∈ [−π, π]),
then

(Af, f) = xy exp(i(θ − ϕ)) + yz exp(i(ϕ− ψ)) − xz exp(i(θ − ψ)).

Hence

W (A,B3
∞) = {xy exp(iα) + yz exp(iβ) − xz exp(i(α+ β)) : (4.1)

0 ≤ x, y, z ≤ 1; −π ≤ α, β ≤ π}.
Denote

f(x, y, z, α, β) := xy exp(iα) + yz exp(iβ) − xz exp(i(α+ β)),

g(x, y, z, α, β) := Re f = xy cosα+ yz cosβ − xz cos(α+ β),

h(x, y, z, α, β) := Im f = xy sinα+ yz sinβ − xz sin(α+ β).
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By (4.1) W (A,B3
∞) coincide with the range of the function f on the domain

D = {(x, y, z, α, β) : 0 ≤ x, y, z ≤ 1;−π ≤ α, β ≤ π}.
We want to prove that this range is not convex. To this end we calculate the
maximal value of the function g on the domain D. We begin with the remark that
if at least one of the variables x, y, z equals 0 then g(x, y, z, α, β) ≤ 1, and these
values of g are not maximal since, e.g., g(1, 1, 1, π/3, π/3) = 3/2.

Suppose that the function g attains its maximal value on D in a point
(x0, y0, z0, α0, β0). Then the function ĝ(x) = g(x, y0, z0, α0, β0) is a linear func-
tion of x defined on the segment [0, 1] which reaches its maximal value in a point
x0. Hence x0 equals either 0 or 1. By the remark above x0 �= 0, and then x0 = 1.
Precisely the same argument shows that y0 = z0 = 1. Therefore the function g
attains its maximal value on D exactly when x0 = y0 = z0 = 1 and (α0, β0) is the
point where the function

g0(α, β) = cosα+ cosβ − cos(α + β) (−π ≤ α, β ≤ π)

obtains its maximal value. It is easy to check that there are exactly two such points
(α0, β0), namely, (π/3, π/3) and (−π/3,−π/3), and the corresponding value of the
function g0 equals 3/2. Thus we obtain that

max{g(x, y, z, α, β) : (x, y, z, α, β) ∈ D} = 3/2,

and this value is reached only in two points N± = (1, 1, 1,±π/3,±π/3).
Since h(N±) = ±

√
3/2, we see that a complex number λ = 3/2 + iτ (τ ∈ R)

belongs to W (A,B3∞) if and only if τ = ±
√

3/2. In particular, 3/2 /∈W (A,B3∞).
If M is a subset of B3

∞, then 3/2 /∈ W (A,M). On the other hand, if M
contains the point (1, 1, 1) and M is 3-circular, then N± ∈ M and hence f(N±) =
3/2 ± i

√
3/2 ∈ W (A,M). This implies that the set W (A,M) is not convex, and

hence M is not a TH-set. �
Propositions 2.8 and 2.12 allow us to obtain from Theorem 4.9 various ex-

amples of sets which are not TH-sets. We formulate the following corollary of
Theorem 4.9 and Proposition 2.12.

Corollary 4.10. Let M be a subset of C
n (n > 3) and P be the orthogonal projection

in Cn on C3. If the set PM satisfies the conditions of Theorem 4.9, then M is not
a TH-set.

In particular, we have

Corollary 4.11. The set Bn∞ is not a TH-set for all n ≥ 3.

Corollary 4.11 gives an example of an n-circular set M (n ≥ 3) with the
following properties:
(a) K(M) is convex;
(b) K(M) intersects all coordinate axes;
(c) M is not a TH-set.

Such an example is impossible if n = 2 (see Theorem 3.5).
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5. Now we are going to consider the case 2 < p < ∞. We need some notations
besides the matrix A and the functions f, g, h defined in the previous subsection.
Denote

xp = 3−1/p, N±p = (xp, xp, xp,±π/3,±π/3), ap = g(N+
p ), bp = h(N+

p ),

cp = max{g(x, y, z, α, β) : h(x, y, z, α, β) = 0, ‖(x, y, z)‖p ≤ 1;

x, y, z ≥ 0;−π ≤ α, β ≤ π}
(the last notation will be used also for the case p = ∞).

It is easy to check that

W (A,B3
p) = {f(x, y, z, α, β) : ‖(x, y, z)‖p ≤ 1;x, y, z ≥ 0;−π ≤ α, β ≤ π},

(xp, xp, xp) ∈ B3
p , 2ap = 3

p−2
p , 2bp = 3

p−4
2p , ap ± ibp ∈W (A,B3

p). (4.2)

Lemma 4.12.

(i) If cp < ap for some p > 2, then Bn
p is not a TH-set for all n ≥ 3.

(ii) Let 2 < p1 < p2 and cp2 < ap1 . Then Bn
p is not a TH-set for all p ∈ [p1, p2]

and all n ≥ 3.

Proof. Using Proposition 2.12 we may assume that n = 3.
(i) It follows from the definition of cp and the inequality cp < ap that ap /∈

W (A,B3
p). Since ap ± ibp ∈ W (A,B3

p), we see that W (A,B3
p) is not convex, and

hence B3
p is not a TH-set.

(ii) Let p ∈ [p1, p2]. Since B3
p ⊂ B3

p2
, it follows that cp ≤ cp2 . Also it follows

from (4.2) that ap1 ≤ ap. Thus cp ≤ cp2 < ap1 ≤ ap, and the statement follows
from part (i). �
Proposition 4.13. If p ≥ 6 and n ≥ 3, then Bn

p is not a TH-set.

Proof. Using a computer program, one can obtain with great precision that c∞ = 1
(notice that this value is attained at the point (1, 1, 1, 0, 0)). Thus c∞ < 32/3/2 =
a6, and the statement follows from Lemma 4.12. �

We conjecture that cp < ap for all p > 2, and then Bn
p is not a TH-set for all

p > 2 and n ≥ 3. The confirmation of this conjecture using standard calculus seems
to be very cumbersome, and we leave it as an open question. The next statement
shows how the confirmed intervals can be enlarged step by step by using numerical
arguments.

Proposition 4.14. If p ≥ 2.5 and n ≥ 3, then Bn
p is not a TH-set.

Proof. By definition of ap, we have

2a4 = 31/2, 2a3 = 31/3, 2a8/3 = 31/4, 2a5/2 = 31/5.

It can be checked by computer programs (we used MAPLE 11) that

c6 ∼= 0.797 < a4, c4 ∼= 0.707 < a3, c3 ∼= 0.629 < a8/3, c8/3
∼= 0.5946 < a5/2.

Using Lemma 4.12 step by step, we cover the segment [2.5, 6] and then use Propo-
sition 4.13. �



168 I. Feldman, N. Krupnik and A. Markus

5. Subsets of the sphere and unbounded set

1. The first and most important example of H- and TH-sets is the unit sphere
S. Here we consider some examples of subsets of S which are H-sets, and hence
TH-sets. We start with a very simple but useful statement.

Lemma 5.1. If M is a subset of S and Z(B,M, 0) is connected for any B = B∗,
then M is an H-set.

Proof. Follows from the equality

Z(B,M, s) = Z(B − sI,M, 0) (s ∈ R). �

Theorem 5.2. For any selfadjoint operator G and any real number p, the set

M = {f ∈ S : (Gf, f) ≥ p} (5.1)

is an H-set.

Proof. Let B be a selfadjoint operator. By Lemma 5.1 it is sufficient to prove the
connectedness of the set Z(B,M, 0). Suppose that f, g ∈ Z(B,M, 0) and prove
that there exists a path in Z(B,M, 0) joining f and g. If f and g are linearly
dependent, then f = eiαg, and we put h(t) = eiαtg (0 ≤ t ≤ 1).

Let f and g be linearly independent. Choose a real number θ such that

Re{eiθ(Bf, g)} = 0. (5.2)

We can also suppose that

Re{eiθ((G− pI)f, g)} ≥ 0, (5.3)

since if it is not the case we change θ by θ + π. Denote eiθf by h. Then h also
belongs to Z(B,M, 0), and it is sufficient to join h and g in Z(B,M, 0). Let

h(t) = th+ (1 − t)g (0 ≤ t ≤ 1), h0(t) = h(t)/‖h(t)‖.
Using (5.3) we obtain

((G− pI)h(t), h(t)) (5.4)

= t2((G− pI)f, f) + (1 − t)2((G − pI)g, g) + 2t(1 − t)Re((G − pI)h, g) ≥ 0,

since

((G− pI)f, f) ≥ 0, ((G− pI)g, g) ≥ 0, Re((G− pI)h, g) ≥ 0.

On the other hand,

(Bh(t), h(t)) = 2t(1 − t)Re(Bh, g) = 0 (5.5)

by (5.2). It follows from (5.4) and (5.5) that h0(t) ∈ Z(B,M, 0) (0 ≤ t ≤ 1). �

Remark 5.3. If we take G = AA∗ in Theorem 5.2, we obtain that the set

{f ∈ S : ‖Af‖ ≥ δ} (5.6)

is an H-set for any A ∈ L(X) and δ ≥ 0. It should be noted that in [AP], [K,
Corollary 5.5-11], it was proved that the sets (5.1) and (5.6) are TH-sets.
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2. Here we consider a more delicate case when the sign ≥ 0 in the definition
(5.1) is replaced by =.

Theorem 5.4. Let
M = {f ∈ S : (G, f, f) = s}

where G is a selfadjoint operator and s ∈ R. If dimX > 2 then M is an H-set.
If s /∈ W (G) then the set M is empty and hence is an H-set. If dimX = 2 and
s ∈W (G) then M is a TH-set (H-set) exactly when s is an eigenvalue of G (i.e.,
s is one of the endpoints of the segments W (G)).

Proof. In our notations M = Z(G,S, s), and hence

Z(B,M, p) = Z(B + iG, S, p+ is).

It is proved in [LM] (see also [BM]) that the last set is connected if dimX > 2.
Hence in this case M is an H-set. If s = maxW (G) (resp. minW (G)) then (in
any dimension) the equality (Gf, f) = s is equivalent to the inequality (Gf, f) ≥ s
(resp. (Gf, f) ≤ s), and M is an H-set by Theorem 5.2.

Let now dimX = 2. Choose in X an orthonormal basis e1, e2 consisting of
the eigenvectors of the operator G, and let λ, μ be the corresponding eigenvalues.
Then the set M has the form

M = {f ∈ X : |(f, e1)|2 + |(f, e2)|2 = 1, λ|(f, e1)|2 + μ|(f, e2)|2 = s}.
This set is bicircular, and

K(M) = {(x, y) ∈ R
2
+ : x+ y = 1, λx+ μy = s}.

By Theorem 3.5 the set M is a TH-set (H-set) if and only if K(M) contains
a point (x0, y0) such that x0y0 = 0. If x0 = 0 then y0 = 1 and s = μ. Analogously,
if y0 = 0 then s = λ. �

3. We start with a simple statement.

Lemma 5.5. Let f(t) : [a, b] → S be a continuous vector function, G = G∗ and
g(t) = (Gf(t), f(t)). If g(a) > q and g(b) < q, then there exists c ∈ (a, b) such that
g(t) ≥ q on [a, c] and g(c) = q.

Proof. Put c = inf{t : g(t) = q}. �

Theorem 5.6. Let
M = {f ∈ S : p ≥ (Gf, f) ≥ q}

where G = G∗ and p > q. If dimX > 2 then M is an H-set. In the case dimX = 2
the set M is a TH-set (H-set) if and only if either

(Gf, f) ≥ q (∀f ∈ S) (5.7)

or
(Gf, f) ≤ p (∀f ∈ S). (5.8)
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Proof. We start with the case dimX > 2. Denote

M1 = {f ∈ S : (Gf, f) ≤ p},

M0 = {f ∈ S : (Gf, f) = q}.
By Theorems 5.2 and 5.4, M1,M0 are H-sets. Let B be a selfadjoint operator and

(Bf1, f1) = (Bf2, f2) = s

for some s ∈ R and for some vectors f1, f2 ∈ M. It is clear that f1, f2 ∈ M1. Since
M1 is an H-set, there exists a continuous vector function f(t) : [0, 1] → M1 such
that

f(0) = f1, f(1) = f2, (Bf(t), f(t)) = s (0 ≤ t ≤ 1).

If f(t) ∈M for all t ∈ [0, 1], then the theorem is proved. Assume that there exists
t0 ∈ [0, 1] such that (Gf(t0), f(t0)) < q. By Lemma 5.5 there exist c1, c2 ∈ [0, 1]
such that

c1 ≤ c2; f(c1), f(c2) ∈M0, f(t) ∈M (t ∈ [0, c1] ∪ [c2, 1]).

Since M0 is an H-set, there exists a continuous vector function h(t) : [c1, c2] → M0

such that (Bh(t), h(t)) = s for all t. Define

g(t) =

{
f(t) : t ∈ [0, c1] ∪ [c2, 1]
h(t) : t ∈ [c1, c2]

.

Then g(t) gives a path in Z(B,M, s) which joins f1 and f2. Hence M is an H-set.
Let now dimX = 2. If one of the conditions (5.7), (5.8) holds, then by

Theorem 5.2 the set M is an H-set.
Consider the opposite case. Then the eigenvalues λ, μ (λ ≥ μ) of G satisfy

λ < p, μ > q. (5.9)

As in the proof of Theorem 5.4, choose in X an orthonormal basis e1, e2 such
that Ge1 = λe1, Ge2 = μe2. Then the set M is a bicircular set, and

K(M) = {(x, y) ∈ R
2
+ : x+ y = 1, q ≤ λx+ μy ≤ p}.

It follows from (5.9) that K(M) does not contain a point (x0, y0) such that x0y0 =
0. By Theorem 3.5 M is not a TH-set. �

4. Recall that Corollary 3.8 contains some two-dimensional examples of un-
bounded H-sets. Here we obtain some results on unbounded H-sets using the
approach and reasoning from Theorems 5.2, 5.4 and 5.6.

Theorem 5.7. For any selfadjoint operator G and any real p the set

M = {f ∈ X : (Gf, f) ≥ p} (5.10)

is an H-set.
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Proof. Consider the set

F = Z(B,M, s) = {f ∈ X : (Gf, f) ≥ p, (Bf, f) = s}
where B = B∗ and s ∈ R. Let f, g ∈ F. Choose a real number θ such that
Re{eiθ(Bf, g)} = 0. We can also suppose that

Re{eiθ(Gf, g)} ≥ 0 (5.11)

(if not, we change θ by θ + π).
Denote eiθf by h. Then h also belongs to F , and it is sufficient to join h and

g by a path within F. Let

h(t) =
√
th+

√
1 − tg (0 ≤ t ≤ 1).

Then

(Bh(t), h(t)) = t(Bh, h) + (1 − t)(Bg, g) + 2
√
t(1 − t)Re(Bh, g) = s

since (Bh, h) = (Bg, g) = s, Re(Bh, g) = 0.
On the other hand, by (5.11)

(Gh(t), h(t)) = t(Gh, h)+(1− t)(Gg, g)+2
√
t(1 − t)Re(Gh, g) ≥ tp+(1− t)p = p.

Therefore h(t) ∈ F for any t ∈ [0, 1]. This means that F = Z(B,M, s) is
connected, and hence M is an H-set. �

Now we consider the case when the sign ≥ 0 in definition (5.10) is replaced
by =.

Theorem 5.8. For any selfadjoint operator G and any real number p, the set

M = {f ∈ X : (Gf, f) = p} (5.12)

is an H-set.

Proof. Let B = B∗ and s ∈ R. Denote B + iG by A and s+ ip by z. Since

Z(B,M, s) = {f ∈ X : (Af, f) = z},
we have to prove that for arbitrary A ∈ L(X) and z ∈ C, the set

{f ∈ X : (Af, f) = z} (5.13)

is connected. For z = 0 this is obvious. Indeed, if (Af, f) = (Ag, g) = 0, then the
path

{tf : 1 ≥ t ≥ 0} ∪ {tg : 0 ≤ t ≤ 1}
joins f and g within the set (5.13).

The case z �= 0 is easy to reduce to the case z = 1. So we have to prove that
for arbitrary selfadjoint operators B and G the set

F1 := {f ∈ X : (Bf, f) = 1, (Gf, f) = 0}
is connected. Let f, g ∈ F1. Then, obviously,

f, g ∈ F2 := {f ∈ X : (Bf, f) ≥ 1, (Gf, f) = 0}.
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By Theorem 5.7 the set

M1 := {f ∈ X : (Bf, f) ≥ 1}
is an H-set, and hence the set F2 = Z(G,M1, 0) is connected. Let u(t) be a path
in F2 which joins f and g. Then

h(t) =
u(t)

(Bu(t), u(t))1/2

is a path in F1 joining f and g. �

Remark 5.9. In the paper [LTU] it was proved that the set (5.12) is a TH-set.

We conclude this section with the following statement.

Theorem 5.10. For an arbitrary selfadjoint operator G and real numbers q, p
(q ≤ p), the set

M = {f ∈ X : p ≥ (Gf, f) ≥ q}
is as H-set.

Proof. We use the reasoning from the proof of Theorem 5.6. If dimX > 2 the
proof is completely analogous, except that instead of Theorems 5.2 and 5.4, we
have to use here Theorems 5.7 and 5.8.

In the case dimX = 2, we also use the approach from the proof of Theo-
rem 5.6, and we obtain that

K(M) = {(x, y) ∈ R
2
+ : p ≥ λx+ μy ≥ q}.

Obviously, this set is convex. We can suppose that at least one of the eigenval-
ues λ, μ (say, λ) is non-zero. Then the point (p/λ, 0) belongs to K(M), and by
Theorem 3.5 M is an H-set. �

6. Some applications

1. We start with two inequalities for Hermitian forms. The first is well known and
has a number of applications (see, e.g., [IKL, Lemma 6.1] and [LMM, Lemma 4.2]).
We give here a different proof.

Lemma 6.1. Let B,G (∈ L(X)) be selfadjoint operators, and suppose that B is
indefinite, that is, for some vectors f0, g0 ∈ X, it holds

(Bf0, f0) > 0, (Bg0, g0) < 0. (6.1)

If for any vector f ∈ X

(Bf, f) = 0 ⇒ (Gf, f) ≥ 0, (6.2)

then there exists a real number μ such that

G ≥ μB. (6.3)
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Proof. Define A = B + iG. Condition (6.2) implies that the imaginary negative
semiaxis � := {−iy : 0 < y < ∞} does not intersect the numerical range W (A) of
the operator A. Hence there exists a straight line Γ which passes through the origin
and such that W (A) and � are located in different closed half-planes determined
by this line.

By condition (6.1), W (A) has points both in the right and in the left open
half-planes; hence Γ does not coincide with the imaginary axis. Therefore the
equation of Γ has the form y = μx (μ ∈ R), and the set W (A) is located in the
half-plane y ≥ μx. This proves (6.3). �

Lemma 6.2. Let B,G (∈ L(X)) be selfadjoint operators and B be not negative
semidefinite, that is,

(Bf0, f0) > 0 (6.4)
for some vector f0 ∈ X. If for any vector f ∈ X

(Bf, f) > 0 ⇒ (Gf, f) ≥ 0,

then there exists a non-negative number μ such that the inequality (6.3) holds.

Proof. Like in the proof of Lemma 6.1, we see that

x > 0 ⇒ y ≥ 0 (z = x+ iy ∈ W (A)).

This means that the sets W (A) and

Q := {x+ iy : x > 0, y < 0}
do not intersect. Consider the straight line Γ which passes through the origin and
such that W (A) and Q are located in different closed half-planes determined by
this line. By (6.4) the open right half-plane contains a point from W (A), and
therefore Γ does not coincide with the imaginary axis. Hence the equations of Γ
has the form y = μx and since Γ∩Q = ∅, we obtain μ ≥ 0. It is clear that the set
W (A) is located in the half-plane y ≥ μx. �

2. Here we obtain some applications of the results of Section 5.

Theorem 6.3. Suppose that a selfadjoint operator B (∈ L(X)) is not negative
semidefinite. Let A ∈ L(X)) and for any f ∈ X

(Bf, f) > 0 ⇒ (Af, f) �= 0. (6.5)

Then there exists a real number θ and a non-negative number μ such that

Re(eiθA) ≥ μB. (6.6)

Proof. Define
M = {f ∈ S : (Bf, f) > 0}.

By Theorem 5.2 and Remark 3.10, the set M is an H-set and hence a TH-set.
Therefore W (A,M) is convex.

Condition (6.5) means that 0 /∈ W (A,M). Hence there exists a straight line
which passes through the origin and such that W (A,M) is located in one of the
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two closed half-planes determined by this line. Therefore there exists a number
θ ∈ R such that

Re(eiθAf, f) ≥ 0

for all f ∈M. This means that the conditions of Lemma 6.2 hold for the operators
B and Re(eiθA), and we obtain (6.6) �

Theorem 6.4. Suppose that dimX > 2 and that a selfadjoint operator B (∈ L(X))
is indefinite. Let A ∈ L(X) and let for any non-zero f ∈ X

(Bf, f) = 0 ⇒ (Af, f) �= 0. (6.7)

Then there exist real numbers θ and μ such that

Re(eiθA) ≥ μB. (6.8)

Proof. Define
M0 = {f ∈ S : (Bf, f) = 0}.

Condition (6.7) means that 0 /∈ W (A,M0). By Theorem 5.4 the set W (A,M0) is
convex. Repeating the argument from the proof of Theorem 6.3, we obtain that
there exists a number θ ∈ R such that

(Bf, f) = 0 ⇒ Re(eiθAf, f) ≥ 0.

Hence for the operators B and Re(eiθA), the conditions of Lemma 6.1 hold, and
we obtain the inequality (6.8) for some μ ∈ R. �

Example 6.5. We show that for dimX = 2 Theorem 6.4 is false. Let

A =
[
0 0
1 0

]
, B =

[
1 0
0 −1

]
.

It is easy to check that here condition (6.7) holds. Suppose that the inequality
(6.8) holds for some θ, μ ∈ R. Then

Re
(
eiθf1f2

)
≥ μ

(
|f1|2 − |f2|2

)
(6.9)

for all f1, f2 ∈ C. If we set in (6.9) f1 = 1, f2 = 0 (resp. f1 = 0, f2 = 1), we obtain
μ ≤ 0 (resp. μ ≥ 0). Hence μ = 0. Now set f1 = f2 = 1 (resp. f1 = 1, f2 = −1),
and we obtain cos θ ≥ 0 (resp. cos θ ≤ 0.) Hence cos θ = 0. Finally, set f1 = 1,
f2 = i (resp. f1 = 1, f2 = −i), and we obtain sin θ = 0. Contradiction.

3. Consider a monic selfadjoint operator polynomial of degree n≥ 2

A(λ) = λnI +
n−1∑
k=0

λkAk (Ak = A∗k).

Let M be a subset of S which is an H-set, and suppose that for each f ∈M
the scalar polynomial (A(λ)f, f) has real and distinct roots

p1(f) > p2(f) > · · · > pn(f).
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We denote the range of the functional pk(f) (f ∈ M) by Δk(M). Since the
functional pk is continuous and the set M is connected (see Proposition 2.2), the
sets Δk(M) (k = 1, . . . , n) are intervals.

Theorem 6.6. The intervals Δk(M) (k = 1, . . . , n) are mutually disjoint.

For the classical case M = S, this theorem becomes the well-known Duffin
Theorem [D]. We apply below the argument from the proof of Duffin’s Theorem
used in [M, Theorem 31.3].

Proof. Since all the roots of the polynomial (A(λ)f, f) (f ∈ M) are real and
distinct, its derivative has opposite signs at adjacent roots, and hence

(−1)k−1(A′(pk(f))f, f) > 0 (k = 1, . . . , n). (6.10)

Assume that the theorem is false. Then Δk(M) ∩ Δk+1(M) is nonempty for
some k, i.e., there exist a real number α and vectors g, h ∈ M such that

(A(α)g, g) = (A(α)h, h) = 0 (6.11)

and α = pk(g) = pk+1(h). By (6.10)

(A′(α)g, g)(A′(α)h, h) < 0, (6.12)

and by (6.11) g, h ∈ Z(A(α),M, 0). Since M is an H-set, the set Z(A(α),M, 0) is
connected. By (6.12) the continuous functional (A′(α)f, f) = 0 changes its sign on
the set Z(A(α),M, 0), and hence it must vanish there. So, there exists a vector u ∈
Z(A(α),M, 0) such that (A′(α)u, u) = 0. But then (A(α)u, u) = (A′(α)u, u) = 0,
and α is a multiple root of the polynomial (A(λ)u, u). Since u ∈M, this contradicts
the main property of the set M formulated above. �

Let us remark in the conclusion of this section that it is not difficult to
obtain here generalizations of some other results stated in [M, Section 31] (e.g., of
Theorem 31.5).

7. Non-homogeneous quadratic functionals

1. A complex-valued functional q defined on X will be called quadratic if it has
the form

q(f) = (Af, f) + (f, g) + (h, f) (f ∈ X)

where A ∈ L(X) and g, h ∈ X. This functional will be called Hermitian if A = A∗

and h = g. Of course, Hermitian functional is real-valued.
Denote by W (q,M) the range of a quadratic functional q on a set M (⊂ X) :

W (q,M) = {q(f) : f ∈M}.
Denote also by Z(q,M, p) (p ∈ R) the level set of a Hermitian functional q

on the set M :
Z(q,M, p) = {f ∈ M : q(f) = p}.
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Under the condition dimX > 1, it was proved in [GM] that the sets Z(q, S, p)
are connected for any Hermitian functional q and any p ∈ R, and the sets W (q, S)
are convex for any quadratic functional q. The second statement was obtained in
[GM] as a corollary of the first one, and actually they proved the following result
(cf. Theorem 2.1).

Lemma 7.1. Let M ⊂ X. If the set Z(q,M, p) is connected for any Hermitian
functional q and any p ∈ R, then the set W (q,M) is convex for any quadratic
functional q.

2. The main result of this section is the following theorem.

Theorem 7.2. Let dimX > 1, 0 ≤ r ≤ R ≤ ∞ and

M = {f ∈ X : r ≤ ‖f‖ ≤ R}. (7.1)

Then the set Z(q,M, p) is connected for any Hermitian functional q and any p ∈ R.

This theorem generalizes both Theorem 4.3 and the main result of [GM]. It
should be observed that in our proof we use the result of [GM].

Proof. First of all we remark that, exactly as in Theorem 4.3, it is sufficient to
consider the case dimX = 2.

Write a Hermitian functional q in the form

q(f) = (Bf, f) + Re(f, g) (f ∈ X)

where B = B∗ and g ∈ X. We choose in X an orthonormal basis {e1, e2} such
that e1, e2 are eigenvectors of B and (g, e1) ≥ 0, (g, e2) ≥ 0. With respect to this
basis, we have

B = diag[a, b] (a, b ∈ R), g = (g1, g2) (g1, g2 ≥ 0).

Consider a vector f ∈M :

f = (c exp(iα), d exp(iβ)) (c, d ≥ 0;α, β ∈ [−π, π]). (7.2)

This vector belongs to the set Z(q,M, p) if and only if

ac2 + bd2 + g1c cosα+ g2d cosβ = p.

Hence, if the vector (7.2) belongs to the set Z(q,M, p), then all four vectors

(c exp(±iα), d exp(±iβ)) (7.3)

belong to this set. Obviously, they also belong to the sphere

{f ∈ X : ‖f‖2 = c2 + d2}.
It follows from [GM] that each pair of vectors from the quadruple (7.3) can be
connected within the set Z(q,M, p). Hence we can assume that α, β ∈ [0, π] in
(7.2).

Consider now two vectors

fk = (ck exp(iαk), dk exp(iβk)) (k = 1, 2)

from the set Z(q,M, p), where ck, dk ≥ 0 and αk, βk ∈ [0, π].
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Define for t ∈ [0, 1]

x(t) = tc21 + (1 − t)c22, y(t) = td2
1 + (1 − t)d2

2,

f(t) = (
√
x(t) exp(iα(t)),

√
y(t) exp(iβ(t))).

It is easy to see that f(t) ∈ M for arbitrary real functions α(t) and β(t). It
remains to choose continuous functions α(t) and β(t) from the conditions that
f(t) ∈ Z(q,M, p) and

α(0) = α2, α(1) = α1, β(0) = β2, β(1) = β1.

Let for now c1c2d2d2 �= 0. We define

α(t) = arccos
tc1 cosα1 + (1 − t)c2 cosα2√

x(t)
.

This definition is correct since

(tc1 + (1 − t)c2)2 ≤ tc21 + (1 − t)c22

(the last inequality can be reduced to 2c1c2 ≤ c21 + c22). Similarly, we define

β(t) = arccos
td1 cosβ1 + (1 − t)d2 cosβ2√

y(t)
.

It is easy to see that α(t) and β(t) have all the required properties.
If c1 = c2 = 0, we can take, e.g., α(t) = tα1 + (1 − t)α2, and if d1 = d2 = 0,

we can take β(t) = tβ1 +(1− t)β2. If only one of the numbers c1, c2 (say, c1) equals
zero, we take

α(t) = arccos(
√

1 − t cosα2).

If only one of the numbers d1, d2 (say, d1) equals zero, we take

β(t) = arccos(
√

1 − t cosβ2). �

Theorem 7.2 and Lemma 7.1 imply the following statement.

Corollary 7.3. Under the conditions of Theorem 7.2, the set W (q,M) is convex
for any quadratic functional q.

3. Let M ⊂ X , B = B∗ ∈ L(X) and h ∈ X. Define the Hermitian functional:

q(f) = (Bf, f) + (f,Bh) + (Bh, f).

It is easy to check that for any p ∈ R

Z(B,M + h, p) = Z(q,M, p− (Bh, h)),

and we obtain the following result from Theorem 7.2.

Corollary 7.4. Under the conditions of Theorem 7.2 the set M + h is an H-set for
each h ∈M.
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We use here the same approach which allowed to show that an arbitrary shift
of a sphere is an H-set [GM, Corollary 2.3].

It is easy to see that the condition dimX > 1 in Theorem 7.2 and Corollaries
7.3, 7.4 cannot be rejected. Indeed, if we consider in C the set of numbers

{z = eiϕ + h : ϕ ∈ [−π, π]}
where h ∈ C is fixed, then Example 2.7 implies that this set is an H-set if and
only if h = 0.

In conclusion we show that it can happen that the shift of an H-set is not
even a TH-set.

Example 7.5. Let
M = {(eiϕ, 0) : ϕ ∈ [−π, π]} (⊂ C

2).
This set is bicircular and K(M) = {(1, 0)}. By Theorem 3.5 M is an H-set.

On the other hand, if

h = (0, 1) and A =
[
0 0
1 0

]
,

then W (A,M + h) = {eiϕ : ϕ ∈ [−π, π]}. This set is not convex, and hence M + h
is not a TH-set
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Abstract. The main goal of this paper is to demonstrate the usefulness of
certain ideas from System Theory in the study of problems from complex
analysis. With this paper, we also aim to encourage analysts, who might not be
familiar with System Theory, colligations or operator models to take a closer
look at these topics. For this reason, we present a short introduction to the
necessary background. The method of system realizations of analytic functions
often provides new insights into and interpretations of results relating to the
objects under consideration. In this paper we will use a well-studied topic from
classical analysis as an example. More precisely, we will look at the classical
Schur algorithm from the perspective of System Theory. We will confine our
considerations to rational inner functions. This will allow us to avoid questions
involving limits and will enable us to concentrate on the algebraic aspects of
the problem at hand. Given a non-negative integer n, we describe all system
realizations of a given rational inner function of degree n in terms of an
appropriately constructed equivalence relation in the set of all unitary (n+1)×
(n+1)-matrices. The concept of Redheffer coupling of colligations gives us the
possibility to choose a particular representative from each equivalence class.
The Schur algorithm for a rational inner function is, consequently, described
in terms of the state space representation.
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Notation

T is the unit circle in the complex plane: T = {t ∈ C : |t| = 1}
D is the unit disc in the complex plane: D = {z ∈ C : |z| < 1}
D− is the exterior of the unit circle: D− = {z : 1 < |z| ≤ ∞}.
Mp×q is the set of all p× q (p rows, q columns) matrices with complex entries .
In is the identity n× n matrix.
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0. Introduction

Up until the 1960s System Theory suggested that a system be considered only
in terms of its input and output. A system was treated as a ‘black box’ with
input and output terminals. Associated with each system was an ‘input-output’
mapping, considered to be of primary importance to the theory at the time. This
approach, however, did not take the internal state of the system into account. It is
to be assumed that an input signal will, in some way, influence the internal state
of a system. Nevertheless, there was little discussion of the relationship between
input and the inner state of a system until the introduction of State Space Sys-
tem Theory. This theory not only incorporated input and output spaces, serving,
respectively, as ‘domains’ for input and output ‘signals’, but also a ‘state space’.
This state space was introduced to describe the interior state of the system.

State Space System Theory (both the linear and general non-linear variations
of the theory) was developed in the early 1960s. Two names closely associated with
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the early development of this theory are those of R. Kalman and M.S. Livshitz.
Kalman’s first publications pertaining to State Space System Theory include [Kal1,
Kal2, Kal3]. The monograph [KFA] summarizes these papers, among others. R.
Kalman’s approach to State Space System Theory was from the perspective of Con-
trol Theory. This approach suggested that the questions of a system’s controllabil-
ity and observability be given the most attention. Control Theory does not, how-
ever, put much emphasis on energy relations and, as a result, Kalman’s work does
not address the subject of energy balance relations (Kalman’s approach to System
Theory was abstract. He develops the theory over arbitrary fields, not specifically
over the field of complex numbers). In Kalman’s theory, one first starts from the
input-output behavior (i.e., transfer function) and then constructs the state oper-
ator. In Livshitz’s theory, the reverse approach is used: The characteristic function
(which is the analogue of the transfer function) is produced from the main operator
(which is the analogue of the state operator). Kalman’s theory is mainly finite-
dimensional and affine, whereas Livshitz’s theory is mainly infinite-dimensional
and metric. It took some decades before the connections between these two theo-
ries were discovered in the 1970s. Among others, Dewilde [Dew1, Dew2] and Helton
[He1, He2, He3] produced much of the work leading to this discovery. The connec-
tions between the two approaches were made explicit in the monograph [BGK].

M.S. Livshitz, a pioneer in the theory of non-self-adjoint operators, chose
to approach State Space Theory from the perspective of Operator Theory. For a
particular class of non-self-adjoint operators, Livshitz was able to associate each
operator of this class with an analytic function in the upper half-plane or unit
disc. These analytic functions were called ‘characteristic functions’. Livshitz was,
furthermore, able to determine a correspondence between the invariant subspaces
of a linear operator and the factors of its characteristic function (See [Liv3] and
references within [Liv3]). Using the framework provided for by these results for
characteristic functions, Livshitz constructed triangular models of non-self-adjoint
operators (Triangular models were later partially supplanted by functional models.
See [SzNFo]). Following this, Livshitz focused on questions in both mathematics
and physics. Oscillation and wave propagation problems in linear isolated systems
are related to self-adjoint operators. In the mid-1950s M.S. Livshitz began to look
for a physical example to which his theory of non-self-adjoint operators could be
applied. This lead him to consider a number of concrete linear systems. These
systems were not isolated systems, but were such that they allowed for the ex-
change of energy with the ‘external world’. The model of the dynamical behavior
of a system of this type makes use of an operator and this ‘principal’ operator is,
in general, non-self-adjoint. The energy exchange of the system is reflected in the
non-self-adjointness of the operator. Livshitz worked on problems involving the
scattering of elementary particles (see [Liv4], [Liv5], [BrLi]), problems in electrical
networks (See [LiFl]) and questions dealing with wave propagation in wave-guides
(see [Liv6]). It was at this juncture that the notion of an ‘operator colligation’
(also common are the terms ‘operator node’ and ‘operator cluster’) was introduced
to provide further clarity. An operator colligation consists of the aforementioned
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‘principal’ operator, but also ‘channel’ spaces and ‘channel’ operators, of which
the latter two objects describe the non-self-adjointness of the ‘principal’ operator.
The introduction of this concept allowed a characteristic function to be associated
with an operator colligation, as opposed to its respective ‘principal’ operator (see
[BrLi], [Br], [LiYa] and references therein). At much the same time, the concept of
an ‘open system’ was then being established. (What Livshitz then referred to as an
‘open system’ was, in essence, what is now known as a stationary linear dynamical
system.) Livshitz first introduced the notion of an ‘open system’ in his influential
paper, [Liv9] (see Definition 1 on p. 1002 of the original Russian paper [Liv7]). To
each system there is an associated colligation and in [Liv7] it is shown that a sys-
tem’s transfer operator coincides with the characteristic function of the system’s
colligation. [Liv8] introduces the operation of coupling open systems as well as the
concept of closing coupling channels. [Liv8] furthermore introduces the ‘kymologi-
cal resolution’ of an open system, i.e., the resolution of this system into a chain of
simpler coupled open systems. These simpler systems correspond to the invariant
subspaces of the ‘inner-state’ operator of the original open system. To emphasize
that the notion of an open system is closely related to oscillations and to wave-
propagation processes, Livshitz uses the terminology ‘kymological’, ‘kymmer’ and
‘kymmery’, derived from the Greek word ‘κυμα’, meaning ‘wave’. We quote from
page 15 of the English translation of [Liv9] and mention that: “the appropriate
representation of an open system, transforming a known input into a known out-
put, depends on which are known and unknown variables, so that the concept of
an open system is ‘physico-logical’ rather than purely physical in nature.”

The relevant theory of open systems and operator colligations, as developed
by Livshitz and other mathematicians, is presented in the monographs [Liv9],
[LiYa] and [Br]. Chapter 2 of the monograph [Liv9] deals with the details of the
kymological resolution of open systems (a concept of which much use is made in
the following). A detailed presentation of Scattering Theory for linear stationary
dynamical systems (with an emphasis on applications to the Wave Equation in
Rn) can be found in [LaPhi].

General State Space System Theory, as developed by R. Kalman and M.S.
Livshitz provides us with the proper setting and the necessary language for the
further study of physical systems and various aspects of Control Theory. Despite
the fact that State Space System Theory does not immediately lead to a solution
of the initial physical or control problem, it does lead to some interesting related
questions (mostly analytic). It should, furthermore, be noted that general State
Space Theory’s importance extends beyond its significance within Control Theory
and when applied to physical systems. M.S. Livshitz was very likely the first to
understand that this theory had wide-reaching applications within mathematics,
e.g., in Complex Analysis.

Analytic functions can be represented or specified in many ways, e.g., as
Taylor-series, by decomposition into continuous fractions, or via representations
as Cauchy or Fourier integrals. In the early half of the 1970s an additional method
for representing an analytic function was introduced, namely the method of ‘system
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realization’. This theory has its origins in Synthesis Theory for linear electrical net-
works, the theory of linear control systems and the theory of operator colligations
(and associated characteristic functions). M.S. Livshitz established the Theory of
System Realizations and L.A. Sakhnovich, a former Ph.D. student of Livshitz’s,
later made further important progress in the theory (see [Sakh1] and also [Sakh2]
for a more detailed presentation of these results). L.A. Sakhnovich studied the
spectral factorization of a given rational matrix-function R, where both R and the
inverse function R−1 are transfer functions corresponding to linear systems (oper-
ator colligations). Unfortunately, the paper [Sakh1] did not garner the attention it
deserved at the time. L.A. Sakhnovich’s factorization theorem is a predecessor to
a fundamental result due to Bart/Gohberg/Kaashoek/van Dooren [BGKV], which
was remembered as Theorem 2 in the Editorial Introduction to [CWHF], where
one can also find a detailed account of the history of the state space factorization
theorem.

Our goal is not to provide a comprehensive survey of the history of System
Theory, so that we have focused on the period leading up to the mid-1970s (with
particular emphasis on the contributions of M.S. Livshitz and his co-workers).
His work on open systems was unkown in the western world until his monograph
[Liv9] was translated in 1973. His fundamental papers [Liv7] and [Liv8] remained
untranslated up until this memorial volume.

The subsequent development of the Theory of System Realizations is gener-
ally associated with the name I. Gohberg, who produced and inspired much in the
way of new work and results for this theory and its applications. As a result, the
theory experienced a period of accelerated growth, beginning in the late 1970s.
Published in 1979, the monograph [BGK]1 dealt with general factorizations of a
rational matrix-functions as well as with the Wiener-Hopf factorization of rational
matrix function, where, in both cases, this function is a transfer function for a
linear system (operator colligation).

I. Gohberg and his co-workers have shown that State Space Theory has a
much wider range and goes far beyond System Theory and the theory of operator
colligations. We list a few topics to which State Space Theory can be applied:

1. Methods of factorization of matrix- and operator-valued functions; solutions
of Wiener-Hopf and singular integral equations.

2. Interpolation in the complex plane and generalizations.
3. Limit formulas of Akhiezer/Kac/Widom type.
4. Projection methods, Bezoutiants, resultants.
5. Inverse problems.

The monograph [BGR] offers a detailed discussion of interpolation problems
and many other questions. Matrix function factorization is a tool applied in dis-
cussions of many other problems as well, e.g., in the theory of inverse problems
for differential equations and also in prediction theory for stationary stochastic

1N.b. There is now an extended version of this monograph. See [BGKR].
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processes. If a matrix function is rational, then this factorization can be attained
using system realizations. These system realizations, in turn, play a certain role
in the solution of the original problem (see, for example, [AG]). The Theory of
Isoprincipal Deformations of Rational Matrix-Functions (which is, in particular,
a useful tool for investigating rational solutions of Schlesinger systems) is formu-
lated in terms of the Theory of System Realizations (See [KaVo1] and [KaVo2].
For our purposes, the theory developed in [Ka] is most relevant). The current state
of System Theory, as a branch of pure mathematics, is presented in [Nik].

In the present paper we show how the Schur algorithm for contractive holo-
morphic functions in the unit disc can be described in terms of system realizations.
In the following, we consider only rational inner functions, which allows us to avoid
questions involving limits and enables us to concentrate on the algebraic aspects
of the problem at hand. At first glance the formulas here presented might seem
rather complicated and, to some degree, less than intuitive. This is, however, from
the perspective of System Theory, not the case. The aforementioned formulas serve
as the function-theoretical counterpart to Livshitz’s kymological resolution as ap-
plied to the system (represented by the original inner function) corresponding to
the cascade coupling, i.e., the Redheffer coupling, of open systems. The elementary
open systems, which make up this cascade (or chain) correspond to the steps of
the Schur algorithm.

This paper is organized as follows. In Section 1, we state some facts relating to
rational inner functions. In Section 2, we discuss some aspects of the classical Schur
algorithm. Section 3 is devoted to a short introduction to operator colligations
and their characteristic functions, where particular attention is paid to finite-
dimensional unitary colligations. The characteristic functions of finite-dimensional
unitary colligations are shown to be rational inner matrix-functions (see Theorem
3.5). Theorem 3.6 shows that an arbitrary rational inner matrix function can,
on the other hand, be realized as a characteristic function of a finite-dimensional
minimal unitary colligation. The scalar rational inner functions of degree n are just
the finite Blaschke products of n elementary Blaschke factors. The essential facts
on the realization of scalar inner rational functions of degree n as characteristic
functions of minimal unitary colligations are summarized in Theorem 3.10. These
minimal unitary colligations can be equivalently described by equivalence classes
of minimal unitary (n + 1) × (n + 1)-matrices. A proof for Theorem 3.10 can be
found in the Appendix at the end of the paper.

The main objective of this paper can be described as follows. The application
of the Schur algorithm to a given rational inner function s(z) of degree n produces a
sequence sk(z) , k = 0, 1, . . . , n of rational inner functions with s0(z) = s(z) and
deg si(z) = n − k. In particular, the function sn(z) is constant with unimodular
value. In Section 3, it will be shown that each of the functions sk(z) admits a
system representation

sk(z) = Ak + zBk (I − zDk)−1
Ck
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in terms of the blocks of some minimal unitary matrix Uk ∈ M(n+1)×(n+1),

Uk =
(
Ak Bk

Ck Dk

)
.

We assume that U0 is given. The goal is to recursively produce the sequence
matrices Uk. In other words, the steps of the Schur algorithm have to be described
in terms of the state space representation. Since the unitary matrices Uk are defined
only up to an equivalence relation, we have to find corresponding operations for
the arithmetic of these equivalence classes.

In Section 4 we discuss the means by which the linear-fractional transfor-
mation associated with the Schur algorithm can be described in terms of the
input-output mapping of linear systems. The Redheffer coupling of linear systems
will be introduced as a useful tool in these considerations.

In Section 5, the Redheffer coupling of linear systems will be translated into
the language of unitary systems.

In Section 6, we apply the concept of Redheffer couplings of colligations to the
linear-fractional transformation associated with the inverse of the Schur algorithm.
In so doing, we will describe the ‘degrees of freedom’ of unitary equivalence. A
closer look shows us that amongst all the unitary matrices which realize the desired
system realization, there are some distinguished by the fact that they are, in a
sense, associated with the concept of Redheffer coupling.

In Section 7, the basic step of the Schur algorithm will be described in the
language of colligations. This requires that we solve a particular equation for uni-
tary matrices, suggested by the results of Section 6. The solution to this matrix
equation is given in Theorem 7.1. Together with Lemma 7.2, Theorem 7.2 describes
the basic step of the Schur algorithm in terms of system representations.

The investigations of Section 8 show that a certain normalization procedure
has to be performed at every step of the Schur algorithm if the Schur algorithm is
to be dealt with in the language of system realizations. We consider the degrees of
freedom for this normalization procedure. It turns out that we can use these degrees
of freedom to make the normalization procedure a one-time-procedure, so that
it might be dealt with during preprocessing for further step-by-step recurrence.
A one-time-normalization of this kind is related to the reduction of the ‘initial’
colligation matrix to the lower Hessenberg matrix.

In Section 9, we will be well positioned to present the Schur algorithm in
terms of unitary colligations representing the appropriate functions.

In Section 10 we express the colligation matrix in terms of the Schur param-
eters.

In the final section (Section 11) we discuss some connections between the
present work and other work relating to the Schur algorithm as expressed in
terms of system realizations. In particular, we discuss the results presented in
Alpay/Azizov/Dijksma/Langer [AADL] and Killip/Nenciu [KiNe].
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1. Rational Inner Functions

We say that a function s : D → C, where s is holomorphic in D, is contractive if

|s(z)| ≤ 1 for every z ∈ D.

A contractive function s is called an inner function if

|s(t)| = 1 for every t ∈ T.

In the following we consider rational inner functions, so that s(t) is defined for
every t ∈ T.

A rational function is representable as a quotient of irreducible polynomials
and we call the order of the highest-degree polynomial the degree of the rational
function.

If a rational function s is an inner function, then the degree of its numerator
and the degree of its denominator are equal.

An inner rational function s is representable as a finite Blaschke product, i.e.,
in the form

s(z) = c
∏

1≤k≤n

zk − z

1 − zzk
. (1.1)

z1, . . . , zn are points in D, or, in other words, complex numbers satisfying the
condition

|z1| < 1, . . . , |zn| < 1, (1.2)

c is a unimodular complex number, i.e.,

|c| = 1. (1.3)

Conversely, given complex numbers z1, . . . , zn and c satisfying the conditions
(1.2) and (1.3), respectively, the function s in (1.1) is an inner rational function of
degree n.

The number c and the set {z1, . . . , zn} are uniquely defined by the inner
function s (the sequence of numbers (z1, . . . , zn)) up to permutation.

The notions of contractive and inner functions can also be defined for matrix-
functions:

We say that a matrix-function S : D → Mp×p , where S is holomorphic in D,
is contractive if

Ip − S∗(z)S(z) ≥ 0 for every z ∈ D .

A contractive matrix-function S : D → Mp×p , is called an inner function if2

Ip − S∗(t)S(t) = 0 for almost every t ∈ T .

2For a contractive holomorphic function S in D, the boundary values S(t)
def
= lim

r→1−0
S(rt) exist

for almost every t ∈ T (with respect to the Lebesgue measure).
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2. The Schur algorithm

In this section, we present a short introduction to the classical Schur algorithm,
which originated in Issai Schur’s renowned paper, [Sch]. In so doing, we will mainly
emphasize those aspects of the Schur algorithm, which are essential for this paper.
For comprehensive treatments of the Schur algorithm and its matricial general-
izations, we refer the reader to [BFK1], [BFK2], [Con2], [DFK], [S:Meth] and the
references therein.

Let s(z) be a contractive holomorphic function in D and

s0 = s(0). (2.1)

Then |s0| ≤ 1, where |s0| = 1 only if s(z) ≡ s0. If |s0| < 1, then the function

ω(z) =
1
z

s(z) − s0
1 − s(z)s0

(2.2)

is well defined. Moreover, it is contractive holomorphic in D. The function s(z)
can be expressed in terms of these ω(z) and s0:

s(z) =
s0 + z ω(z)

1 + z s0 ω(z)
. (2.3)

If the function s(z) is an inner function, then ω(z) is also an inner function. If s(z)
is an inner rational function of degree n, then ω(z) is an inner rational function of
degree n− 1.

Conversely, if ω(z) is an arbitrary contractive holomorphic function in D

and s0 is an arbitrary complex number satisfying the condition |s0| < 1, then
the expression on the right-hand side of (2.3) defines the function s(z), which is
holomorphic and contractive in D. Furthermore, if ω(z) is an inner function, then
s(z) is an inner function as well.

Definition 2.1.

I. We call the transformation s(z) �−→ ω(z), defined by (2.2), where s0 = s(0),
the (direct) Schur transformation.

II. We call the transformation ω(z) �−→ s(z), defined by (2.3), where s0 is a
given complex number, the inverse Schur transformation.

The correspondence s(z) ⇐⇒ (s(0), ω(z)) describes the elementary step of
the Schur algorithm.

The Schur algorithm is applied to a holomorphic function s(z), which is
contractive in D. This algorithm inductively produces the sequence (finite or in-
finite) of contractive holomorphic functions sk(z) in D and contractive numbers
sk = sk(0), k = 0, 1, 2 , . . . . The algorithm terminates only if s(z) is a rational
inner function. Starting from s(z), we define

s0(z) = s(z), s0 = s0(0) .
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If the functions si(z), i = 0, 1, . . . , k are already constructed and |sk(0)| < 1,
then we construct the function sk+1(z) as follows:

sk+1(z) =
1
z

sk − sk(z)
1 − sk(z)sk

, sk+1 = sk+1(0) . (2.4)

If s(z) is not a rational inner function, then the algorithm does not terminate:
On the kth step we obtain the function sk(z), for which |sk(0)| < 1, so that we
can construct the function sk+1(z) and still have |sk+1(0)| < 1.

If s(z) is a rational inner function of degree n, then we can define the functions
si(z) for i = 0, 1, . . . , n such that

deg si(z) = n− i, i = 0, 1, . . . , n .

The numbers si = si(0) satisfy the conditions

|si| < 1, i = 0, 1, . . . , n− 1 .

However, in this case
|sn| = 1, sn(z) ≡ sn.

So, for k = n the numerator and the denominator of the expression on the right-
hand side of (2.4) vanish identically. The function sn+1(z) is thus not defined and
the Schur algorithm terminates.

The numbers sk = sk(0) are called the Schur parameters of the function s(z).

If s(z) is not an inner rational function, then the sequence of its Schur pa-
rameters is infinite and these parameters sk satisfy the inequality |sk| < 1 for all
k : 0 ≤ k < ∞. If s(z) is an inner rational function with deg s(z) = n, then its
Schur parameters sk are defined only for k = 0, 1, . . . , n and

|sk| < 1, k = 0, 1, . . . , n− 1, |sn| = 1. (2.5)

Conversely, given complex numbers s0, s1, . . . , sn satisfying the conditions (2.5),
one can construct the inner rational function of degree n, having Schur parameters
s0, s1, . . . , sn. This function s(z) can be constructed inductively: First, we set

sn(z) ≡ sn .

If the functions si(z) for i = n, n− 1, . . . , k are already constructed, then we set

sk−1(z) =
sk−1 + z sk(z)

1 + z sk−1 sk(z)
.

In the final step we construct the function s0(z) and set

s(z) = s0(z).

Thus, there exists a one-to-one correspondence between rational inner func-
tions of degree n and sequences of complex numbers {sk}0≤k≤n satisfying the con-
ditions (2.5).
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3. The system representation of a rational inner function

Contractive holomorphic functions appear in several roles. In particular, such func-
tions appear in Operator Theory as the characteristic functions of operator colli-
gations. The notion of an operator colligation is closely related to that of a linear
stationary dynamical system. There is a correspondence between the theory of
operator colligations and the theory of linear stationary dynamical systems. The
concepts and results of one theory can be translated into the language of the other.
There are interesting connections to be made between these theories. Definitions
and constructions, which are well motivated and natural in the framework of one
theory may look artificial in the framework of the other. In particular, the notion
of the characteristic function of a colligation and of the coupling of colligations are
more transparent in the language of System Theory.

In this section, the term ‘operator’ means ‘continuous linear operator’.

Definition 3.1. Let H, E in, Eout be Hilbert spaces and U be an operator:

U : E in ⊕ H → Eout ⊕ H , (3.1)

Let

U =

[
A B

C D

]
(3.2)

be the block decomposition of the operator U , corresponding to (3.1):

A : E in → Eout, B : H → Eout, C : E in → H, D : H → H . (3.3)

The quadruple (E in, Eout, H, U) is called an operator colligation.
E in and Eout are, respectively, the input and output spaces of the colligation.

We call H the state space of the colligation and A the exterior operator. We call
B and C channel operators, while D is referred to as the principal operator of the
colligation. Finally, we call U the colligation operator.

If the input and the output spaces E in and Eout coincide: E in = Eout = E, we
call the space E the exterior space of the colligation and denote the colligation by
the triple (E , H, U)

Definition 3.2. Let (E in, Eout, H, U) be an operator colligation.
The operator-function

S(z) = A+ zB(IH − zD)−1C (3.4)

is called the characteristic function of the colligation (E in, Eout, H, U).
The function S(z) is defined for the z ∈ C where the operator (IH − zD)−1

exists. The values of S are operators acting from E in into Eout.

Remark 3.1. The function S(z) is defined and holomorphic in some neighborhood
of the point z = 0. Furthermore, S(0) = A.

The notion of a colligation’s characteristic function draws on the framework
of the theory of linear stationary dynamical systems (LSDS). (The theory of open
systems, in the terminology of M.S. Livŝic). The theory of LSDS, which we are
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dealing with is not a ‘black box theory’, where only the input signals, output
signals and the mapping ‘input→ output’ are considered. The theory of LSDS also
takes ‘interior states’ of the system into account. The input and output signals are
described (in the discrete time case, where the index k serves as time) by sequences
{ϕk}0≤k<∞ and {ψk}0≤k<∞ of vectors belonging to some Hilbert spaces E in and
Eout (the input and the output spaces of the system). The ‘interior states’ are
described by vectors h of a Hilbert space H, called the state space of the system.

The dynamics of a linear stationary system is described by the linear equa-
tions [

ψk

hk+1

]
=

[
A B

C D

][
ϕk

hk

]
, k = 0, 1, 2, . . . , (3.5)

where the operators A, B, C, D do not depend on k (‘time’) and are defined in
(3.3).

It is natural to consider the four operators A, B, C, D as blocks of the ‘uni-
fied’ operator, say U as in (3.2), from the space E in⊕H into the space Eout⊕H. The
operator colligation (E in, Eout, H, U) then corresponds to the LSDS (3.5), (3.3).
Given the sequence {ϕk}0≤k≤m and the initial value h0, the system (3.5) uniquely
determines the sequences {ψk}0≤k≤m and {hk}0≤k≤m+1. In the case h0 = 0,

ψ0 = Aϕ0, ψm = Aϕm +
∑

1≤k≤m−1

BDkCϕm−k−1 , m ≥ 1 . (3.6)

The relation (3.6) can be considered as the description of the evolution of the LSDS
(3.5) in the time domain. The description of the evolution is, however, especially
transparent in the frequency domain. Since the considered sequences are unilateral,
the Fourier transforms of these sequences are the (formal) power series

ϕ(z) =
∑

0≤k<∞
ϕkz

k , ψ(z) =
∑

0≤k<∞
ψkz

k , h(z) =
∑

0≤k<∞
hkz

k . (3.7)

The complex variable z can be interpreted as the frequency. Under the extra
assumption that h0 = 0 we can rewrite (3.5) in terms of the Fourier representations:[

ψ(z)

z−1h(z)

]
=

[
A B

C D

][
ϕ(z)

h(z)

]
. (3.8)

From (3.8) we obtain

ψ(z) = Aϕ(z) +Bh(z), (3.9a)

h(z) = z (I − zD)−1Cϕ(z) . (3.9b)

Eliminating h(z), we get
ψ(z) = S(z)ϕ(z) , (3.10)

where S(z) is expressed in terms of the matrix (3.2) as in (3.4):

S(z) = A+ zB(I − zD)−1C .
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The operator function S(z) describes the input-output mapping corresponding to
LSDS (3.5).

Definition 3.3. In the framework of System Theory, the function S(z) in (3.10) is
called the transfer matrix of the LSDS (3.5).

In the theory of operator colligations the operator function S(z) is called
the characteristic function, while in the theory of LSDS it is called the transfer
function. This notion, however, makes more sense in the theory of LSDS. Along
with the input-output mapping described by the transfer function S(z), the input-
state mapping:

ϕ(z) → h(z) , where h(z) = z (I − zD)−1Cϕ(z) ,

is also naturally related to the system (3.5).
If the dimensions dim E in and dim Eout of the input and output spaces are

finite, then, choosing bases in E in and Eout, we can consider S(z) as a matrix-valued
function. If, moreover, the dimension dimH of the state space is finite, then S(z)
is a rational matrix-function.

Definition 3.4. The colligation (E in, Eout, H, U) is said to be finite-dimensional if
dim E in < ∞, dim Eout < ∞ and dimH < ∞.

The dimension dimH of the state space of the finite-dimensional colligation
(E in, Eout, H, U) is related to the degree of its characteristic function. Here we
use the notion of the McMillan degree of a rational matrix-valued function as
it is defined in [McM]. The notion of the degree of a rational matrix-function is
discussed in [DuHa] and [Kal4]. See also [BGK]. In the case when dim E = 1,
i.e., in the case when the considered rational function is scalar (or C-valued), the
McMillan degree of this function coincides with its ‘standard’ degree.

To precisely formulate how the dimension of the state space H and the degree
of the characteristic function S(z) are related, we need to introduce the notion of
a minimal colligation (E in, Eout, H, U).

Definition 3.5. Let (E in, Eout, H, U) be a colligation. We define the following sub-
spaces of the state space H:

Hc = clos

⎛⎝ ∨
0≤k<∞

(DkC)E in

⎞⎠ , Ho = clos

⎛⎝ ∨
0≤k<∞

(D∗kB∗)Eout

⎞⎠ , (3.11)

where
∨
k

fk denotes the linear hull of the vectors fk and clos(M) denotes the closure

of the set M .
The subspaces Hc and Ho are, respectively, called the controllability and ob-

servability subspaces of the colligation (E in, Eout, H, U).

Remark 3.2. If the state space H is finite-dimensional, say dimH = n < ∞, then
it is enough to restrict our considerations in (3.11) to the linear hull of the vectors
(DkC)E in and (D∗kB∗)Eout with k < n. In this case there is no need to make use
of the closure in (3.11).
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Definition 3.6. We say that a colligation (E in, Eout, H, U) is controllable if Hc = H
and observable if Ho = H.

We say that a colligation is simple if the sum of the controllability and the
observability subspaces is dense in the state space, i.e., if

clos
(
Hc + Ho

)
= H .

We say that a colligation (E in, Eout, H, U) is minimal if it is both controllable
and observable, i.e., if

Hc = H and Ho = H .

Theorem 3.1. Let (E in, Eout, H, U) be a finite-dimensional colligation and let S(z)
be the characteristic function of this colligation.

S(z) is then a rational matrix-function, which is holomorphic at z = 0 and
such that

degS ≤ dimH (3.12)

Equality holds in (3.12) if and only if the colligation (E in, Eout, H, U) is minimal.

Theorem 3.2. Let E1 and E2 be finite-dimensional spaces and let S(z) be a rational
function, whose values are operators acting from E1 to E2 and which is holomorphic
at the point z = 0.

There then exists a finite-dimensional minimal operator colligation
(E in

1 , Eout
1 , H, U), (3.1)–(3.2)–(3.3), with E in = E1 and Eout = E2, whose charac-

teristic function SU (z) = A+ zB(I − zD)−1C coincides with the original function
S(z). In other words, S can be expressed in the form (3.4).

Definition 3.7. The representation of a given function S(z) as a characteristic
function of an operator colligation is called the state space representation of S(z)
or the state space realization of S(z). If the representative operator colligation is
minimal, then we say that the state space realization of S(z) is minimal.

Let us discuss the uniqueness of the state space representation.

Definition 3.8. Let (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) be two operator col-
ligations:

U1 =

[
A1 B1

C1 D1

]
, U2 =

[
A2 B2

C2 D2

]
, (3.13)

where

Ai : E in
i → Eout

i , Bi : Hi → Eout
i , Ci : E in

i → Hi, Di : Hi → Hi,

i = 1, 2 . (3.14)

We consider the colligations (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) to be
equivalent if invertible operators Ein, Eout and V :

Ein : E in
2 → E in

1 , Eout : Eout
2 → E in

1 , V : H2 = H1, (3.15)
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exist, such that the intertwining relation[
Eout 0

0 V

][
A2 B2

C2 D2

]
=

[
A1 B1

C1 D1

][
Ein 0

0 V

]
(3.16)

holds.

Clearly, given two equivalent operator colligations, one of these colligations
is controllable, observable, simple or minimal if and only if the other colligation
possesses the same respective property.

The following result is evident:

Theorem 3.3. Let (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) be operator colli-
gations. Assume that these colligations are equivalent, i.e., that the intertwining
relation (3.16) holds with some invertible operators Ein, Eout and V .

Then the characteristic functions S1(z) and S2(z) of these colligations,

Si(z) = Ai + zBi(I − zDi)−1Ci, i = 1, 2, (3.17)

satisfy the intertwining relation:

EoutS2(z) = S1(z)Ein. (3.18)

for all z where S1 and S2 are defined.

Under the extra assumptions that the colligations are minimal and finite-
dimensional we can show that for Theorem 3.3 the converse assertion also holds.

Theorem 3.4. Let (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) be finite-dimensional
operator colligations. Let S1(z) and S2(z), (3.17), be the characteristic functions
of these colligations. We make the following assumptions:

1. The functions S1(z) and S2(z) satisfy the intertwining relation (3.18) for all
z small enough, where Ein : E in

2 → E in
1 and Eout : Eout

2 → Eout
1 are some

invertible operators.
2. The colligations (E in

1 , Eout
1 , H1, U1) and (E in

2 , Eout
2 , H2, U2) are minimal.

These colligations are then equivalent, i.e., there exists an invertible operator
V : H2 → H1 such that the intertwining relation (3.16) holds.

Up to this point, we have not taken advantage of any scalar products that
may be defined in the input, output and state spaces. From this point forward,
we will focus more on these scalar products and the benefits they bring when we
have them at our disposal. In what follows, we consider rational inner functions.
Operator colligations representing such functions are unitary, finite-dimensional
operator colligations.

For convenience, we recall the definition of a unitary operator:
Let L1 and L2 be Hilbert spaces and T : L1 → L2 be an operator. We say that T
is unitary if it satisfies the following two conditions:
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a) T preserves the scalar product, i.e.,

〈Tx, T y〉L2 = 〈x, y〉L1 ∀x ∈ L1, y ∈ L1 .

b) T maps L1 onto L2, i.e., T is invertible.
The unitarity property of a linear operator T can also be characterized as

follows:
T ∗T = IL1 , TT ∗ = IL2 .

Definition 3.9. Let (E in, Eout, H, U), (3.2) - (3.3), be an operator colligation. We
call (E in, Eout, H, U) a unitary colligation if the colligation operator U is a unitary
operator, i.e., if

U∗U = IE in⊕H, UU∗ = IEout⊕H . (3.19)

Definition 3.10. Let E1 and E2 be finite-dimensional Hilbert spaces and let S(z) be
a rational function whose values are operators acting from E1 to E2.

The matrix-function S is called an inner function if its values S(z) are con-
tractive operators for z ∈ D and unitary operators for t ∈ T, i.e., if the conditions

IE1 − S∗(z)S(z) ≥ 0 , IE2 − S(z)S∗(z) ≥ 0, for z ∈ D, (3.20a)

IE1 − S∗(t)S(t) = 0 , IE2 − S(t)S∗(t) = 0 , for t ∈ T . (3.20b)

hold. (In particular, S has no singularities in D ∪ T.)

Remark 3.3. Since unitary operators are invertible, E1 - E2 inner functions exist
only if dim E1 = dim E1.

Theorem 3.5. Let (E in, Eout, H, U), (3.2) - (3.3), be a finite-dimensional unitary
colligation and S(z), (3.4), be its characteristic function.

Then the function S(z) is a rational inner function.

Proof. The proof of this lemma is based on identity (3.8), where h(z) is expressed
in terms of ϕ(z) as in (3.9b). Let z and ζ be such that the operators I − zD and
I − ζD are invertible. (These operators are invertible if z ∈ D, ζ ∈ D. Also, since
the spectrum of the operator D is a finite set, the operators I − zD and I − ζD
are invertible for all but finitely many z ∈ T, ζ ∈ T.) Because the operator U is
unitary, (3.8) yields

〈ψ(z), ψ(ζ)〉Eout + (zζ)−1〈h(z), h(ζ) 〉H = 〈ϕ(z), ϕ(ζ)〉E + 〈h(z), h(ζ) 〉H ,
or〈

ϕ(z), ϕ(ζ)
〉
E in −

〈
S(z)ϕ(z), S(ζ)ϕ(ζ)

〉
Eout

= (1 − zζ)
〈
(I − zA)−1Cϕ(z), (I − ζA)−1Cϕ(ζ)

〉
H . (3.21)

In particular, taking ϕ(z) ≡ ϕ′ and ϕ(ζ) ≡ ϕ′′, where ϕ′ and ϕ′′ are arbitrary
vectors in E in, we obtain the equality

IE in − S∗(ζ)S(z)
1 − ζz

= C∗(I − ζD∗)−1(I − zD)−1C . (3.22)
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In the same way we obtain the equality
IEout − S(z)S∗(ζ)

1 − zζ
= B(I − zD)−1(I − ζD∗)−1B∗ . (3.23)

Using the identity ζ(I−ζD)−1−z(I−zD)−1

ζ−z = (I − ζD)−1(I − zD)−1, we obtain

S(ζ) − S(z)
ζ − z

= B(I − ζD)−1(I − zD)−1C , (3.24)

and
S∗(ζ) − S∗(z)

ζ − z
= C∗(I − ζD∗)−1(I − zD∗)−1B∗ , (3.25)

To get (3.20) we let ζ = z in (3.22)–(3.23):

IE in − S∗(z)S(z) = (1 − |z|2)C∗(I − zA∗)−1(I − zA)−1C, (3.26a)

IEout − S(z)S∗(z) = (1 − |z|2)B(I − zA)−1(I − zA∗)−1B∗ . (3.26b)

The inequalities (3.20a) follow from equalities (3.26), which hold for all z ∈ D.
The equalities (3.26) furthermore hold for all but finitely many z ∈ T. Thus, the
rational function S(z) is bounded in T, except on a finite set. S therefore has no
singularities in T and takes unitary values there.

The following theorem serves as a ‘unitary’ counterpart to Theorem 3.2.

Theorem 3.6. Let S(z) be a rational inner function whose values are operators
acting from E1 into E2, where E1 and E2 are finite-dimensional Hilbert spaces.

Then there exists a finite-dimensional, minimal, unitary operator colligation
(E in

1 , Eout
1 , H, U), (3.1)–(3.3), with E in = E1 and Eout = E2, whose characteristic

function SU (z) = A + zB(I − zD)−1C coincides with the original function S(z).
In other words, the function S is representable in the form (3.4).

Definition 3.11. Let (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) be operator col-
ligations, (3.13)–(3.14). If these colligations are equivalent (i.e., if they satisfy
the intertwining relation (3.16)–(3.15)) and each of the operators Ein, Eout, V is
unitary, we say that (E in

1 , Eout
1 , H1, U1) and (E in

2 , Eout
2 , H2, U2) are unitarily equiv-

alent.

Clearly, if two operator colligations are unitarily equivalent and one of these
colligations is unitary, then the second colligation is also unitary.

The following theorem provides us with a ‘unitary’ counterpart to Theo-
rem 3.3.

Theorem 3.7. Let (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) be unitary colliga-
tions, (3.13). Furthermore, let these colligations be unitarily equivalent, i.e., sup-
pose that the intertwining relation (3.16) holds for some unitary operators Ein,
Eout and V .

The respective characteristic functions S1(z) and S2(z) of these colligations,
(3.17), then satisfy the intertwining relation (3.18) with these very same unitary
operators Ein and Eout.
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If we, furthermore, assume that both unitary colligations are simple, we can
show that the converse to Theorem 3.7 also holds.

The next theorem serves as a ‘unitary’ counterpart to Theorem 3.4.

Theorem 3.8. Let (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) be finite-dimensional
unitary operator colligations, (3.13). Let S1(z) and S2(z), (3.17), be the charac-
teristic functions of (E in

1 , Eout
1 , H1, U1) and (E in

2 , Eout
2 , H2, U2), respectively. We

now make the following assumptions:

1. The functions S1(z) and S2(z) satisfy the intertwining relation (3.18) for
z ∈ D, where Ein : E in

2 → E in
1 , E

out : Eout
2 → Eout

1 are some unitary operators.
2. The colligations (E in

1 , Eout
1 , H1, U1) and (E in

2 , Eout
2 , H2, U2) are simple.

The colligations (E in
1 , Eout

1 , H1, U1) and (E in
2 , Eout

2 , H2, U2) are then unitar-
ily equivalent, i.e., there exists a unitarily operator V : H2 → H1 such that the
intertwining relation (3.16) holds.

Let us compare the assumptions of Theorems 3.4 and 3.8. In Theorem 3.4
we assume that the colligations (E in

i , Eout
i , Hi, Ui), i = 1, 2, are minimal, however

it is not assumed that these colligations are unitary. In Theorem 3.8 we assume
that the colligations are unitary and simple, but we do not explicitly assume that
these colligations are minimal, because they are, in fact, already minimal.

Theorem 3.9. Let (E in, Eout, H, U) be a finite-dimensional, unitary operator col-
ligation. The following statements are then equivalent:

1. The colligation is simple.
2. The colligation is minimal.
3. The colligation is controllable.
4. The colligation is observable.

In what follows we deal only with scalar-valued inner functions S(z), i.e., with
functions whose values are complex numbers. The input space E in and the output
space Eout of the unitary colligation (E in, Eout, H, U) representing this S(z) can
be identified with the space C: E in = Eout = C. The finite-dimensional state space
H, with, say dimH = n, can be identified with the space Cn (with the standard
scalar product): H = Cn. With these conventions in place, the orthogonal sums
E in ⊕ H and Eout ⊕ H can be identified naturally with the space C ⊕ Cn.

We note that C⊕C
n represents a canonical decomposition of the space C

n+1

into an orthogonal sum. We consider the space Cn+1 as the set M(n+1)×1 of all (n+
1)-column-vectors, along with the standard linear operations and scalar product:

〈f , g〉 = g∗f, f, g ∈ M(n+1)×1, (3.27)

where the asterisk ∗ denotes Hermitian conjugation.
A unitary operator, U , acting in C

n+1 is described by a unitary (1 + n) ×
(1 + n)-matrix, which will also be denoted by U . U maps the column-vector f to
the column-vector Uf , where Uf is the usual matrix product. The decomposition
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Cn+1 = C ⊕ Cn of the space Cn+1 suggest that we consider the following block-
matrix decomposition of U :

U =

[
A B

C D

]
, (3.28a)

A ∈ M1×1, B ∈ M1×n, C ∈ Mn×1, D ∈ Mn×n . (3.28b)

The matrix entries are considered as operators:

A : E → E , B : H → E , C : E → H , D : H → H . (3.29)

where
E = M1×1 (= C), H = Mn×1 (= C

n) . (3.30)

Definition 3.12. Given a unitary matrix U ∈ M(n+1)×(n+1) with block decompo-
sition (3.28), we associate the unitary colligation (E , H, U) with U . The exterior
space E and the state space H of this colligation are as in (3.30), where the spaces
C and Cn have the standard scalar products. The exterior, principal and channel
operators A, D, B, C correspond to the block-matrix entries in (3.28) and satisfy
(3.29).

We call this colligation the unitary colligation associated with the unitary ma-
trix U .

Given two unitary colligations associated with unitary matrices U ′ and U ′′,
how do we express that these colligations are unitarily equivalent? The exterior
spaces of both colligations are ‘copies’ of the same space C. To identify the exterior
spaces C of two different colligations, we should specify the unitary operators Ein

and Eout for the two copies of C (These operators, Ein and Eout, appear in (3.15)
and in the intertwining relations (3.16) and (3.18).) We can naturally choose these
identification operators as the identity operators, i.e., such that each of operators
Ein and Eout is represented by the 1 × 1-matrix whose (unique) entry is the
number 1 (Such operators can be represented by 1×1-matrices, where the matrices
corresponding to Ein and Eout consist, respectively, of an arbitrary number νin

and νout with |νin| = 1 and |νout| = 1.)
With this convention in place, the unitary equivalence of the colligations

associated with the block-matrices

U ′ =

[
A′ B′

C′ D′

]
∈ M(n+1)×(n+1) and U ′′ =

[
A′′ B′′

C′′ D′′

]
∈ M(n+1)×(n+1)

(3.31)
means that these matrices satisfy the intertwining relation:[

1 0

0 V

][
A′′ B′′

C′′ D′′

]
=

[
A′ B′

C′ D′

][
1 0

0 V

]
(3.32)

where V ∈ Mn×n is a unitary matrix. The equality (3.18) then becomes:

S1(z) = S2(z).
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Definition 3.13. We say that the unitary matrices U ′ ∈ M(n+1)×(n+1) and U ′′ ∈
M(n+1)×(n+1), (3.31), are equivalent if there exists a unitary matrix V ∈ Mn×n

such that the intertwining relation (3.32) holds.

Let U =

[
A B

C D

]
∈ M(n+1)×(n+1) . We now consider the following matrices

associated with the unitary matrix U :

C(U) = [C DC . . . Dn−1C], C(U) ∈ Mn×n , (3.33a)

B(U) = [B∗ D∗B∗ . . . (D∗)n−1B∗], B(U) ∈ Mn×n , (3.33b)

and

S(U) = [C DC . . . Dn−1C, B∗ D∗B∗ . . . (D∗)n−1B∗] ,

S(U) ∈ Mn×2n . (3.33c)

If the unitary colligation associated with the matrix U is controllable, observable
or simple, this means that the matrix (3.33a), (3.33b) or (3.33c) is, respectively,
of rank n.

Remark 3.4. If one of the matrices (3.33) has rank n, then its columns (considered
as vectors in Cn = Mn×1) generate the whole space. The columns of these matrices
are of the form DkC or (D∗)kB∗, where k takes values in the interval [0, . . . , (n−
1)]. It is possible to consider matrices of this kind for k over a larger interval.
Extending the interval [0, . . . , (n − 1)] does not, however, lead to an increase in
rank for these matrices: The Cayley-Hamilton Theorem tells us that the column-
vectors, DpC and (D∗)kB∗ with p ≥ n, are, respectively, linear combinations of
the column-vectors DkC and (D∗)kB∗ with k ∈ [0, . . . , (n− 1)].

Definition 3.14. We say that a unitary matrix U ∈ M(n+1)×(n+1), expressed using
the block-decomposition in (3.28), is controllable if rank C(U) = n, observable if
rank B(U) = n and simple if rank S(U) = n. If the matrix U is both controllable
and observable, we say that it is minimal.

(We note that any one of the matrices (3.33) is of rank n if and only if the
other two have rank n. See Theorem 3.9.)

The results of this section on the state space representation of scalar (i.e.,
complex-valued) rational inner functions can be summarized in the following way:

Theorem 3.10. (Rational Inner Functions ⇐⇒ Equivalence Classes of Unitary Matrices)
1. Let S(z) be an inner rational function of degree n. Then S(z) can be repre-

sented in the form:

S(z) = A+ zB(In − zD)−1C, (3.34)

where A,B,C,D are blocks of some unitary minimal matrix U ,
U ∈ M(n+1)×(n+1), (3.28).
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2. Let U ∈ M(n+1)×(n+1) be a unitary matrix with block-decomposition (3.28)
and let the function S(z) be defined in terms of U by (3.34). Then the function
S(z) is a rational inner function with deg S ≤ n. If the matrix U is minimal,
then degS = n.

3. Let U ′ ∈ M(n+1)×(n+1) and U ′′ ∈ M(n+1)×(n+1) be unitary matrices with
block-decomposition (3.31) and let S′(z) and S′′(z) be the functions defined
in terms of U ′ and U ′′ by:

S′(z) = A′ + zB′(In − zD′)−1C′,

S′′(z) = A′′ + zB′(In − zD′′)−1C′′,
(3.35)

If the matrices U ′ and U ′′ are equivalent, then S′(z) ≡ S′′(z). If S′(z) ≡
S′′(z) and the matrices U ′ and U ′′ are minimal, then U ′ and U ′′ are equiva-
lent.

The substance of this theorem can be summarized as follows:

◦ There exists a one-to-one correspondence between the set of all rational inner
functions of degree ≤ n and the set of all equivalence classes of unitary
matrices in M(n+1)×(n+1).

◦ This correspondence can be expressed as a mapping from the set of all rational
inner functions of degree n onto the set of all equivalence classes of minimal
unitary matrices in M(n+1)×(n+1).

For a proof of Theorem 3.10, see the Appendix at the end of this paper.

The main objective of this paper

Applying the Schur algorithm to a given rational inner function s(z) of degree
n produces the sequence sk(z), k = 0, 1, . . . , n, of rational inner functions with
s0(z) = s(z) and deg sk(z) = n− i. In particular, sn(z) ≡ sn is a unitary constant.
According to what was stated in Section 3, each of the functions sk(z) admits a
system representation,

sk(z) = Ak + zBk(I − zDk)−1Ck , (3.36)

in terms of the blocks of some minimal unitary matrix Uk ∈ M(1+n−k)×(1+n−k):

Uk =
[
Ak Bk

Ck Dk

]
. (3.37)

We assume that from the very beginning, the given inner rational function s(z) =
s0(z) is determined in terms of its state space representation, so that the matrix U0

is given. The goal is to recursively produce the sequence of matrices Uk representing
the functions sk(z), k = 1, 2, . . . , n. The matrix Uk+1, representing the function
sk+1(z), is thus constructed from the matrix Uk, representing the function sk(z).
In other words, the steps (2.4) of the Schur algorithm must be described in terms
of the state space representation (3.36).
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It should be noted that the unitary matrices in the system representation of
a rational inner function are determined only up to the equivalence[

Ak Bk

Ck Dk

]
∼
[
1 0
0 V −1

k

]
·
[
Ak Bk

Ck Dk

]
·
[
1 0
0 Vk

]
, (3.38)

where Vk is an arbitrary unitary k × k matrix. So we have to find a rule for
constructing a matrix Uk+1, which belongs to the equivalence class of matrices
representing the function sk+1(z), from an arbitrary element Uk of the equivalence
class of matrices representing the function sk(z).

The Schur algorithm in the framework of system representations is described
in Section 9.

Historical Remarks

The definition of a characteristic function was developed gradually, starting from
the pioneering works of M.S.Livshitz. The first definition appeared in [Liv1] (for
operators for which I − T ∗T and I − TT ∗ have rank one) and in [Liv2] (for the
case that these operators have finite rank). M.S. Livshitz and those working in
the same field, subsequently turned their attention to bounded operators T for
which T − T ∗ is of finite rank or at least of finite trace. For these operators
T , a characteristic function was defined in an analogous way and by means of
this function, a wide-reaching theory for these operators developed. In particular,
triangular models of non-self-adjoint operators were introduced. See [Liv3], [BrLi],
[Br]. In the course of the evolution of the concept of characteristic functions,
it became clear that it was advantageous to consider, not just non-self-adjoint
operators, but also more general objects: operator nodes (or operator colligations).
The notion of an operator colligation was prompted by physical applications of
the Livshitz theory of non-selfadjoint operators. (See [BrLi], [Liv9] and references
there.)

B. Sz. Nagy and C. Foias used a different approach to characteristic functions
in 1962. Their work involved harmonic analysis of the unitary dilation of the
contractive operator T . Moreover, they simultaneously obtained a functional model
of T depending explicitly and exclusively on the characteristic function of T . See
[SzNFo, especially Chapter VI] and references therein.

The version of operator colligations, which appears in Definition 3.1 goes
back to a remark of M.G. Krein to the work [BrSv1]. In [BrSv1], the notion of
a contractive operator colligation (node) was defined as the collection of Hilbert
spaces H,F , G and operators

T0 : G → F , F : F → H, G : G → H, T : H → H , (3.39)

satisfying the conditions

I − TT ∗ = FF ∗, I − T ∗T = GG∗,

I − T0T
∗
0 = F ∗F, I − T ∗0 T0 = G∗G, TG = FT0 , (3.40)
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The results presented in the paper [BrSv1] were reported on in a seminar of Krein’s
in Odessa. In the remark to this talk, M.G. Krein noticed that the conditions
(3.39)–(3.40) mean that the block-operator[

T ∗0 G∗

−F T

]
:

[
F
H

]
→

[
G
H

]
, (3.41)

acting in the appropriate orthogonal sums of Hilbert spaces, is a unitary opera-
tor. Starting from this remark of M.G. Krein’s, mathematicians belonging to the
Odessa school as well as other mathematicians, defined the operator colligation

as the block operator acting from the direct sum
[
input space
state space

]
into the direct

sum
[
output space
state space

]
. If the spaces have scalar products and the block operator is

a unitary operator with respect to this product, then the operator colligation is
called an unitary colligation.

It should be mentioned that the paper [BrSv1] has connections to the theory
of functional models of contractive operators developed in [SzNFo]. The definition
(3.4) of the characteristic function of the colligation (3.2)–(3.3) agrees with the
definition of the characteristic function in [BrSv1].

The notions of controllability and observability (and minimality) in the set-
ting of State Space Theory were introduced by R.Kalman in [Kal1]. The study of
controllability and observability of composite systems was first dealt with in [Gil].
Under other names, the notion of controllability also appears in the Livshitz theory
of open systems. See the notions of the simple system and of the complementary
component in section 1.3 of [Liv9]. (See pages 36–37 of the Russian original, or
pages 27–29 of the English translation.)

The fact that every rational matrix-function S can be realized as the transfer
function of some minimal stationary linear system (which here appears as Theorem
3.2), the uniqueness of the state space representation (Theorem (3.4)) and the
equality dimH = degS were all established by R. Kalman in a very general setting.
These results, as well as many other results, can be found in Chapter 10 of [KFA].
See also Chapter 1 of [Fuh].

Some algorithms for the system realization of a given rational function were
proposed by R. Kalman and his collaborators. (See Chapter 10 of the monograph
[KFA] and references there.) R. Kalman did not consider questions related to the
realization of contractive or inner matrix-functions: He developed system theory
over arbitrary fields rather than over the field of complex numbers.

An excellent (and short!) presentation of the state space approach to the
problems of minimal realization and factorization of rational functions can be
found in [Kaa].

Realizations of contractive or inner rational matrix-functions (rational and
more general) were later considered in the framework of the Sz. Nagy-Foias model
for contractive operators. These and also more general results can be found in
many publications now. For convenience, we present some basic facts on system
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realizations for inner rational functions (scalar) in the Appendix to the present
paper.

The state space description of the composite system, which is formed by the
cascade (or Redheffer) coupling of several state space systems, was dealt with in
[HeBa] in more generality. We make use of these results, but prefer to derive them
independently of [HeBa] in the form and in the generality which is most suitable
for our goal.

4. Coupled systems and the Schur transformation:
Input-output mappings

To describe the Schur algorithm using system representations, we must first con-
sider how the linear-fractional Schur transformation

ω(z) → s(z), s(z) =
s0 + zω(z)

1 + zω(z)s0
(s0 is a complex number, |s0| < 1)

(4.1)
can be described in terms of the input-output mappings of linear systems. The
linear-fractional transform (4.1) is of the form

s(z) =
w11(z)ω(z) + w12(z)
w21(z)ω(z) + w22(z)

. (4.2)

This form of a linear-fractional transform is the most familiar to the classical
analyst. In the theory of unitary operator colligations, the Redheffer3 form for
linear-fractional transforms, i.e.,

s(z) = s11(z) + s12(z)ω(z)(I − s22(z)ω(z))−1s21(z) . (4.3)

is often more convenient. Every linear-fractional transformation of the form (4.2)
can be rewritten in the Redheffer form (4.3), but not every transformation in
Redheffer form can be expressed in linear-fractional form.

The matrix W (z) =
[

w11(z) w12(z)

w21(z) w21(z)

]
for the transformation (4.1) and (4.2)

(under the appropriate normalization4) is

W (z) = (1 − |s0|2)−1/2

[
z s0

zs0 1

]
. (4.4)

W (z) in (4.4) is not an inner matrix but it is a j-inner matrix:

j −W ∗(z)jW (z) ≥ 0, z ∈ D, j −W ∗(t)jW (t) = 0, t ∈ T ,

where j =
[
1 0
0 −1

]
.

3Raymond Redheffer (1921–2005) was a US mathematician working at UCLA.
4The matrix of the linear-fractional transform (4.2) is determined only up to the proportionality
W (z) → λ(z)W (z), where λ ∈ C \ {0}.
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Let us express the fractional-linear transformation (4.1) in the Redheffer form
(4.3), where the 2 × 2-matrix-function S(z) =

[
s11(z) s12(z)
s21(z) s22(z)

]
is:

S(z) =

⎡⎣ s0 z (1 − |s0|2)1/2

(1 − |s0|2)1/2 −z s0

⎤⎦ (4.5)

Unlike W (z), (4.4), the matrix-function S(z), (4.5), is an inner function.
The transformation in the Redheffer form (4.3) admits an interpretation in

System Theory. We discuss this in more generality than is needed for our consid-
erations, which are centered on the linear-fractional Schur transformation.

Suppose that LSDS I and LSDS II are two linear stationary dynamical sys-
tems. In this section, we focus on the input-output mapping and do not touch on
considerations related to state spaces.

Let S(z) : E I → EI be the transfer matrix-function of the system LSDS I.
Furthermore, let

ψ(z) = S(z)ϕ(z)

be the input-output mapping corresponding to the system LSDS I, where ϕ(z) :
D → E I is the input signal and ψ(z) : D → E I is the output signal. Suppose
now that the exterior space E I of the system LSDS I is the orthogonal sum of the
subspaces E I

1 and EI
2:

E I = EI
1 ⊕ EI

2 . (4.6)
Equation (4.6) suggests that the input and output signals be decomposed as fol-
lows:

ϕ(z) =

[
ϕ1(z)

ϕ2(z)

]
, ψ(z) =

[
ψ1(z)

ψ2(z)

]
, (4.7)

And furthermore that the matrix S(z) be decomposed accordingly:

S(z) =

[
s11(z) s12(z)

s21(z) s22(z)

]
, (4.8)

So that [
ψ1(z)

ψ2(z)

]
=

[
s11(z) s12(z)

s21(z) s22(z)

] [
ϕ1(z)

ϕ2(z)

]
. (4.9)

The system LSDS I can be considered as a linear stationary dynamical system with
two input channels, corresponding to the input signals ϕ1(z) and ϕ2(z), and two
output channels, corresponding to the output signals ψ1(z) and ψ2(z):

Figure 1
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Let
τ(z) = ω(z)σ(z) (4.10)

be the input-output mapping corresponding to the system LSDS II, where σ(z) :
D → E II is the input signal and τ(z) : D → E II is the output signal. The sys-
tem LSDS II can be considered as a linear stationary dynamical system with one
input channel, corresponding to the input signal σ(z), and one output channel,
corresponding to the output signal τ(z):

Figure 2

Suppose now that
EI
2 = EII (4.11)

This allows us to ‘link’ the systems LSDS I and LSDS II. We connect the out-
put channel of the system LSDS II with the second LSDS I input channel and the
LSDS II input channel with the second LSDS I output channel, as shown in Fig-
ure 3.

Figure 3

The resulting linear stationary dynamical system LSDS has exterior space
EI
1, input signal ϕ1(z) and output signal ψ1(z). The output signal ψ1(z) is linearly

dependent on the input signal ϕ1(z):

ψ1(z) = s(z)ϕ1(z) , (4.12)

where s(z) is the transfer function for LSDS.

We call LSDS the Redheffer coupling of the systems LSDS I and LSDS II.

We now look to express s(z) in terms of S(z) and ω(z). The above-described
connection between the systems LSDS I and LSDS II can be formally expressed by
means of the constraints

ϕ2(z) = τ(z), ψ2(z) = σ(z) . (4.13)
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Eliminating ϕ2(z), ψ2(z), σ(z), τ(z) from the system of linear equations (4.9),
(4.10) and (4.13), we obtain the equation (4.12), where s(z) has the form

s(z) = s11(z) + s12(z)ω(z)
(
I − s22(z)ω(z)

)−1
s21(z) . (4.14)

We now turn our attention to the ‘energy relation’ associated with the linear frac-
tional transformation (4.14): ω(z) → s(z).

Equation (4.9) yields,

ϕ∗1ϕ1 + ϕ∗2ϕ2 − ψ∗1ψ1 − ψ∗2ψ2 =
[
ϕ∗1 ϕ∗2

]
(I − S∗S)

[
ϕ1

ϕ2

]
.

Making the substitutions ψ1 = sϕ1, ψ2 = σ and ϕ2 = ωσ, we obtain

ϕ∗1(1 − s∗s)ϕ1 =
[
ϕ∗1 ϕ∗2

]
(I − S∗S)

[
ϕ1

ϕ2

]
+ σ∗(1 − ω∗ω)σ , (4.15)

where
σ = (1 − s22ω)−1s21ϕ1, ϕ2 = ω(1 − s22ω)−1s21ϕ1 . (4.16)

It follows from equation (4.15) that if I−S∗S ≥ 0 and 1−ω∗ω ≥ 0, then 1−s∗s ≥ 0.
If I − S∗S = 0 and 1−ω∗ω = 0, then 1− s∗s = 0. In particular, this brings us to:

Theorem 4.1. Let S(z) and ω(z) be rational inner matrix-functions. Furthermore,
let s(z) be given by the Redheffer linear-fractional transform (4.14). Then s(z) is
a rational inner matrix-function.

We note that the linear-fractional transform, in its classical form (4.2), is
related to another kind of coupling. The relevant connection is shown in Figure 4.

Figure 4

LSDSI has two input channels with input signals ϕ1(z) and ϕ2(z). LSDSI also
has two output channels with output signals ψ1(z) and ψ2(z) (with frequency
representation). The system LSDSII has one input channel with input signal σ(z)
and output signal τ(z). We connect the LSDSII output channel with the first input
channel of the system LSDSI as well as the LSDSII input channel with the second
input channel of the system LSDSI. (We assume that the systems are compatible
with respect to these connections, i.e., that the appropriate subspaces coincide.)
We consider the second output channel of the system LSDSI as the input channel
of the new coupled system LSDS and the first output channel of LSDSI as the
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output channel of LSDS (shown in Figure 4). Let W (z) =
[

w11(z) w12(z)

w21(z) w21(z)

]
be the

transfer matrix for LSDSI and ω(z) be the transfer matrix for LSDSII:[
ψ1(z)
ψ2(z)

]
=
[
w11(z) w12(z)
w21(z) w22(z)

] [
ϕ1(z)
ϕ2(z)

]
, τ(z) = ω(z)σ(z) .

The link between the systems LSDSI and LSDSII, shown in Figure 3, is described
by the constraints

σ(z) = ϕ2(z), τ(z) = ϕ1(z) .
In which the input and the output signals of the system LSDS are denoted by ϕ(z)
and ψ(z), respectively:

ϕ(z) = ψ2(z) , ψ(z) = ψ1(z) ,

so that:
ψ(z) = s(z)ϕ(z) ,

where
s(z) =

(
w11(z)ω(z) + w12(z)

)
·
(
w21(z)ω(z) + w22(z)

)−1
.

Historical Remark

The coupling of input-output systems having four terminals, considered in this
section (See Figures 1–3), is sometimes called cascade coupling. This kind of cou-
pling (as well as related mathematical questions) was investigated by R. Redheffer
in [Red1]–[Red5]. Because of this, we use the name Redheffer coupling. Redheffer
did not consider questions related to cascade coupling of state space linear sys-
tems. These questions were later addressed in [HeBa] (Without any reference to
Redheffer.)

The results presented in [HeBa] are more general than here needed. We have
tailored our approach to the theory of Redheffer coupling in the next two sections
to fit our needs.

5. The Redheffer coupling of unitary colligations

As rational inner functions, S(z), ω(z) and s(z) admit system representations as
characteristic functions of the unitary operator colligations with colligation oper-
ators U I, U II and U , respectively. We now turn to the question of how we might
express U in terms of the operators U I and U II .

Our approach to this problem will be more general than is here called for,
our goal being to describe the colligations related to Schur transformations. We
assume that the unitary colligations corresponding to the systems LSDS I and
LSDS II are given. We look to obtain the unitary colligation corresponding to the
system LSDS, the Redheffer coupling of the systems LSDS I and LSDS II. The
system LSDS I is not assumed to be related to the Schur transformation. LSDS I

and LSDS II can be generic systems. The only condition imposed on these systems
is that the exterior space EII of the system LSDS II is identified with the subspace
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EI
1 of the exterior space EI belonging to LSDS I. To avoid technical complications

we assume that the exterior and state spaces of the systems LSDS I and LSDS II

are finite-dimensional.
To simplify the notation, we denote the matrix entries of the colligation

operator U I, corresponding to the system LSDS I, as follows

U I =

⎡⎢⎣a11 a12 b1

a21 a22 b2

c1 c2 d

⎤⎥⎦ , (5.1)

where

ap,q : E I
p → E I

q , bq : H I → E I
q , cp : E I

p → H I, d : H I → H I .

The matrix entries for the colligation operator U II, corresponding to the system
LSDS II, are denoted as follows:

U II =
[
α β

γ δ

]
, (5.2)

where

α : E II → E II, β : H II → E II, γ : E II → H II, δ : H II → H II .

The linear equations describing the dynamics of the system LSDS I are⎡⎢⎣ ψ1(z)
ψ2(z)

z−1h(z)

⎤⎥⎦ =

⎡⎢⎣a11 a12 b1

a21 a22 b2

c1 c2 d

⎤⎥⎦
⎡⎢⎣ϕ1(z)
ϕ2(z)

h(z)

⎤⎥⎦ , (5.3)

where

ϕ(z) =
[
ϕ1(z)
ϕ2(z)

]
, ψ(z) =

[
ψ1(z)
ψ2(z)

]
and h(z)

are, respectively, the input signal, the output signal and the inner state signal
corresponding to the system LSDS I.

The linear equations describing the dynamics of the system LSDS II are[
τ(z)

z−1l(z)

]
=
[
α β

γ δ

] [
σ(z)
l(z)

]
, (5.4)

where σ(z), τ(z) and l(z) are, respectively, the input signal, output signal and the
interior state signal corresponding to the system LSDS II.

The constraints
τ(z) = ϕ2(z) , σ(z) = ψ2(z) (5.5)

correspond to the Redheffer coupling of the systems LSDS I and LSDS II.
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We now aim to eliminate the variables ϕ2(z), ψ2(z), σ(z), τ(z) from the sys-
tems (5.3), (5.4), (5.5). To this end, we substitute the expressions ασ(z) + βl(z)
and σ(z) for the variables ϕ2(z) and ψ2(z) into the equation

ψ2(z) = a21ϕ1(z) + a22ϕ2(z) + βh(z) .

With this we can express σ(z) in terms of ϕ1(z), h(z) and l(z):

σ(z)

= (1 − a22 α)−1 a21 ϕ1(z) + (1 − a22 α)−1 b2 h(z) + (1 − a22 α)−1 β l(z) . (5.6)

Substituting this expressions for σ into (5.3), (5.4), (5.5), we obtain⎡⎢⎣ ψ1(z)
z−1h(z)
z−1l(z)

⎤⎥⎦ =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D21

⎤⎦
⎡⎢⎣ϕ1(z)
h(z)
l(z)

⎤⎥⎦ , (5.7)

where

A : E I
1 → E I

1 , B1 : H I → E I
1 , B2 : H II → E I

1 ,

C1 : E I
1 → H I, C2 : H II → E I

1 ,

D11 : H I → H I , D12 : H II → H I , D21 : H I → H II , D22 : H II → H II .

The matrix

U =

⎡⎣ A B1 B2

C1 D11 D12

C2 D21 D21

⎤⎦ (5.8)

can be expressed using the entries of the matrices U I, (5.1), and U II, (5.2), as
follows:

U =

⎡⎢⎣a11 b1 a12 β

c1 d c2 β

0 0 δ

⎤⎥⎦ +

⎡⎢⎣a12 α

c2 α

γ

⎤⎥⎦ ·
(
1 − a22 α

)−1 ·
[
a21 b2 a22 β

]
. (5.9)

The operator U is called the Redheffer product of the operators U1 and U2.
We again turn our attention to the ‘energy relation’ associated with the oper-

ators U I, U II and U . Suppose that U I and U II are unitary. Let ϕ1 ∈ EI
1, ϕ2 ∈ EI

2,
h ∈ HI, σ ∈ EII and l ∈ HII be arbitrary vectors. If ψ1 ∈ EI

1, ψ2 ∈ EI
2, k ∈ HI,

τ ∈ EII and m ∈ HII are defined by the equalities⎡⎢⎣ψ1

ψ2

k

⎤⎥⎦ = U I

⎡⎢⎣ϕ1

ϕ2

h

⎤⎥⎦ ,

[
τ

m

]
= U II

[
σ

l

]
,

then
||ψ1||2 + ||ψ2||2 + ||k||2 = ||ϕ1||2 + ||ϕ2||2 + ||h||2 , (5.10)

and
||τ ||2 + ||m||2 = ||σ||2 + ||l||2 . (5.11)



The Schur Algorithm in Terms of System Realizations 211

For arbitrary ϕ1, h, l and

σ = (1 − a22 α)−1 a21 ϕ1 + (1 − a22 α)−1 b2 + (1 − a22 α)−1 β , (5.12)

ϕ2 = α
(
(1 − a22 α)−1 a21 ϕ1 + (1 − a22 α)−1 b2 + (1 − a22 α)−1 β

)
+ βl , (5.13)

it follows that
ψ2 = σ, τ = ϕ2 ,

and
||ψ1||2 + ||l||2 + ||m||2 = ||ϕ1||2 + ||h||2 + ||l||2 . (5.14)

According to the definition of the operator U ,⎡⎢⎣ψ1

k

m

⎤⎥⎦ = U

⎡⎢⎣ϕ1

h

l

⎤⎥⎦ . (5.15)

Since ϕ1, h, l are arbitrary, equality (5.14) means that U is unitary. This operator,
partitioned into blocks according to (5.8), is related to the unitary colligation
(E ,H, U), where E = E I, H = HI ⊕ HII.

Definition 5.1. The colligation (E ,H, U) is called the Redheffer coupling of the
colligations (E I,HI, U I) and (E II, HII, U II).

Theorem 5.1. Let S(z) =
[

s11(z) s12(z)
s21(z) s22(z)

]
, ω(z) and s(z) be the characteristic func-

tions of the colligations (EI,HI, U I), (EII,HII, U II) and their Redheffer coupling
(E ,H, U), respectively:[

s11(z) s12(z)
s21(z) s22(z)

]
=

[
a11 a12

a21 a22

]
+ z

[
b1
b2

]
(I − zd)−1

[
c1 c2

]
, (5.16)

ω(z) = α+ zβ(1 − zδ)−1γ , (5.17)

s(z) = A+ z

[
B1

B2

]([
IHI 0
0 IHII

]
− z

[
D11 D12

D21 D22

])−1 [
C1 C2

]
. (5.18)

(The notation for the entries of the matrices U I, U II and U is taken from (5.1),
(5.2) and (5.8), respectively.)

Then

s(z) = s11(z) + s12(z)ω(z)(I − s22(z)ω(z))−1s21(z) . (5.19)

6. The inverse Schur transformation and
Redheffer couplings of colligations

We now focus again on the linear-fractional transformation (4.1) in the Redheffer
form (4.3), where ω(z) is a rational inner matrix-function of degree n− 1, so that
s(z) is a rational inner matrix-function of degree n.
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The function S(z), which appears in (4.5) is a rational inner function. It is a
characteristic matrix-function for the operator colligation (E I, HI, U I), which we
now describe.

The outer space EI is two-dimensional. We identify EI with C2. The space
EI is considered as the orthogonal sum EI = EI

1 ⊕ EI
2, where E I

1 is identified with
C and EI

2 is identified with C. The orthogonal decomposition EI = EI
1 ⊕ EI

2 is thus
the canonical decomposition C2 = C ⊕ C. The inner space HI is one-dimensional.
We identify HI with C1. The colligation operator U I is defined by the unitary
3× 3 = (2+1)× (2+1)-matrix considered as an operator acting in C

3 = C
2 ⊕C

1:

U I =
[
A I B I

C I D I

]
(6.1)

with

A I =

[
s0 0

(1 − |s0|2)1/2 0

]
, BI =

[
(1 − |s0|2)1/2

−s0,

]
,

CI =
[

0 1
]
, DI =

[
0
]
.

The characteristic function of the colligation (EI,HI, U I) is the matrix-function
S(z) of the form (4.5):⎡⎣ s0 z (1 − |s0|2)1/2

(1 − |s0|2)1/2 −z s0

⎤⎦ = A I + zB I(I − zD I)−1C I . (6.2)

The rational inner function ω(z) of degree n−1 is the characteristic function
of the colligation (EII,HII, U II). The outer space EII is one-dimensional and is
identified with C and the inner space HII is (n− 1)-dimensional and is identified
with Cn−1. The colligation operator U II thus acts in Cn = C ⊕ Cn−1. We identify
the operator U II with its matrix in the canonical basis of Cn:

U II =
[
α β

γ δ

]
, (6.3)

where

α ∈ M1×1, β ∈ M1×(n−1), γ ∈ M(n−1)×1, δ ∈ M(n−1)×(n−1).

α is simply a complex number. The matrix U II is unitary. The system rep-
resentation of the function ω(z) is given by:

ω(z) = α+ β(1 − zδ)−1γ . (6.4)

In particular,
ω(0) = α . (6.5)

The function

s(z) =
s0 + zω(z)
1 + zω(z)s0

, (6.6)
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written as a Redheffer fractional-linear transform, takes the form:

s(z) = s0 + z( 1 − |s0|2 )1/2 ω(z) ( 1 + zω(z)s0 )−1 (1 − |s0|2)1/2 , (6.7)

and admits a system realization by means of the operator colligation (E ,H, U),
where (E ,H, U) is the Redheffer coupling of the colligations (E I,HI, U I), repre-
senting the function S(z), and (E II,HII, U II), representing the function ω(z).

Clearly, E = C and H = C
n. U is the Redheffer coupling of the matrices U I

and U II. Applying formula (5.9) to U I and U II, we obtain:

U =

⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

α (1 − |s0|2)1/2 −α s0 β

γ (1 − |s0|2)1/2 −γ s0 δ

⎤⎥⎦ , (6.8)

so that U takes the form:

U =
[
A B

C D

]
, (6.9)

where

A = s0, B =
[

(1 − |s0|2)1/2 01×(n−1)

]
,

C =

[
α (1 − |s0|2)1/2

γ (1 − |s0|2)1/2

]
, D =

[−αs0 β

−γ s0 δ

]
,

A ∈ M1×1 , B ∈ M1×n , B ∈ Mn×1, D ∈ Mn×n . (6.10)

Clearly, U in (6.8)–(6.9) can be expressed as follows:

U =

⎡⎢⎣ 1 0 01×(n−1)

0 α β

0(n−1)×1 γ δ

⎤⎥⎦
⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

(1 − |s0|2)1/2 −s0 01×(n−1)

0(n−1)×1 0(n−1)×1 1(n−1)×(n−1)

⎤⎥⎦.
(6.11)

Applying Theorem 5.1 to the Redheffer coupling of the colligations U I, (6.1),
and U II, (6.1), yields:

Theorem 6.1. Let ω(z) be an rational inner matrix-function of degree n − 1 and
let[

α β

γ δ

]
, α ∈ M1×1, β ∈ M1×(n−1), γ ∈ M(n−1)×1, δ ∈ M(n−1)×(n−1) , (6.12)

be a unitary matrix so that the system representation (6.4) for ω(z) holds. Let s0
be a complex number with |s0| < 1. Let the function s(z) be defined as the inverse
Schur transform (6.6) (using s0 and ω(z)) and let the matrix U ,

U =
[
A B

C D

]
, A ∈ M1×1, B ∈ M1×(n), C ∈ M(n)×1, D ∈ M(n)×(n) , (6.13)

be defined by equation (6.11).
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U is then unitary and yields the system representation of s(z):

s(z) = A+ zB(I − zD)−1C . (6.14)

Unitary equivalence freedom

The same function s(z), for which we earlier found a representation using the
matrix U in (6.11), can also be represented with the help of a matrix having the
form:

U V =
[

1 0n×n

0n×n V ∗

]
U

[
1 0n×n

0n×n V

]
, (6.15)

where V ∈ Mn×n is a unitary matrix.
The matrix representing s(z) and which, furthermore, appears as the Redhef-

fer coupling matrix for the matrices representing S(z) and ω(z), can be considered
to have fewer ‘degrees of freedom’ than matrices of the form (6.15). The degree
of freedom for the Redheffer coupling matrix is derived from this same property
in the Redheffer coupled matrices. The more general form of the matrix, which
represents the 2 × 2-matrix-function S(z), is the ‘transformed’ matrix:

U I, ε =
[
1 2×2 0 2×1

0 1×2 ε

]
U I

[
1 2×2 0 2×1

0 1×2 ε

]
, (6.16)

i.e.,

U I, ε =
[
A I B Iε

εC I D I

]
, (6.17)

where U I is the matrix from (6.1) and ε is an arbitrary unimodular complex
number. A more general form of the colligation matrix representing the function
ω(z) is given by:

U II, v =
[

1 01×(n−1)

0(n−1)×1 v∗

]
U II

[
1 01×(n−1)

0(n−1)×1 v

]
, (6.18)

i.e.

, U II, v =
[
α β v

γ v δ v

]
, (6.19)

where U II, (6.3) , is some n×n unitary colligation matrix representing the function
ω(z),

β v = β v, γ v = v ∗γ, δ v = v ∗δ v , (6.20)

and v is an arbitrary unitary (n− 1) × (n− 1)-matrix. Applying formula (5.9) to
the matrices U I, ε and U II, v, we obtain the Redheffer coupling matrix:

U ε, v =

⎡⎢⎣ s0 ε (1 − |s0|2)1/2 01×(n−1)

α ε (1 − |s0|2)1/2 −α s0 ε β v

γ v (1 − |s0|2)1/2 −γ ε s0 δ v

⎤⎥⎦ . (6.21)



The Schur Algorithm in Terms of System Realizations 215

Clearly,

U ε,v =

⎡⎢⎣ 1 0 01×(n−1)

0 α ε β v

0(n−1)×1 γ vε δ v

⎤⎥⎦
×

⎡⎢⎣ s0 ε (1 − |s0|2)1/2 01×(n−1)

ε (1 − |s0|2)1/2 −s0 01×(n−1)

0(n−1)×1 0(n−1)×1 1(n−1)×(n−1)

⎤⎥⎦, (6.22)

and finally

U ε, v =
[

1 0n×n

0n×n V ∗ε, v

]
U

[
1 0n×n

0n×n V ε, v

]
, (6.23)

where

V ε,v =
[

ε 01×(n−1)

0(n−1)×1 v

]
, (6.24)

ε is an arbitrary unimodular complex number and v is an arbitrary unitary
(n− 1) × (n− 1)-matrix (ε and v are the same as in (6.18)).

Comparing formulas (6.15) and (6.23)–(6.24), we see that the matrices U ε, v

which come from Redheffer coupling of the matrices representing S(z) and ω(z)
are special. The distinguishing feature of the matrices U ε, v can be summarized as
follows:

Among all of the (n + 1) × (n + 1)-matrices UV =
[
s0 BV

CV DV

]
of the

form (6.15), it is precisely those for which the block-matrix entry BV

takes the form

BV =
[
ε (1 − |s0|2)1/2 01×(n−1)

]
,

where ε is an arbitrary unimodular complex number, that can be ex-
pressed as in (6.23)–(6.24).

7. One step of the Schur algorithm, expressed in
the language of colligations

The results from Section 6 can be summarized as follows: Starting from the unitary
n × n-matrix

[
α β

γ δ

]
representing a given inner rational matrix-function ω(z) of

degree n,
ω(z) = α+ zβ(I − zδ)−1γ ,

we constructed the unitary (n + 1) × (n + 1)-matrix
[

s0 B

C D

]
representing the

function s(z):
s(z) = s0 + zB(I − zD)−1C ,

where s(z) is the inverse Schur transform (6.6).
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Our goal is not, however, to determine s(z) from ω(z), but instead to start
with s(z) and determine ω(z). We look to describe a step of the Schur algorithm
when applied to a rational inner function s(z),

s(z) −→ ω(z) =
1
z

s(z) − s0
1 − s(z)s0

, s0 = s(0) ,

in terms of system representations. In other words, we would like to find the unitary

matrix
[
α β
γ δ

]
representing ω(z), starting from the matrix U representing the

function s(z).

Equation (6.11) serves as a heuristic argument. Until now,
[
α β

γ δ

]
was given

and U was unknown. Now we assume that the unitary matrix U is given and that

the matrix
[
α β

γ δ

]
is unknown. We consider (6.11) as an equation with respect to

the matrix
[
α β

γ δ

]
and U as given. Because the second factor on the right-hand

side of (6.11) is a unitary matrix, the solution matrix
[
α β

γ δ

]
(if it exists) for

equation (6.11) is also a unitary matrix.
For a general unitary matrix U , equation (6.11) has no solution with respect

to the matrix
[
α β

γ δ

]
: We know that the block-matrix entry B in U =

[
s0 B
C D

]
(U as in (6.11)) is necessarily of the form B =

[
(1 − |s0|2)1/2 01×(n−1)

]
.

Since the characteristic functions of unitarily equivalent colligations coincide,
it is enough to find a solution for (6.11) with U replaced by some matrix UV of
the form (6.15):

UV =

⎡⎢⎣ 1 0 01×(n−1)

0 α β

0(n−1)×1 γ δ

⎤⎥⎦
⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

(1 − |s0|2)1/2 −s0 01×(n−1)

0(n−1)×1 0(n−1)×1 1(n−1)×(n−1)

⎤⎥⎦ ,
(7.1)

Lemma 7.1. Given a unitary (n+ 1)× (n+ 1)-matrix U , the unitary n×n-matrix
V can be chosen such that equation (7.1) has a solution.

Lemma 7.2. Given a unitary (n+ 1) × (n+ 1)-matrix U :

U =
[
s0 B

C D

]
, (7.2)

we can find a unitary n× n-matrix V0 such that UV0 , given by

U V0 =
[

1 0n×n

0n×n V ∗0

]
U

[
1 0n×n

0n×n V0

]
,
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takes the form UV0 = U0, where

U0 =
[
s0 B0

C0 D0

]
, (7.3)

and the block-matrix entry B0 ∈ M1×n is

B0 =
[
(1 − |s0|2)1/2 · · · 01×(n−1)

]
. (7.4)

Proof. The row-vectors B and B0 satisfy the condition

BB∗ = B0B
∗
0

(
= (1 − |s0|2)

)
The equality B0B

∗
0 = 1−|s0|2 follows from the definition of B0, (7.4). The equality

s0s0+BB∗ = 1 holds, since the matrix U , (7.2), is unitary. Applying Lemma 8.1 to
the row-vectorsB and B0, we find the unitary n×n-matrix V0 such that BV0 = B0.
For every such choice of V0, the matrix UV0 has the form (7.3)–(7.4).

Remark 7.1. If n > 1, the matrices U0 and V0 are not uniquely defined. The
row-vector B of any matrix UV with V of the form V = V0

[
1 0
0 v

]
, where v is an

arbitrary unitary (n− 1) × (n− 1)-matrix is also of the form (7.4).

Theorem 7.1. Given a unitary (n+ 1) × (n+ 1)-matrix of the form

U0 =

⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

c1 d11 d12

c2 d21 d22

⎤⎥⎦ , (7.5)

where s0 ∈ C, |s0| ≤ 1, n ≥ 2,

c1 ∈ M1×1, d11 ∈ M1×1, d12 ∈ M1×(n−1),
c2 ∈ M(n−1)×1 , d21 ∈ M(n−1)×1, d22 ∈ M(n−1)×(n−1) ,

the equation

U0 =

⎡⎢⎣ 1 0 01×(n−1)

0 α β

0(n−1)×1 γ δ

⎤⎥⎦
⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

(1 − |s0|2)1/2 −s0 01×(n−1)

0(n−1)×1 0(n−1)×1 1(n−1)×(n−1)

⎤⎥⎦,
(7.6)

where
α ∈ M1×1, β ∈ M1×(n−1),

γ ∈ M(n−1)×1, δ ∈ M(n−1)×(n−1) ,

has a solution with respect to the matrix

U1 =
[
α β

γ δ

]
. (7.7)

The solution of this equation can be expressed as[
α β

γ δ

]
=

[
−d11 s0 + c1 (1 − |s0|2)1/2 d12

−d21 s0 + c2 (1 − |s0|2)1/2 d22

]
(7.8)
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Proof of Theorem 7.1. We consider equation (7.6) in further detail. If this equation
is solvable, then⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

c1 d11 d12

c2 d21 d22

⎤⎥⎦
×

⎡⎢⎣ s0 (1 − |s0|2)1/2 01×(n−1)

(1 − |s0|2)1/2 −s0 01×(n−1)

0(n−1)×1 0(n−1)×1 1(n−1)×(n−1)

⎤⎥⎦
=

⎡⎢⎣ 1 0 01×(n−1)

0 α β

0(n−1)×1 γ δ

⎤⎥⎦ (7.9)

Multiplying the matrices on the left-hand side of (7.9), we see that their product

is of the form
[ 1 0 0
∗ ∗ ∗
∗ ∗ ∗

]
. Since the matrix U0, (7.5), is unitary, the scalar product of

its different rows vanishes. The fact that the first row of this matrix is orthogonal
to each other row can be expressed as[

c1
c2

]
s0 +

[
d11

d21

]
(1 − |s0|2)1/2 = 0 . (7.10)

The latter equalities mean that the product of the matrices on the left-hand side
of (7.9) takes the form

[ ∗ ∗ ∗
0 ∗ ∗
0 ∗ ∗

]
. Thus, the product of the matrices on the left-hand

side of (7.9) has the desired form
[ 1 0 0

0 ∗ ∗
0 ∗ ∗

]
. Multiplying out the matrices in (7.9),

we obtain (7.8). �

Remark 7.2. In view of (7.10), the solution
[

α β

γ δ

]
of equation (7.6) can also be

written as: [
α β

γ δ

]
=

[
(1 − |s0|2)−1/2c1 d12

(1 − |s0|2)−1/2c2 d22

]
if |s0| < 1, (7.11)

and [
α β

γ δ

]
=
[−(s0)−1d11 d12

−(s0)−1d21 d22

]
if s0 �= 0 . (7.12)

Remark 7.3. If n = 1, then there is no room for the matrices d12, d21, d22 and
β, γ, δ. In this case U0, (7.5), should be replaced by the matrix:

U0 =

[
s0 (1 − |s0|2)1/2

c1 d11

]
, (7.13)

where s0 ∈ C with |s0| ≤ 1,

c1 ∈ M1×1, d11 ∈ M1×1 ,
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and the matrix U1, (7.7), should be replaced with: matrix U1

U1 =
[
α
]
, (7.14)

where
α ∈ M1×1 .

Equation (7.6) takes the form

U0 =

[
1 0
0 α

] [
s0 (1 − |s0|2)1/2

(1 − |s0|2)1/2 −s0

]
. (7.15)

The solution of this equation can be expressed as[
α
]

=
[
−d11 s0 + c1 (1 − |s0|2)1/2

]
, (7.16)

as well as in the forms:[
α
]

=
[
(1 − |s0|2)−1/2c1

]
if |s0| < 1, (7.17)

and [
α
]

=
[
−(s0)−1d11

]
if s0 �= 0 . (7.18)

Since both factors on the right-hand side of (7.6) are unitary matrices, we
have that U1 is also a unitary matrix. The matrix U0 in (7.5) can be considered
as a matrix of the unitary colligation (E0,H0, U0) with outer space E0 = C and
with inner space H0 = Cn. The matrix U1 in (7.7) can, in turn, be considered as
a matrix of the the unitary colligation (E1,H1, U1) with outer space E1 = C and
with inner space H1 = Cn−1.

Lemma 7.3.

I. If the colligation (E0,H0, U0) is controllable, then the colligation
(E1,H1, U1) is also controllable.

II. If the colligation (E0,H0, U0) is observable, then the colligation
(E1,H1, U1) is also observable.

Proof. Without loss of generality, we assume that |s0| < 1. Otherwise the colliga-
tion (E0,H0, U0) can not be neither controllable nor observable. Our reasoning is
based on the equalities [

d11 d12

d21 d22

]
=
[
(−s0)α β

(−s0)γ δ

]
. (7.19)

and [
c1

c2

]
= (1 − |s0|2)1/2

[
α

γ

]
. (7.20)

Proof of Statement I. The condition that the colligation (E0,H0, U0) be control-
lable means that∨

0≤k

[
d11 d12

d21 d22

]k [
c1

c2

]
= Mn×1

(
=
[

M1×1

M(n−1)×1

] )
. (7.21)
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And the controllability of the colligation (E1,H1, U1) can be expressed as:∨
0≤k

δkγ = M(n−1)×1 . (7.22)

We look to show that (7.22) follows from (7.21). In view of (7.19) and (7.20), we
can express (7.21) as:∨

0≤k

[
(−s0)α β

(−s0)β δ

]k [
α

γ

]
= Mn×1

(
=
[

M1×1

M(n−1)×1

] )
. (7.23)

Let [
(−s0)α β

(−s0)γ δ

]k [
α

γ

]
=
[ ∗
fk

]
, k = 0, 1, 2 . . . , (7.24)

where fk ∈ M(n−1)×1 . In view of (7.23),∨
0≤k

[
fk

]
= M(n−1)×1 . (7.25)

Clearly, we have that for every k = 0, 1, 2, . . .

fk = ξ0,kδ
0γ + · · · + ξk−1,kδ

k−1γ + δkγ , (7.26)

where ξj,k, 0 ≤ j ≤ k − 1 , are some complex numbers. Therefore,∨
0≤k

[
fk

]
=

∨
0≤k

δkγ .

We have thus proved Statement I.
Proof of Statement II. The condition that the colligation be observable (E0,H0, U0)
can be written as:∨

0≤k

[
(1 − |s0|2)1/2 01×(n−1)

] [d11 d12

d21 d22

]k

= M1×n

(
=
[
M1×1 M1×(n−1)

])
.

(7.27)
And the observability of the colligation (E1,H1, U1) can be expressed as:∨

0≤k

βδk = M1×(n−1) . (7.28)

We aim to show that (7.28) follows from the formulas (7.27), (7.8) and (7.10). In
view of (7.19), we can express (7.27) as follows:∨

0≤k

[
1 01×(n−1)

] [(−s0)α β

(−s0)β δ

]k

= M1×n

(
=
[
M1×1 M1×(n−1)

])
. (7.29)

Let [
1 01×(n−1)

] [(−s0)α β

(−s0)γ δ

]k

=
[
∗ gk

]
, k = 0, 1, 2 . . . , (7.30)
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where gk ∈ M1×(n−1) . In view of (7.29), we have that∨
0≤k

[
gk

]
= M1×(n−1) . (7.31)

Clearly, g0 = 01×(n−1) and for every k = 0, 1, 2, . . .

gk+1 = η0,k βδ
0 + · · · + ηk−1,k βδ

k−1 + βδk , (7.32)

where ηj,k, 0 ≤ j ≤ k − 2 , are some complex numbers. Therefore,∨
0≤k

[
gk

]
=

∨
0≤k

βδk .

We have thus proved Statement II. �
The following lemma is an immediate consequence of Lemma 7.3.

Lemma 7.4. Let s0 ∈ C with |s0| < 1 and U0 be a unitary (n + 1) × (n + 1)-
matrix of the form (7.5). Suppose that the n × n-matrix U1, (7.7), is related to
the matrix U0 by equation (7.6). Let (E0,H0, U0) and (E1,H1, U1) be the above-
described operator colligations related to the matrices U0 and U1. If the colligation
(E0,H0, U0) is minimal, then the colligation (E1,H1, U1) is also minimal.

Theorem 7.2. Let s(z) be a rational inner matrix-function of degree n > 1 (s(z)
is thus non-constant and |s0| < 1, where s0 = s(0)) and let

ω(z) =
1
z
· s(z) − s0
1 − s(z)s0

, s0 = s(0), (7.33)

be the Schur transformation of the function s(z).
Let the unitary matrix U ,

U =
[
s0 B0

C0 D0

]
, B0 ∈ M1×n, C0 ∈ Mn×1, D0 ∈ Mn×n, (7.34)

which yields the minimal system representation

s(z) = s0 + zB0(I − zD0)−1C0 , (7.35)

have row B0 of the special form

B0 = [b 01×(n−1)] , b > 0 . (7.36)

Then the function ω(z) admits the system representation

ω(z) = α+ zβ(I − zδ)−1γ , (7.37)

where the unitary n× n-matrix
[
α β

γ δ

]
,

α ∈ M1×1, β ∈ M1×(n−1), γ ∈ M(n−1)×1, δ ∈ M(n−1)×(n−1) ,

can be determined from the matrix U0 using[
α β

γ δ

]
=

[
(1 − |s0|2)−1/2c1 d12

(1 − |s0|2)−1/2c2 d22

]
, (7.38)
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where cj and djk are the block-matrix entries of the block-matrix decompositions

C0 =
[
c1
c2

]
D0 =

[
d11 d12

d21 d22

]
, (7.39)

c1 ∈ M1×1, c2 ∈ M(n−1)×1,

D11 ∈ M1×1, D12 ∈ M1×(n−1), D21 ∈ M(n−1)×1, D22 ∈ M(n−1)×(n−1) .

The unitary colligation associated with the matrix Ũ1 is minimal.

Proof. The matrix U0, (7.34), the matrix
[

α β

γ δ

]
, (7.38), and the number s0 are

related by equation (6.11). According to Theorem 6.1, the function ω(z), defined
by (7.37), and the function s(z) are related by the equality (6.6). �

Theorem 7.2 together with Lemma 7.2 describe a step of the Schur algorithm
in terms of system representations. Before applying the direct Schur transform
(7.33), which is a step of the Schur algorithm, we should first ‘normalize’ the colli-
gation matrix U representing the ‘initial’ function s(z). This normalization starts
with the matrix U , from which we determine the unitarily equivalent matrix U0,
(7.5), whose row B0 is of the special form (7.3). We then aim to solve the equation
(7.6) with respect to the matrix

[ α β

γ δ

]
. The solution of (7.6) is given by (7.38).

The unitary matrix
[ α β

γ δ

]
yields the system representation of the function ω(z).

It should be emphasized that, in general, the matrix
[ α β

γ δ

]
is not normalized,

i.e., its row β is not of the form β = [∗ 01×(n−2)]. To perform the next step of
the Schur algorithm, we must therefore ‘normalize’ the matrix

[ α β

γ δ

]
, obtaining

the ‘normalized’ form U1. We then have to solve the equation of the form (7.6),
where U0 is replaced by U1, etc. The normalization procedure must therefore
be performed at every step of the Schur algorithm. This normalization procedure
is, however, not quite unique. It has some degrees of freedom (see Remark 7.1).
It turns out that we can use these degrees of freedom to make the normalization
procedure a one-time procedure, so that it might be dealt with during preprocessing
for the further step-by-step recurrence. In further processing there is then no need
for normalization and one only has to solve the recurrent chain of equations of the
form (7.6). A one-time normalization of this kind is related to the reduction of
the ‘initial’ colligation matrix to the lower Hessenberg form.

8. Hessenberg matrices. The Householder algorithm

Roughly speaking, the lower (upper) Hessenberg matrix, is a matrix which is al-
most lower (upper) triangular. The precise definition is:

Definition 8.1.

I. We say that a square matrix H is a lower Hessenberg matrix if it has zero-
entries above the first superdiagonal. If H = ||hjk||0≤j,k≤n, then H is lower
Hessenberg matrix if hjk = 0 for k > j + 1, 0 ≤ j ≤ n− 1.
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II. We say that a lower Hessenberg matrix H = ||hjk||0≤j,k≤n is special if all
entries of its first superdiagonal are non-negative: hj,j+1 ≥ 0 , 0 ≤ j ≤ n− 1.

III. We say that a Hessenberg matrix H = ||hjk||0≤j,k≤n is HL-non-singular if all
entries of its first superdiagonal are non-zero: hj,j+1 �= 0 , 0 ≤ j ≤ n− 1.

The definition of an upper Hessenberg matrix, special upper Hessenberg ma-
trix and non-singular upper Hessenberg matrix is similar to Definition 8.1:

Definition 8.2.

I. We say that a square matrix H is an upper Hessenberg matrix if it has zero-
entries below the first subdiagonal. If H = ||hjk|| 0≤j,k≤n, then H is upper
Hessenberg matrix if hjk = 0 for k < j − 1, 0 ≤ j ≤ n− 1.

II. We say that an upper Hessenberg matrix H = ||hjk||0≤j,k≤n is special if all
entries of its first subdiagonal are non-negative: hj,j−1 ≥ 0 , 1 ≤ j ≤ n.

III. We say that an upper Hessenberg matrix H = ||hjk||0≤j,k≤n−1 is HU-non-
singular if all entries of its first subdiagonal are non-zero: hj,j−1 �= 0 , 1 ≤
j ≤ n.

Hessenberg matrices were investigated by Karl Hessenberg (1904–1959), a
German engineer whose dissertation dealt with the computation of eigenvalues
and eigenvectors of linear operators.

Theorem 8.1.

I. Given an (n+1)× (n+1)-matrix M = ||Mj,k||0≤j,k≤n, there exists a unitary
n× n-matrix V such that the matrix HL,

HL =
[

1 01×n

0n×1 V ∗

]
M

[
1 01×n

0n×1 V

]
(8.1)

is a special lower Hessenberg matrix.
II. If the matrix M is HL-non-singular, then both matrices HL and V are

uniquely determined. From the equalities

HL
j =

[
1 01×n

0n×1 V ∗j

]
M

[
1 01×n

0n×1 Vj

]
, j = 1, 2 , (8.2)

where HL
1 and HL

2 are special upper Hessenberg matrices, V1 and V2 are
unitary matrices and the Hessenberg matrix HL

1 is HL-non-singular, it follows
that HL

2 = HL
1 and V2 = V1.

Definition 8.3. Given a square matrix M , a lower Hessenberg matrix HL to which
M can be reduced, (8.1), is called a lower Hessenberg form of the matrix M .

Theorem 8.2.

I. Given an (n+1)× (n+1)-matrix M = ||Mj,k|| 0≤j,k≤n, there exists a unitary
n× n-matrix V such that the matrix HU ,

HU =
[

1 01×n

0n×1 V ∗

]
M

[
1 01×n

0n×1 V

]
(8.3)

is a special upper Hessenberg matrix.
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II. If the matrix M is HU-non-singular, then both matrices HU and V are
uniquely determined. From the equalities

HU
j =

[
1 01×n

0n×1 V ∗

]
M

[
1 01×n

0n×1 Vj

]
, j = 1, 2 , (8.4)

where HU
1 and HU

2 are upper Hessenberg matrices, V1 and V2 are unitary
matrices and the Hessenberg matrix HU

1 is HU-non-singular, it follows that
HU

2 = HU
1 and V2 = V1.

Definition 8.4. Given a square matrix M , an upper Hessenberg matrix HU to which
M can be reduced, (8.3), is called an upper Hessenberg form of the matrix M .

Theorem 8.3. Let U be an (n+ 1) × (n+ 1)-unitary matrix.
I. The unitary colligation associated with the matrix U is observable if and only

if lower Hessenberg form of U is HL-non-singular.
II. The unitary colligation associated with the matrix U is controllable if and

only if the upper Hessenberg form of U is HU-non-singular.

Corollary 8.1. According to Theorem 3.9, the finite-dimensional unitary colligation
is observable if and only if it is controllable. Thus, for a unitary matrix U , the lower
Hessenberg form of U is HL-nonsingular if and only if the upper Hessenberg form
of U is HU -nonsingular.

Lemma 8.1. Given two row-vectors

B ′ = [b ′1 b
′
2 . . . b

′
n] ∈ M1×n and B ′′ = [b ′′1 b ′′2 . . . b

′′
n ] ∈ M1×n

having same norm:
B ′B ′ ∗ = B ′′B ′′ ∗ , (8.5)

there exists a unitary n× n-matrix V such that

B ′V = B ′′. (8.6)

Proof of Lemma 8.1. We first consider the question in a more general setting.
Assume that H is a complex Hilbert space with scalar product 〈u , v〉, where
〈u , v〉 is linear with respect to the argument u and antilinear with respect to v.
Let x ∈ H and y ∈ H be two vectors such that 〈x , x〉 = 〈 y , y〉 �= 0. Let ||u|| denote
the norm of the vector u: ||u|| = 〈u , u〉1/2. Given two vectors x ∈ H, y ∈ H such
that ||x|| = ||y|| �= 0, our goal is to construct a unitary operator V : H → H such
that V x = y. If the vector y is proportional to the vector x: x = λy for some λ ∈ C,
we put V z = λz ∀z ∈ C. This operator is unitary: |λ| = 1, because ||x|| = ||y|| �= 0.
If the vectors x and y are not proportional, we choose λ ∈ C, |λ| = 1 such that
λ〈x , y〉 ≥ 0. (If 〈x , y〉 �= 0, then this λ is unique. If 〈x , y〉 = 0, we can choose
arbitrary λ with |λ| = 1.) Let

V z = λz − 2
〈z, x− λy〉
||x− λy||2

(λx − y) ∀ z ∈ H . (8.7)

The vectors
e1 = x+ λy and e2 = x− λy
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are non-zero (x and y are not proportional to one another) and orthogonal:

〈e1, e2〉 = 0 , (8.8)

because
〈x + λy , x− λy〉 = 〈x, x〉 − λλ〈y, y〉 + λ〈y, x〉 − λ〈x, y〉

and 〈x, x〉 = 〈y, y〉, λλ = 1, λ〈x, y〉 = λ〈x, y〉 = λ〈y, x〉. From (8.7) and (8.8) it
follows that

V e1 = λe1 . (8.9)
From (8.7) it follows that

V e2 = −λe2 , (8.10)
and

V z = λz (8.11)
∀ z ∈ H : 〈z, e1〉 = 0, 〈z, e2〉 = 0. Therefore the operator V is unitary. Since

x =
1
2
(e1 + e2), y =

λ

2
(e1 − e2)

from (8.9) and (8.10) it follows that V x = y.
Let us turn to the proof of the statement of Lemma 8.1. Let H be the set of

all n-row-vectors with complex entries (in other words, H = M1×n) and with the
following scalar product: if u = [u1, . . . , un] and v = [v1, . . . , vn] are vectors in
H, then their scalar product 〈u , v〉 is defined as

〈u , v〉 = u v∗

where v∗ is the Hermitian conjugate of the row-vector v. If H is some n×n-matrix,
then it generates an operator in H. This operator maps the row-vector u to the
row-vector uH , where uH is the product of the matrices u and H . This operator
is unitary if and only if H is unitary.

In the notation of Lemma 8.1: x = B′ = [b ′1 b
′
2 . . . b

′
n], y = B′′ = [b ′′1 b ′′2 . . . b

′′
n ].

Thus the matrix V corresponding to the operator (8.7) takes the form

V = ||vjk||1≤j,k≤n, (8.12)

where

vjk = λδjk − 2(b′j − λb′′j )〈B′ − λB′′, B′ − λB′′〉−1(λb′k − b′′k) . (8.13)

and λ is such that
λB′(B′′)∗ ≥ 0, |λ| = 1 .

δjk is the Kronecker symbol. �

Remark 8.1. In the case when the rows B′ and B′′ are real, the matrix V , (8.12)–
(8.13), is also real. In this case matrices of the form (8.12)–(8.13) are known as
Householder reflection matrices. Householder reflection matrices and the House-
holder Algorithm (which is based on matrices of this type) are widely used in nu-
merical linear algebra. See [Wil], [Str], [GolV] and [Hou].
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Remark 8.2. A unitary matrix V satisfying the condition (8.6) is not unique. The
process of constructing such matrices (8.12)–(8.13) is constructive.

We will apply Lemma 8.1 to the following special situation: Let B′ �= 0 be an
arbitrary 1 × n-column and B′′ be of the special form B′′ = [b′′ 01×(n−1)], where
b′′ > 0 and thus b′′ = (B′(B′)∗)1/2. For these B′, B′′, the first column of the
unitary matrix V satisfying (8.6) is uniquely determined:

vj1 = b′j(B
′(B′)∗)−1/2, 1 ≤ j ≤ n.

The construction of the desired matrix V is thus reduced to the following problem:
Given the first column of an n × n-matrix, one needs to extend this column to a
full unitary matrix. The Householder reflection procedure is one way of doing this.

We use the Householder reflection matrices to reduce an arbitrary matrix to
a Hessenberg matrix.

Proof of Theorem 8.1. Let M = M0 and let m0
j,k be entries of the matrix M0:

M0 = ||m0
j,k||0≤j,k≤n (8.14)

Applying Lemma 8.1, we choose the unitary matrix V1 ∈ Mn,n such that

[m0
0,1, m

0
0,2, . . . , m

0
0,n]V1 = [m1

0,1, m
1
0,2, . . . , m

1
0,n] , (8.15)

where
m1

0,1 ≥ 0, m1
0,k = 0, 2 ≤ k ≤ n. (8.16)

(So that m0,1 =
(
[m0

0,1, m
0
0,2, . . . , m

0
0,n] · [m0

0,1, m
0
0,2, . . . , m

0
0,n]∗

)1/2.)
V1 can be considered as an appropriate Householder rotation, for instance. Let us
consider the matrix

M1 =

[
1 01×n

0n×1 V ∗1

]
M0

[
1 01×n

0n×1 V1

]
, (8.17)

and let m1
j,k denote the entries of the matrix M1:

M1 = ||m1
j,k||0≤j,k≤n (8.18)

Clearly,
m1

0,0 = m0
0,0 . (8.19)

We continue this procedure inductively. We next turn to the inductive step from
l to l+ 1.

Suppose that the matrices Mp ∈ Mn+1,n+1 and Vp ∈ Mn−p+1,n−p+1 with
0 ≤ p ≤ l are already known and that the following condition for the entries of
the matrix Mp,

Mp = ||mp
j,k||0≤j,k≤n , (8.20)

are satisfied:

mp
j,j+1 ≥ 0, mp

j,k = 0, j + 2 ≤ k ≤ n , j = 0, 1, . . . , p− 1 , (8.21)



The Schur Algorithm in Terms of System Realizations 227

The matrices Vp, 1 ≤ p ≤ l are unitary and we have

Mp =

[
Ip 0p×(n−p+1)

0(n−p+1)×p V ∗p

]
Mp−1

[
Ip 0p×(n−1p+1)

0(n−p+1)×p Vp

]
(8.22)

for every p : p ≤ l .
We choose the unitary (n− l) × (n− l)-matrix Vl+1 such that

[ml
l,l+1, m

l
l,l+2, . . . , m

l
l,n]Vl+1 = [ml+1

l,l+1, m
l+1
l,l+2, . . . , m

l+1
l,n ] , (8.23)

where
ml+1

l,l+1 ≥ 0, ml+1
l,k = 0, l + 2 ≤ k ≤ n. (8.24)

Lemma 8.1 ensures that this choice is possible. We then define the matrix M l+1,

M l+1 = ||ml+1
j,k ||0≤j,k≤n (8.25)

as

M l+1 =

[
Il+1 0l+1×(n−l)

0(n−l)×(l+1) V ∗l+1

]
M l

[
Il+1 0(l+1)×(n−l)

0(n−l)×(l+1) Vl+1

]
. (8.26)

The entries of the matrix M l+1 satisfy the condition

ml+1
j,j+1 ≥ 0, ml+1

j,k = 0, j = 0, 1, . . . , l , j + 2 ≤ k ≤ n . (8.27)

For j = l, condition (8.24) holds in view of (8.23) (ensuring this was our goal in
choosing the matrix Vl+1 as we did).
For 0 ≤ j ≤ l − 1, condition (8.24) holds, because going from the matrix M l to
the matrix M l+1 we do not change the rows with indices j : 0 ≤ j ≤ l − 1:

ml+1
j,k = ml

j,k, 0 ≤ j ≤ l − 1, 0 ≤ k ≤ n . (8.28)

The equality (8.28) holds, firstly because the identity matrix of size l+1 is the left

upper corner of the block-matrix
[

Il+1 0l+1×(n−l)

0(n−l)×(l+1) Vl+1

]
and secondly, because

ml
j,k = 0 ∀ j, k : 0 ≤ j ≤ l − 1, l + 1 ≤ k ≤ n

(The latter is a consequence of the induction hypothesis (8.21) for p = l − 1.)
The inductive process finishes when we construct the matrix Mn = M l+1 for
l = n− 1.

The matrix V satisfying (8.1) appears as the product

V = V1

·
[

I1 01×(n−1)

0(n−2)×2 V2

]
·
[

I2 02×(n−2)

0(n−2)×2 V3

]
· · · · ·

[
In−2 0(n−2)×2

02×(n−2) Vn−1

]
.

(8.29)

According to the above construction, the entries of the matrix H = ||hj,k||0≤j,k≤n,
(8.1), satisfy:

hj,k = mj+1
j,k , j ≤ k ≤ n , (8.30)
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and thus we have:

hj,j+1 = mj+1
j,j+1 ≥ 0, hj,k = 0, j + 2 ≤ k ≤ n , (8.31)

�
The reduction of matrices to the Hessenberg form is a tool often applied in

numerical linear algebra as a preliminary step for further numerical algorithms.
See [Wil], [Str], [GolV] and other sources in numerical linear algebra.

The Householder algorithm is implemented in the programming system
MATLAB. The MATLAB command H=hess(A) reduces the matrix A to the upper
Hessenberg form H.

In the next section we discuss the Schur algorithm for rational inner functions
in terms of the unitary colligation for the system representation of this function.
Reducing the colligation matrix to the upper Hessenberg form is a preliminary step
for further developing the Schur algorithm in terms of system representations.

Remark 8.3. In [KiNe], the Householder algorithm and the Hessenberg form for
unitary matrices are used to study the probability measures associated with finite
Blaschke products via Cayley transform.

9. The Schur algorithm in terms of system representations

We have now finished all necessary preparations and we are well positioned to
present the Schur algorithm in terms of unitary colligations representing the ap-
propriate functions.

Let s(z) be a rational inner matrix-function of degree n > 0 (s(z) is thus
non-constant and |s0| < 1, where s0 = s(0)) and let

s0(z) = s(z), sk(z), k = 1, 2, . . . , n ,

be the sequence of rational inner functions constructed according to (2.4)
(deg sk(z) = n− k, so that sn(z) = sn is a unitary constant).

Let
s(z) = A+ zB(In − zD)−1C (9.1)

be the system representation of s(z), where

U =
[
A B

C D

]
(9.2)

is the matrix of the minimal unitary colligation representing s(z):

A ∈ M1×1, B ∈ M1×n, C ∈ Mn×1, D ∈ Mn×n . (So, A = s0.)

We first reduce U to the lower Hessenberg form. Let V be a unitary n× n-matrix
such that the matrix U0 (also unitary):

U0 =
[

1 01×n

0n×1 V ∗

]
U

[
1 01×n

0n×1 V

]
, j = 1, 2 , (9.3)
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is an upper Hessenberg matrix. The block entries of the matrix

U0 =
[
A0 B0

C0 D0

]
(9.4)

are:

A0 ∈ M1×1, B
0 ∈ M1×n, C

0 ∈ Mn×1, D
0 ∈ Mn×n . (So, A0 = A = s0.)

The unitary colligations associated with the matrices U and U0 are unitarily equiv-
alent. The unitary colligation associated with the unitary matrix U0 is therefore
minimal and represents the function s0(z) = s(z):

s0(z) = A0 + zB0(In − zD0)−1C0 . (9.5)

Inductively, we construct the sequence Up, p = 0, 1, . . . , n − 1 of unitary upper
Hessenberg matrices such that the unitary colligation associated with the matrix
Up is minimal and represents the function sp(z), which appears in the pth step of
the Schur algorithm.

For p = 0, the representation in (9.5) holds. We consider the step from p to
p+ 1.

Suppose that Up , 0 ≤ p < (n − 1) is a unitary lower HL-non-singular
(n− p+ 1)× (n− p+ 1) Hessenberg matrix with the block-matrix decomposition:

Up =
[
Ap Bp

Cp Dp

]
, (9.6)

where

Ap ∈ M1×1, B
p ∈ M1×(n−p), C

p ∈ M(n−p)×1, D
p ∈ M(n−p)×(n−p) .

The unitary colligation associated with the matrix Up is minimal and represents
the function sp(z), which appears in the pth step of the Schur algorithm:

sp(z) = Ap + zBp(In−p − zDp)−1Cp . (9.7)

Let

Cp =
[
Cp

1

Cp
2

]
Dp =

[
Dp

11 Dp
12

Dp
21 Dp

22

]
, (9.8)

be the more refined block matrix decomposition of the block-matrix entries Cp

and Dp:
Cp

1 ∈ M1×1, C
p
2 ∈ M(n−1−p)×1,

D11 ∈ M1×1, D12 ∈ M1×(n−1−p), D21 ∈ M(n−1−p)×1, D22 ∈ M(n−1−p)×(n−1−p) .

Since Up is an upper Hessenberg matrix and also an HU -non-singular matrix, we
have that Bp �= 0. Because Up is also unitary, it follows that |Ap| < 1, i.e., that

|sp| < 1 where sp = sp(0) . (9.9)

The row Bp is of the form

Bp = [(1 − |sp|2)1/2, 01×(n−p−1)] (9.10)
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We construct the (n− p) × (n− p)-matrix Up+1:

Up+1 =
[
Ap+1 Bp+1

Cp+1 Dp+1

]
, (9.11)

Ap+1 ∈ M1×1, Bp+1 ∈ M1×(n−p−1),

Cp+1 ∈ M(n−p−1)×1, Dp+1 ∈ M(n−p−1)×(n−p−1),

where [
Ap+1 Bp+1

Cp+1 Dp+1

]
def=

[
(1 − |sp|2)−1/2Cp

1 Dp
12

(1 − |sp|2)−1/2Cp
2 Dp

22

]
. (9.12)

To obtain the matrix Up from Up+1, one should delete the left column and the
upper row of the matrix Up and then recalculate the first column of the resulting
matrix. The matrix Up+1 is then an upper Hessenberg matrix. The matrix Up+1

is HL-non-degenerate, because Up is HL-non-degenerate and because the first
superdiagonal of the matrix Up+1 is a subset of the first superdiagonal of the
matrix Up. According to Theorem 7.2 (which can be applied to the matrix Up in
view of (9.10)), the matrix Up+1 is unitary and the unitary colligation associated
with Up+1 represents the function sp+1(z) appearing in the p + 1th step of the
Schur algorithm:

sp+1(z) = Ap+1 + zBp+1(In−p−1 − zDp+1)−1Cp+1 . (9.13)

These considerations do not directly apply when p = n − 1. In this case, there is
no room for Bn, Cn, Dn. However, we can construct ‘part’ of the matrix (9.12):

An = (1 − |sn−1|2)−1/2Cn−1
1 . (9.14)

(See Remark 7.3.) The 1 × 1-matrix An is unitary, hence it is a unitary constant.
Clearly, An = sn, where sn is the nth Schur parameter. This completes the de-
scription of the Schur algorithm for inner rational matrix-functions in terms of
system representations. �

Remark 9.1. It is particularly easy to determine the sequence {Dp}p=0, 1,..., n of
matrices representing the inner operators of the unitary colligations associated
with the colligation matrices Up. The matrix Dp makes up the (n − p) × (n − p)
lower-right corner of the matrix D0. The inner rational matrix-function s(z) is
the ratio of two polynomials:

sp(z) = cp
zn−pχp(1/z)

χp(z)
, degχp(z) = n− p , χp(0) = 1 |cp| = 1. (9.15)

Clearly,

χp(z) = det(In−p − zDp) , zn−pχp(1/z) = det
(
zIn−p − (Dp)∗

)
, (9.16a)

thus
sp(z) = cp det

((
zIn−p − (Dp)∗

)(
In−p − zDp

)−1
)
. (9.16b)
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10. An expression for the colligation matrix in terms of
the Schur parameters

Let s(z) be a rational inner matrix-function of degree n. Let sp(z), p = 0, 1, . . . , n
be the sequence of rational inner functions produced by the Schur algorithm from
the function s(z), as described in (2.4), deg sp(z) = n − p. Let Up , (9.6), be
the colligation matrix of the minimal unitary colligation, which yields the system
representation (9.7) of the function sp. Among all unitary (n−p+1)× (n−p+1)-
matrices representing the function sp we choose a lower Hessenberg matrix Up.
Such a matrix Up exists and is unique.

The equality (7.6), where Up is taken as the matrix U0 and Up+1 is taken as
the matrix

[ α β

γ δ

]
takes the form

Up =

⎡⎢⎣ 1 01×1 01×(n−1−p)

01×1
Up+1

0(n−1−p)×1

⎤⎥⎦
·

⎡⎢⎣ sp (1 − |sp|2)1/2 01×(n−1−p)

(1 − |sp|2)1/2 −sp 01×(n−1−p)

0(n−1−p)×1 0(n−1−p)×1 I(n−1−p)×(n−1−p)

⎤⎥⎦ ,

p = 0, 1, . . . , n− 2.

The latter formula can be rewritten in the equivalent but more convenient form:[
Ip 0p×(n−p+1)

0(n−p+1)×p Up

]
=

[
Ip+1 0(p+1)×(n−p)

0(n−p)×(p+1) Up+1

]

·

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ip 0p×2 0p×(n−1−p)

02×p

sp (1 − |sp|2)1/2

(1 − |sp|2)1/2 −sp

02×(n−p−1)

0(n−p−1)×p 0(n−p−1)×2 In−1−p

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

0 ≤ p ≤ n− 1 . (10.1)

For p = 0, the matrix on the left-hand side of (10.1) takes the form
[
U0

]
. For

p = n− 1, the matrix Up+1 takes the form Un = sn and the second factor on the
right-hand side of (10.1) takes the form⎡⎢⎢⎢⎣

In−2 0(n−2)×2

02×(n−2)

sn−1 (1 − |spn−1|2)1/2

(1 − |sn−1|2)1/2 −sn−1

⎤⎥⎥⎥⎦ .
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From (10.1) it follows that

U0 =

�∏
0≤p≤n−1

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ip 0p×2 0p×(n−1−p)

02×p

sp (1 − |sp|2)1/2

(1 − |sp|2)1/2 −sp

02×(n−p−1)

0(n−p−1)×p 0(n−p−1)×2 In−1−p

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

(10.2)
Multiplying the matrices in (10.2), we obtain an expression for the entries of the
matrix U0, which gives us the system representation of the function s(z) in terms
of the Schur parameters of s(z):

U0 = ||u0
j,k||0≤j,k≤n , (10.3)

where

u0
j,k =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

s0, j = 0, k = 0,
sj Δj−1Δj−2 · · · · · Δ1Δ0 , 1 ≤ j ≤ n , k = 0 ,

−sj Δj−1Δj−2 · · · · · Δk sk−1, 1 ≤ j ≤ n , 1 ≤ k ≤ j,

Δj , 0 ≤ j ≤ n− 1 , k = j + 1 ,
0 , 0 ≤ j < n− 1, j + 1 < k ≤ n ,

(10.4)

with
Δj = (1 − |sj |2)1/2 . (10.5)

One can, in the same way, obtain expressions for the matrices U j of the unitary
colligations representing the functions sj , 1 ≤ j ≤ n.

It should be mentioned that a matrix of the form (10.3), (10.4) appeared
in the paper [Ger, formula (66′)] and was then rediscovered a number times. See
[Grg], [Con1], [Con2, Section 2.5], [Tep], [Sim, Chapter 4], [Dub, Theorem 2.17].

11. On work related to system theoretic interpretations
of the Schur algorithm

In this section we discuss the connections between the present work and other
work relating to the Schur algorithm as expressed in terms of system realizations.
In particular, we discuss the results presented in [AADL] and in [KiNe].

The paper [AADL] deals with functions of the class Sκ, i.e., with the functions
s(z) meromorphic in the unit disc and possessing the properties:
1). For every N and for all points z1, . . . , zN ∈ D which are holomorphicity

points for s, the matrix ‖K(zp, zq)‖1≤p,q≤N , K(z, ζ) = 1−s(z)s(ζ)

1−zζ
, does not

have more than κ negative squares.
2). There exists an N and points z1, . . . , zN ∈ D such that this matrix has

precisely κ negative squares.
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One of the goals of the paper [AADL] is to discuss the Schur algorithm for functions
from the class Sκ in terms of system realizations. In particular, the results of
[AADL] are applicable to the special case5 κ = 0, in which they can be simplified.
In our considerations on the algebraic structure of a step of the Schur algorithm
we will, for the sake of simplicity, restrict ourselves to finite-dimensional systems,
which correspond to rational inner functions (of, say, degree n). We now describe
the relevant result from [AADL], adopting the notation used there (to make the
comparison with the results presented in our paper easier). In [AADL] the function
s(z) is given by

s(z) = s0 + zB(I − zD)−1C, (11.1)

where B, C, D are entries of a unitary matrix U ,

U =
[
s0 B

C D

]
, B ∈ M1×n, C ∈ Mn×1, D ∈ Mn×n (11.2)

It is not explicitly assumed from the very beginning that the entry B of the matrix
U has the special form (7.36). The matrix U appears as the matrix V , (1.2), in
[AADL]. Our notation corresponds to that of [AADL] as follows: The objects,
which appear as γ, v, u, T in formula (1.2) of [AADL] are s0, B∗, C, D in our
formulas (7.34)–(7.35). The state space which is denoted by K in (1.2) of [AADL]
is the space H = Mn×1 (= Cn) in our paper.

Let s1(z) be the Schur transform of the function s(z),

s1(z) =
1
z
· s(z) − s0
1 − s(z)s0

, s0 = s(0) (11.3)

(or (7.33) in our paper). According to [AADL], s1(z) is representable in the form

s1(z) = α+ zβ(I − zδ)−1γ , (11.4)

with

α =
1

1 − |s0|2
BC, β =

1√
1 − |s0|2

BDP,

γ =
1√

1 − |s0|2
PC, δ = PDP , (11.5)

where P is the matrix of the orthogonal projector onto the orthogonal complement
of the vector B∗ in H, i.e.,

P ∈ Mn×n, rankP = n− 1, P 2 = P, P = P ∗, BP = 0 .

(Formulas (11.5) are the formulas for the entries of the matrix V1 which appear
on page 11 of [AADL].) If we would like to represent the image space PH as the
space H1 = M(n−1)×1 (= Cn−1), H = C⊕H1, that is, if we would like the matrix

5S0 is the class of contractive functions holomorphic in the unit disc.
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of the projector P to be of the form P =
[
0 0
0 In−1

]
, then we have to replace the

original matrix U with the matrix

U0 =
[

1 0n×n

0n×n V ∗

]
U

[
1 0n×n

0n×n V

]
, U0 =

[
s0 B0

C0 D0

]
(11.6)

where V ∈ Mn×n is a unitary matrix such that

V ∗PV =
[
0 0
0 In−1

]
. (11.7)

The condition BP = 0 implies the condition B0

[
1 0
0 In−1

]
= 0. The last equality

means that B0 is of the form B0 =
[
b 01×(n−1)

]
. Since the matrix U0 is unitary,

we have |s0|2 +B0B
∗
0 = 1. Therefore, B0 must be of the form

B0 =
[
δ(1 − |s0|2)1/2 01×(n−1)

]
,

where δ is a unimodular complex number. The unitary matrix V from (11.6)
is not unique: In this case, the degrees of freedom are clear, when we consider

the replacement V → V ·
[
ε 0
0 v

]
, where ε is an arbitrary unimodular complex

number and v, v ∈ M(n−1)×(n−1) are unitary matrices. Choosing the number ε
appropriately, we can ensure that B0 is of the form

B0 =
[
(1 − |s0|2)1/2 01×(n−1)

]
. (11.8)

Let us decompose the matrices C0, D0, which appear as the entries of the matrix
U0 from (11.5):

C0 =
[
c1

c2

]
, D0 =

[
d11 d12

d21 d22

]
, (11.9)

c1 ∈ M1×1, c2 ∈ M(n−1)×1,

D11 ∈ M1×1, D12 ∈ M1×(n−1), D21 ∈ M(n−1)×1, D22 ∈ M(n−1)×(n−1) .

The equalities (11.5) (where B, C, D are replaced by B0, C0, D0) now take the
form

α =
1√

1 − |s0|2
c1, β = d12,

γ =
1√

1 − |s0|2
c2, δ = d22 , (11.10)

Thus, the matrix

U1 =
[
α β

γ δ

]
, (11.11)

from [AADL], whose entries appear in the representation (11.4) of the function
s1(z) is the same matrix which appears in our Theorem 7.2 as the matrix (7.38).
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(The matrix V1 from page 11 of [AADL] can be considered as a coordinate-free ex-
pression for the colligation matrix representing the function s1(z).) The difference
between our work and the work [AADL] is not in the results but in the meth-
ods. The reason for choosing the expression for the colligation matrix U1 given in
[AADL] is not fully explained. The facts that the matrix U1 is unitary and that
the matrix U1 represents the Schur transform s1 of the function s are obtained as
the result of a long chain of formal calculations. These calculations come across as
somewhat contrived and do not serve to further our understanding of the subject
at hand.

The state system approach is much more transparent. The fact that the
matrix U1 is unitary is an immediate consequence of our formula (7.6). The fact
that the matrix U1 represents the function s1 is a consequence of the interpretation
of the linear fractional transform (6.6)–(6.7) in terms of the Redheffer coupling of
the appropriate colligation.

The paper [KiNe] can also be considered as relevant to our paper. In [KiNe]
the system representation of Schur functions is not considered at all. Neverthe-
less, in this work the Householder algorithm is used to calculate the sequence of
numbers, which can be identified with the Schur parameters of the rational inner
function naturally related to the appropriate unitary matrix. Namely, given a uni-
tary matrix U ∈ M(n+1)×(n+1), the measure μ on the unit circle is related to U
in the following way: μ(dt) = (E(dt)e1, e1), where E(dt) is the spectral measure
of the matrix U and e1 = (1, 0, . . . , 0)T , e1 ∈ M(n+1)×1. It is assumed that e1 is a
cyclic vector of U . The following equality holds:

e∗1
I + zU

I − zU
e1 =

∫
T

1 + zt

1 − zt
μ(dt) (11.12)

The measure μ generates the (finite) sequence of polynomials orthogonal on the
unit circle. These orthogonal polynomials (Φk is monic of degree k) satisfy the
recurrence relations

Φk+1(z) = zΦk(z) − skΦ∗k(z) (11.13)

Φ∗k+1(z) = zΦ∗k(z) − skzΦk(z) (11.14)
where sk, k = 0, 1, . . . , n are some recurrence coefficients. There are many different
names for these coefficients. Recently dubbed ‘Verblunsky parameters’ by Barry
Simon in [Sim]. On the other hand, the function in (11.12), which we denote by
p(z) is holomorphic in the unit disc D and has the following properties.

p(0) = 1, p(z) + p(z) ≥ 0 (z ∈ D).

Therefore p(z) is representable in the form

p(z) =
1 + zs(z)
1 − zs(z)

, (11.15)

where s(z) is a function holomorphic and contractive in D. Ya.L. Geronimus es-
tablished that the Verblunsky coefficients s(z) in the recurrence relations (11.13)–
(11.14) are also the Schur parameters of the functions s(z), which appear in (11.15).
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From (11.12) and (11.15) it follows that

e∗1
I + zU

I − zU
e1 =

1 + zs(z)
1 − zs(z)

. (11.16)

In Lemma 3.2 of [KiNe], the following method for finding Schur (=Verblunsky)
parameters was proposed: First, the given unitary matrix U should be converted
to Hessenberg form:

U0 =
[

1 01×n

0n×1 V ∗

]
U

[
1 01×n

0n×1 V

]
, (11.17)

In [KiNe] it is claimed that the entries of the (lower Hessenberg) matrix U0 are
of the form (10.3)–(10.5), from which the Schur-Verblunsky parameters sk can be
found. However, it follows from (11.16) that

s(z) = A+ sB(I − zD)−1C, (11.18)

where

U =
[
A B
C D

]
(11.19)

A ∈ M1×1, B ∈ M1×n, C ∈ Mn×1, D ∈ Mn×n .

Thus the formula (11.18) can be interpreted as the system representation of the
function s(z). The formula (11.18), where s(z) is defined by (11.16) from U was
unfamiliar to us, but we do not think that this formula is new.

In his forthcoming paper [Arl] Yu.M. Arlinskii studied a related question for
operator-valued Schur functions Θ acting between separable Hilbert spaces. These
investigations correspond to the operator generalization of the classical Schur al-
gorithm which is due to Constantinescu (see Section 1.3 in [BC].) Yu.M. Arlinskii
presents a construction of conservative and simple realizations of the Schur algo-
rithm iterates Θn of Θ by means of the conservative and simple realization of Θ.

Appendix: System realizations of inner rational functions

We prove that every complex-valued (i.e., scalar) inner rational function of degree n
can be represented as the characteristic function of the minimal unitary colligation
associated with some unitary matrix U ∈ M(n+1)×(n+1). Let us denote a given
rational inner function by S. The operator colligation whose characteristic function
is S will be constructed as the ‘left shift’ operator in the appropriate space of
analytic functions constructed from S. A similar construction appears in a paper
by B.Sz. Nagy-C.Foias. See [SzNFo, Chapter VI]. The construction of B.Sz. Nagy-
C.Foias was adapted to unitary colligations in [BrSv2].

1. The space KS. The most important part of our construction is the Hilbert space
KS of rational functions. We consider S as a function defined on the unit circle T,
i.e., S : T → T. As usual,

L2 = {x : T → C, ‖x‖ < ∞},
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where ‖x‖2 = 〈x , x〉 and

〈x , y〉 =
∫
T

x(t) y(t)m(dt) ,

m(dt) is the normalized Lebesgue measure on T. Let H2
+ and H2− be the Hardy

subspaces of the space L2:

H2
+ = {x ∈ L2 : 〈x(t) , tk〉 = 0, k = −1,−2, . . . } .

H2
− = {x ∈ L2 : 〈x(t) , tk〉 = 0, k = 0, 1, 2, . . . } .

Clearly,
L2 = H2

+ ⊕H2
− .

It is also convenient to consider the functions from H2
+ and from H2

− as functions
holomorphic in D and in D−, respectively. In particular, the evaluation f → f(0)
is defined for every f in H2

+ and f(∞) = 0 for every f in H2
−.

The space KS is defined as

KS = H2
+ � S H2

+ , (A.1)

where S H2
+ = {S(t)h(t) : h ∈ H2

+}. Another description of the space KS is:

KS = {x ∈ L2 : x ∈ H2
+, xS

−1 ∈ H2
− }. (A.2)

It can be shown that the space KS consists of rational functions whose poles are
contained in the set of poles of the function S and that dimKS = deg S. If all zeros
zk of S are simple (see (1.1)), then the space KS is generated by the functions
{(1 − tzk)−1}1≤k≤n. If S has non-simple zeros, the modification of this statement
is clear. The space KS is a reproducing kernel Hilbert space. If f ∈ KS, then

f(z) = 〈f(t),K(t, z)〉 , (A.3)

where the reproducing kernel K(t, z) is:

K(t, z) =
1 − S(t)S(z)

1 − tz
. (A.4)

2. The left shift operator. The left shift operator T is defined as

T (f)(t) = (f(t) − f(0)e(t)) · t−1 for f ∈ H2
+ . (A.5)

where
e(t) = 1 ∀t ∈ T . (A.6)

This operator is contractive:

‖Tf‖2 = ‖f‖2 − |f(0)|2 ∀f ∈ H2
+ . (A.7)

The space KS, considered as a subspace of H2
+, is an invariant subspace of the left

shift operator T . This is evident from the description (A.2) of the space KS .

3. The construction of the unitary colligation U . The unitary colligation (E , H, U)
(see Definition 3.1) is defined as follows: Let the state space H be the spaceKS and
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let the principal operator D be the left shift operator T , (A.5), restricted to KS :

H = KS, Df(t) = (f(t) − f(0)e(t)) · t−1 ∀f ∈ H . (A.8)

The equality ‖Df‖2 + |f(0)|2 = ‖f‖2, together with the requirement that the
colligation operator U , (3.1)–(3.2), be unitary, prompts us to define the exterior
space E and the channel operator B : H → E as follows:

Let E be a one-dimensional Hilbert space which is identified with the vector
space C over the field C of scalars. We choose the number β = 1 as a basis vector
in C and will denote this basis vector by 1. Every number ε ∈ C, considered as
an element ε of the vector space C, can be presented as ε = ε1, where the factor
in front of 1 is the same number ε, but considered as an element of the field of
scalars C.

The channel operator B is:

(Bf)(t) = f(0)1, ∀f ∈ H . (A.9)

Equation (A.7) ensures that

‖Bf‖2
E + ‖Df‖2

H = ‖f‖2
H , ∀f ∈ H .

f(0), which appears in (A.8) and (A.9), can be represented using the reproducing
kernel (A.3)–(A.4). Let

k(t) = 1 − s(t) s(0), (= K(t, 0) ) . (A.10)

Then
Bf = 〈 f, k 〉1 . (A.11)

The operator A : E → E (as is the case for every operator in E : dim E = 1) is of
the form

Aε = α〈 ε,1 〉1, ε ∈ E ,
where α ∈ C. Since the vector 1, which generates E , is orthogonal to H in the
orthogonal sum E ⊕ H, the unitary property of U implies that

〈Bf , A1〉 + 〈Df ,C1 〉 = 0 ∀ f ∈ H . (A.12)

Therefore
α〈Bf , 1〉 + 〈Df ,C1 〉 = 0 ∀ f ∈ H .

Let us denote
C1 = l, l ∈ H .

Equation (A.12) means that

α〈 f, k 〉 + 〈Df, l 〉 = 0 , ∀f ∈ H .

Thus, one should take
l = −α(D∗)−1k, (A.13)

where D∗ is the adjoint to the operator D, with respect to the scalar product 〈 , 〉.
We now look to determine the operator D∗. The equality

〈Df, g 〉 = 〈 f,D∗g 〉 ∀f, g ∈ H
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means that
〈 (f(t) − f(0)e(t)) t−1, g(t) 〉 = 〈 f(t), (D∗g)(t) 〉 .

The last equality implies that

(D∗g)(t) = P (tg(t)), ∀g ∈ KS (A.14)

where P is the orthogonal projector from L2 onto KS. Clearly,

〈h(t), S(t) 〉 = 0 ∀h ∈ KS ,

and
tg(t) − 〈 tg(t), S(t) 〉S(t) ∈ KS ∀g ∈ KS .

Therefore,
P (tg(t)) = tg(t) − 〈 tg(t), S(t) 〉S(t) ∀g ∈ KS ,

that is
(D∗g)(t) = tg(t) − 〈 tg(t), S(t) 〉S(t) ∀g ∈ H . (A.15)

From (A.13), we obtain

l(t) =
α

S(0)
S(t) − S(0)e(t)

t
.

‖Ae‖2 + ‖Ce‖2 = 1 gives us |α| = |S(0)|. We choose

α = S(0).

(Later we see that this is the only possible choice for α.) We set

l(t) =
S(t) − S(0)e(t)

t
. (A.16)

(In intermediate steps we assumed that S(0) �= 0, but this does not appear in the
final expression (A.16) for l(t).) Thus,

Aε = S(0)〈 ε,1 〉1, Bf = 〈 f, k 〉1, Cε = 〈 ε,1 〉 l,

(Df)(t) = ( f − 〈 f, k 〉e(t) ) t−1 ∀ε ∈ E , f ∈ H . (A.17)

or

Aε = εS(0)1 , Bf = f(0)1, (Cε)) = εl(t),

(Df)(t) =
(
f(t) − f(0)e(t)

)
t−1 , ∀ε = ε1 ∈ E , f ∈ H . (A.18)

From (A.18) it follows that the block-operator

U =
[
A B
C D

]
(A.19)

is unitary. (After the block D was chosen, the other blocks A, B, C were chosen
to ensure that U be a unitary operator.) The characteristic function SU (z),

SU (z) = A+ zB(I − zD)−1C , (A.20)

of the colligation U coincides with the original rational inner function S(z). This
can be checked by direct calculation of SU (z) using the expression (A.18) for blocks
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of the colligation operator U . The expression for the operator (I − zD)−1, which
is needed for this calculation, is(

(I − zD)−1f
)
(t) =

tf(t) − zf(z)
t− z

, ∀f ∈ H . (A.21)

In what follows we also need the expression for the operator (I − zD∗)−1:(
(I − zD∗)−1f

)
(t) =

f(t) − (fS−1)(z−1)S(t)
1 − tz

, ∀f ∈ H . (A.22)

(Since the function fS−1 belongs to H2
− , the evaluation fS−1 → (fS−1)(z−1) is

defined for z ∈ D.)
Choosing an orthogonal basis in the (n-dimensional) Hilbert space KS , we

realize that the unitary operator U , (A.18)–(A.19), originally constructed as an
operator acting in a functional space, is a matrix operator acting in Cn+1 = C⊕Cn.

Definition 11.1. The colligation (A.18)–(A.19) is called the model unitary colligation
constructed from the rational inner function S.

4. Minimality of the model unitary colligation (E, H, U). We look to prove that
the model colligation U , (A.18)–(A.19), is controllable and observable. In view of
the expression for the channel operator C (one-dimensional), controllability of U
can be formulated as follows:

The set of vectors {(I − zD)−1l}z∈D generates the space KS. (A.23)

From (A.16) and (A.21) it follows that(
(I − zD)−1l

)
(t) =

S(t) − S(z)
t− z

.

Let f ∈ L2 be such that∫
T

S(t) − S(z)
t− z

f(t)m(dt) = 0 ∀ z ∈ D (A.24)

If f ∈ H2
+, then

∫
T

f(t)
t−z m(dt) = 0 ∀z ∈ D, hence,

∫
T

S(t)f(t)
t−z m(dt) = 0 ∀ z ∈ D.

The last equality implies that f(t)S−1(t) ∈ H2
− . (Here we use that S(t) = S−1(t)

for t ∈ T.) If also f(t)S−1(t) ∈ H2
− , then f(t)S−1(t) ≡ 0 and f ≡ 0. Therefore,

if the condition (A.24) holds for some f ∈ KS , then f ≡ 0. Controllability of the
colligation (E , H, U) is thus proved.

Observability of this colligation can be proved analogously. According to
(A.11), B∗f = 〈 f, e 〉 k. Therefore the observability criterion is reduced to the
statement:

The set of vectors {(I − zD∗)−1k}z∈D generates the space KS. (A.25)

Using expressions (A.22) and (A.10), we obtain:(
(I − zD∗)−1k

)
(t) =

1 − S(t)S−1(z−1)
1 − tz

.
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Let f ∈ L2 is such that∫
T

1 − S(t)S−1(z−1)
1 − tz

f(t)m(dt) = 0 ∀ z ∈ D . (A.26)

If f(t)S−1(t) ∈ H2
−, then

∫
T

S(t)f(t)
1−tz = 0, hence

∫
T

f(t)
1−tzm(dt) = 0 ∀z ∈ D and

f(t) ∈ H2
−. If also f ∈ H2

+, then f ≡ 0. Therefore if the condition (A.26) holds for
some f ∈ KS , then f ≡ 0.

5. Uniqueness of simple realization. The uniqueness of the minimal realization
is, in fact, a version of a result by M.S. Livshitz, which, in the language of M.S.
Livshitz, claims that the characteristic function uniquely determines (up to unitary
equivalence) the operator colligation without complementary component.

Let U1 =
[
A1 B1

C1 D1

]
and U2 =

[
A2 B2

C2 D2

]
be two unitary matrices divided

into blocks,

Aj ∈ M1×1, Bj ∈ M1×nj , Cj ∈ Mnj×1, Dj ∈ Mnj×nj ,

where nj , j = 1, 2, are natural numbers. (A.27)

We do not assume that n1 = n2.
Let

Si(z) = Ai +Bi(I − zDi)−1Ci, i = 1, 2,
be the characteristic functions of the unitary colligations associated with the ma-
trices U1 and U2 respectively. Suppose that

1. The characteristic functions are equal.

S1(z) ≡ S2(z). (A.28)

2. Each of the matrices U1 and U2 is simple in the sense of Definition 3.14.
We prove that under these assumptions the matrices U1 and U2 are equivalent

in the sense of Definition 3.13, in particular, n1 = n2.
To prove this, we have to first of all construct a unitary mapping V of the

space Cn2 onto the space Cn1 . Assume that the matrices U1 and U2 are simple.
Let us consider the vectors fk

j , g
l
j ∈ Cnj (= Mnj×1), j = 1, 2, 0 ≤ k, l :

fk
j = Dk

jCj , gl
j = (D∗j )lB∗j , j = 1, 2, 0 ≤ k, l . (A.29)

By the assumption, for each j = 1, 2, the vectors fk
j , g

k
j , 0 ≤ k ≤ max(n1, n2)

generate the space C
nj . The equality (A.28) implies

A1 = A2 , (A.30)

and the equalities
B1D

p
1C1 = B2D

p
2C2, 0 ≤ p, (A.31)

or
B1D

l
1D

k
1C1 = B2D

l
2D

k
2C2, 0 ≤ k, l .
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The latter equalities can be interpreted as

〈 fk
1 , g

l
1〉Cn1 = 〈 fk

2 , g
l
2〉Cn2 , ∀k, l : 0 ≤ k, 0 ≤ l . (A.32a)

Moreover, the equalities (A.28) imply that

1 − S∗1(ζ)S1(z) ≡ 1 − S∗2 (ζ)S2(z), 1 − S1(z)S∗1 (ζ) ≡ 1 − S2(z)S∗2(ζ) .

In view of (3.22), (3.23), the latter equalities imply that

C∗1 (D∗1)qDp
1C1 = C∗2 (D∗2)qDp

2C2, and B1D
q
1(D

∗
1)

pC∗1 = B2D
q
2(D

∗
2)

pC∗2 ,

0 ≤ p, q .

This can, in turn, be interpreted as

〈 fp
1 , f

q
1 〉Cn1 = 〈 fp

2 , f
q
2 〉Cn2 , and 〈 gp

1 , g
q
1〉Cn1 = 〈 gp

2 , g
q
2〉Cn2 ,

∀p, q : 0 ≤ p, 0 ≤ q . (A.32b)

From (A.32) it follows that for arbitrary αk, βl (such that only finitely many of
them differ from zero),∥∥∑αkf

k
1 +

∑
βlg

l
1

∥∥
Cn1

=
∥∥∑αkf

k
2 +

∑
βlg

l
2

∥∥
Cn2

. (A.33)

Let us define the operator V : Cn2 → Cn1 first as

V fk
2 = fk

1 , V gl
2 = gl

1, ∀ k ≥ 0, l ≥ 0, (A.34a)

and then extend this operator by linearity to all vector columns h ∈ C
n2 repre-

sentable as a finite linear combination of the form h =
∑
αkf

k
2 +

∑
βlg

l
2. Thus,

V
(∑

αkf
k
2 +

∑
βlg

l
2

)
=
∑

αkf
k
1 +

∑
βlg

l
1 . (A.34b)

If some h ∈ Cn2 admits two different representations, say

h =
∑

α′kf
k
2 +

∑
β′lg

l
2, and h =

∑
α′′kf

k
2 +

∑
β′′l g

l
2 ,

then V h also admits two different representations:

V h =
∑

α′kf
k
1 +

∑
β′lg

l
1, and V h =

∑
α′′kf

k
1 +

∑
β′′l g

l
1 .

However, since
∑
αkf

k
2 +

∑
βlg

l
2 = 0, where αk = α′′k − α′k, βl = β′′l − β′l, the

equality (A.33) implies that
∑
αkf

k
1 +

∑
βlg

l
1 = 0, i.e.,∑

α′kf
k
1 +

∑
β′lg

l
1 =

∑
α′′kf

k
1 +

∑
β′′l g

l
1 .

The definition (A.34) of V is thus non-contradictory.
The operator V is defined on the linear hull of all vectors {fk

2 , g
l
2}k,l and iso-

metrically maps its definition domain onto the linear hull of all vectors {fk
1 , g

l
1}k,l .

If both the matrices U2, U1 are simple, then these linear hulls are the whole spaces
Cn2 and Cn1 , respectively. In this case n1 = n2 (def= n) and

V ∗V = In, V V ∗ = In (A.35)
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We now prove the intertwining relation[
A1 B1

C1 D1

] [
1 0
0 V

]
=
[
1 0
0 V

] [
A2 B2

C2 D2

]
,

which can be rewritten as follows:

C1 = V C2, B2 = B1V, (A.36)

and
VD2 = D1V. (A.37)

The first of the equalities (A.36) corresponds to the first of the equalities (A.29)
for k = 0 (see (A.34a) for k = 0). The second of the equalities (A.36) relates to
the second of equality in (A.29) for l = 0 (see (A.35)).

To check the splitting relation (A.37), it is enough to check that

V D2f
k
2 = D1V f

k
2 for ∀k ≥ 0, (A.38a)

and
VD2g

l
2 = D1V g

l
2 for ∀l ≥ 0. (A.38b)

The equality (A.38a) is an obvious consequence of the definitions of the operator
V and vectors fk

j . Indeed, D2f
k
2 = fk+1

2 , V fk+1
2 = fk+1

1 . On the other hand,
V fk

2 = fk
1, D1f

k
1 = fk+1

1 . Therefore, (A.38a) holds.
Our approach to checking the condition (A.38b) will be different in the two

cases l = 0 and l > 0. For l = 0 the equality (A.38b) takes the form V D2B
∗
2 =

D1V B
∗
2 . (A.34) for l = 0 means that V B∗2 = B∗1 , so we should check that V D2B

∗
2 =

D1B
∗
1 . Since DjB

∗
j = −CjA

∗
j , j = 1, 2, the last equality is equivalent to V C2A

∗
2 =

C1A
∗
1. The latter equation is a consequence of the first of the equalities (A.36).

Thus, (A.38b) holds for l = 0.
We check condition (A.38b) for l > 0. Since the matrices Uj are unitary, we

have that DjD
∗
j = I − CjC

∗
j . Thus, (A.38b) is equivalent to

V (I − C2C
∗
2 )(D∗2)l−1B∗2 = (I − C1C

∗
1 )(D∗1)

l−1B∗1 .

This equation is a consequence of the following three equalities:

V (D∗2)l−1B∗2 = (D∗1)
l−1B∗1 , (A.39a)

V C2 = C1 , (A.39b)
and

C∗2 (D∗2)l−1B∗2 = C∗1 (D∗1)
l−1B∗1 . (A.39c)

(A.39a) holds, because it can be written as V gl−1
2 = gl−1

1 , which is part of the
definition (A.34) of the operator V . (A.39b) has already been checked: This is
the first of the relations (A.36). (A.39c) is the same as (A.31) for p = l − 1. The
condition (A.38b) has also been checked for l > 0.

6. Simple realization is minimal. Let U ∈ M(1+n)×(1+n) be a simple unitary matrix.
The matrix U is then minimal. Indeed, let S(z) be the characteristic function of the
unitary colligation associated with U . S(z) is a rational inner function, degS ≤ n.
Let (C,KS, T ) be the model colligation constructed from this S. We established
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that the model unitary colligation is minimal (in particular, simple) and that
its characteristic function is the function S, from which it was constructed. Both
colligations (the original colligation and the model colligation) have the same char-
acteristic function and both are simple. Hence, these colligations are equivalent.
Since the model colligation is minimal, the original colligation is also minimal.
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Basel, 2001.

[KaVo1] Katsnelson, V., Volok, D. Rational solutions of the Schlesinger system
and isoprincipal deformations of rational matrix-functions. II. pp. 165–203
in: Operator theory, systems theory and scattering theory: multidimensional
generalizations. Oper. Theory Adv. Appl., OT 157, Birkhäuser, Basel, 2005.
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Birkhäuser, Basel 1999, vi+202 pp.

[Sim] Simon, B. Orthogonal polynomials on the unit circle.
Part 1. Classical theory. American Mathematical Society Colloquium Publica-
tions, 54: 1. American Mathematical Society, Providence, RI, 2005. xxvi+466
pp.
Part 2. Spectral theory. American Mathematical Society Colloquium Publica-
tions, 54:2. American Mathematical Society, Providence, RI, 2005. pp. i–xxii
and 467–1044.
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Abstract. This paper deals with the J-Potapov class PJ(D) in the unit disk D.
Particular emphasis is laid on the subclass PJ,0(D) of all functions f ∈ PJ(D)
which are holomorphic at the origin. A complete characterization of the se-
quences of Taylor coefficients of functions from PJ,0(D) is given. Moreover, the
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1. Introduction

The central object of this paper is a distinguished class of meromorphic m × m
matrix-valued functions in the open unit disk which originates in the fundamen-
tal paper [25] by V.P. Potapov. The investigations of V.P. Potapov were initiated
by the studies of M.S. Livšic on characteristic functions of nonunitary (respec-
tively, nonselfadjoint) operators (see [21], [22], [9], [24]). In the paper [23] M.S.
Livšic sketches some impressions on his interactions with V.P. Potapov. The the-
ory of characteristic functions is one of the cornerstones of the spectral theory of
nonunitary and nonselfadjoint operators. It allows to apply the whole theory of
bounded analytic functions to operator theoretic problems. Of equal and perhaps
even greater importance, operator theory leads to new problems in function theory
and provides new methods for a solution of old ones. The interplay between op-
erator theory and complex function theory is one of the most significant features

The work of the third author of the present paper was supported by the EU project “Geometric
Analysis on Lie Groups and Applications” (GALA).
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of mathematics in the period since 1950. In the framework of these developments,
the Potapov class of meromorphic matrix-valued functions plays an important role.
This is caused by several reasons. After proving his famous factorization theorem
for functions of this class in [25] V.P. Potapov applied these functions in collabora-
tion with A.V. Efimov (see [15]) to electrical networks. Further important fields of
application of the Potapov class are inverse scattering (see, e.g., Dewilde/Dym [10]
and [11], Alpay/Dym [2] and [3], Alpay [1]) and Darlington synthesis (see Arov [4]).
The role of the Potapov class in the context of matrix versions of classical interpo-
lation and moment problems has been discussed in detail in several monographs
(see Ball/Gohberg/Rodman [6], Dubovoj/Fritzsche/Kirstein [13], Dym [14], Kat-
snelson [19], Sakhnovich [28]) and the seminal paper Kovalishina [20].

The main theme of this paper is to characterize the subclass of the Potapov
class which consists of all its members, which are holomorphic at z = 0, in terms of
its Taylor coefficients. This topic is a part of a branch of geometric function theory
which was started by the nowadays classical investigations by C. Carathéodory
[5] and I. Schur [29] on the scalar holomorphic functions in the unit disk which
are named after them now. The results due to Carathéodory and Schur were
generalized to the matrix case via Schur analysis methods (see [12], [13], [16], [17],
[7], [8]). Our approach is based on the interplay between the Potapov class and the
matricial Schur class. This enables us to derive the desired results on the Potapov
class from former results on the matricial Schur class (see [13], [17]). It would be
also possible to realize a selfcontained treatment of the Potapov class by imitating
the strategy used in [13], [16], [17], [7], [8]. This will be done somewhere else.

This paper is organized as follows. In Section 2, we state some facts on J-con-
tractive matrices and some interrelations to contractive matrices. The main tool
in establishing these interrelations is the Potapov-Ginzburg transform.

In Section 3, we discuss the J-Potapov class in the open unit disk and draw
particular attention to some remarkable subclasses of it. Here we emphasize inter-
relations to the Schur class Sm×m(D) and its corresponding subclasses.

In Section 4, we recall some interactions between the Schur class Sm×m(D)
and m×m Schur sequences.

In Section 5, we introduce the indefinite analogue of m×m Schur sequences.
These are the J-Potapov sequences which will turn out to be one of the central
objects of this paper.

Section 6 is devoted to a detailed analysis of the structure of the sequences
of Taylor coefficients belonging to the class PJ,0(D) of all J-Potapov functions
which are holomorphic at the origin. Theorem 6.2 provides a complete answer
to this question. The corresponding result for the subclass PJ,0(D) of all J-inner
functions which are holomorphic at the origin is handled in Theorem 6.5.

The final Section 7 is devoted to a first study of the generalization of the
matricial Schur problem to the class PJ,0(D). Using former results on the matricial
Schur problem obtained in [13] and [18] the solvability of the interpolation problem
for the J-Potapov class will be characterized in Theorem 7.2 whereas a complete
description of the solution set will be stated in Theorem 7.4.
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2. Some preliminaries on J-contractive matrices and the
J-Potapov-Ginzburg transform

Throughout this paper, let m be a positive integer and let J be an m×m signature
matrix, i.e., J is a complex m ×m matrix such that J∗ = J and J2 = Im hold.
Obviously, the matrices Im and −Im are m × m signature matrices. Here Im
stands for the m × m identity matrix. A complex m × m matrix X is said to
be J-contractive (respectively, strictly J-contractive) if the matrix J − X∗JX is
nonnegative Hermitian (respectively, positive Hermitian). A complexm×mmatrix
X is said to be J-unitary if X∗JX = J .

For our further considerations, some particular interrelations between J-con-
tractive and contractive matrices turn out to be important. To explain this in more
detail we need some basic facts on linear fractional transformations of matrices
which are taken from Potapov [26] (see also [13, Section 1.6]). Let A and B be
complex 2m× 2m matrices and let

A =
(
a b
c d

)
and B =

(
α γ
β δ

)
(2.1)

be the m×m block representations of A and B. If the set

Q(c,d) :=
{
x ∈ C

m×m : det(cx+ d) �= 0
}

is nonempty, then let S(m,m)
A : Q(c,d) → Cm×m be defined by

S(m,m)
A (x) = (ax+ b)(cx+ d)−1. (2.2)

If the set
R( γ

δ ) :=
{
x ∈ C

m×m : det(xγ + δ) �= 0
}

is nonempty, then let T (m,m)
B : R( γ

δ ) → C
m×m be defined by

T (m,m)
B (x) = (xγ + δ)−1(xα + β). (2.3)

Observe that Q(c,d) �= ∅ if and only if rank(c, d) = m. Moreover, R( γ
δ ) �= ∅ if and

only if rank
(
γ
δ

)
= m.

Let J be an m×m signature matrix and let

PJ :=
1
2

(Im + J) , QJ :=
1
2

(Im − J) . (2.4)

Then the matrices

AJ =
(
PJ QJ

QJ PJ

)
and BJ =

(
−PJ QJ

QJ −PJ

)
(2.5)

are both nonsingular. For each x ∈ Q(QJ ,PJ ) the matrix S(m,m)
AJ

(x) is called the
right J-Potapov-Ginzburg transform of x. Furthermore, for each x ∈ R(

QJ
−PJ

) ,

the matrix T (m,m)
BJ

(x) is said to be the left J-Potapov-Ginzburg transform of x.
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Because of A2
J = I2m and B2

J = I2m, [13, Proposition 1.6.2] implies that the
mappings S(m,m)

AJ
and T (m,m)

BJ
are both injective and that[

S(m,m)
AJ

]−1

= S(m,m)
AJ

,
[
T (m,m)
BJ

]−1

= T (m,m)
BJ

. (2.6)

Remark 2.1. Let J be an m×m signature matrix. Then a straightforward calcu-
lation yields that the matrices AJ and BJ given by (2.5) fulfill the identity

BJUm,mAJ = −Um,m

where

Um,m =
(

0 Im
−Im 0

)
.

Hence a well-known result on linear fractional transformations (see [26] or Propo-
sition 1.6.1 from [13]) provides us that

Q(QJ ,PJ ) = R(
QJ
−PJ

) and S(m,m)
AJ

= T (m,m)
BJ

.

The following result can be verified by straightforward computation.

Lemma 2.2. Let J be an m×m signature matrix, let X ∈ Q(QJ ,PJ ) and let Y :=
S(m,m)
AJ

(X). Then det(QJX + PJ ) �= 0,

Im − Y ∗Y = (QJX + PJ )−∗(J −X∗JX)(QJX + PJ )−1

and
J − Y ∗JY = (QJX + PJ )−∗(Im −X∗X)(QJX + PJ )−1.

Moreover, det(XQJ − PJ ) �= 0,

Im − Y Y ∗ = (XQJ − PJ )−1(J −XJX∗)(XQJ − PJ )−∗

and
J − Y JY ∗ = (XQJ − PJ )−1(Im −XX∗)(XQJ − PJ )−∗.

Lemma 2.2 implies immediately the most of the following result which is
taken from Potapov [27].

Proposition 2.3. Let J be an m×m signature matrix. Then:
(a) Let X be a J-contractive complex m × m matrix. Then X ∈ Q(QJ ,PJ ) and

the matrix Y := S(m,m)
AJ

(X) is contractive. If X is strictly J-contractive
(respectively, J-unitary), then the matrix Y is strictly contractive (respect-
ively, unitary).

(b) Let X ∈ Q(QJ ,PJ ) and let Y := S(m,m)
AJ

(X). If X is contractive (respectively,
strictly contractive), then Y is J-contractive (respectively, strictly J-contrac-
tive). If X is unitary, then Y is J-unitary.

Outgoing from Lemma 2.2 V.P. Potapov reproved in [27, Theorem 2.1] the
following result, which he originally proved in [25, Ch. 2, Sect. 2, Theorem 7] using
a more complicated alternate approach.
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Proposition 2.4. Let J be an m ×m signature matrix. Let X be a J-contractive
(respectively, strictly J-contractive) complex m × m matrix. Then X∗ is a J-
contractive (respectively, strictly J-contractive) complex m × m matrix. If X is
J-unitary, then X∗ is J-unitary.

3. On the J-Potapov class in the open unit disk

Throughout this section, we again assume that m is a positive integer. If f is
an m × m matrix-valued function, which is meromorphic in the open unit disk
D := {z ∈ C : |z| < 1}, then let Hf be the set of all points at which f is
holomorphic.

Definition 3.1. Let J be an m×m signature matrix and let f be a Cm×m-valued
function which is meromorphic in the open unit disk D. Then f is called a J-
Potapov function in D (respectively, a strong J-Potapov function in D), if for each
w ∈ Hf the matrix f(w) is J-contractive (respectively, strictly J-contractive).

For each m×m signature matrix J , we will use the notation PJ(D) (respec-
tively, P ′J(D)) to denote the set of all J-Potapov functions in D (respectively, strong
J-Potapov functions in D). We will turn particular attention to a distinguished
subclass of PJ (D), namely the class

PJ,0(D) := {f ∈ PJ(D) : 0 ∈ Hf}.
From [13, Lemma 1.3.13] it can be seen that all classes PJ(D), P ′J(D), and PJ,0(D)
are multiplicative. V.P. Potapov obtained in his landmark paper [25] a multi-
plicative decomposition of a function f ∈ PJ(D) into special factors belonging to
PJ(D). Perhaps the simplest functions belonging to the class PJ(D) are particular
rational m × m matrix-valued functions which have exactly one pole of order 1
in the extended complex plane. These functions will be discussed in the following
two examples.

For α ∈ D by bα we denote the normalized elementary Blaschke factor asso-
ciated with α, i.e., for w ∈ C\{ 1

α } we have

bα(w) :=
{

w, if α = 0
|α|
α

α−w
1−αw , if α �= 0.

Example 3.2. Let J be an m×m signature matrix and let α ∈ D.

(a) Let P be a complex m × m matrix satisfying P �= 0m×m, JP ≥ 0, and
P 2 = P . Let the function Bα,P : C\{ 1

α } → Cm×m be defined by

Bα,P (w) := Im + [bα(w) − 1]P.

For w ∈ C\{ 1
α }, then the identity

J − [Bα,P (w)]∗ J [Bα,P (w)] =
(
1 − |bα(w)|2

)
JP
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holds. Thus, the restriction of the function Bα,P onto D belongs to PJ,0(D).
The function Bα,P is called the Blaschke-Potapov J-elementary factor of first
kind associated with α and P .

(b) Let Q be a complex m × m matrix satisfying Q �= 0m×m, −JQ ≥ 0 and
Q2 = Q. Let the function Cα,Q : C\{α} → Cm×m be defined by

Cα,Q(w) := Im + [(1/bα(w)) − 1]Q.

For w ∈ C\{α}, then the identity

J − [Cα,Q(w)]∗ J [Cα,Q(w)] =
1 − |bα(w)|2
|bα(w)|2 (−JQ)

holds. Thus, the restriction of the function Cα,Q onto D belongs to PJ(D).
In the case α �= 0 this restriction even belongs to PJ,0(D). The function Cα,Q

is called the Blaschke-Potapov J-elementary factor of second kind associated
with α and Q.

Observe that if J = −Im (respectively, J = Im), then there is no matrix P ∈
Cm×m\{0m×m} (respectively, Q ∈ Cm×m\{0m×m}) such that JP ≥ 0 and P 2 = P
(respectively, −JQ ≥ 0 and Q2 = Q). Consequently, if J = −Im (respectively, J =
Im), then there is no Blaschke-Potapov J-elementary factor of first (respectively,
second) kind.

Example 3.3. Let T := {z ∈ C : |z| = 1}. Let J be an m ×m signature matrix
and let u ∈ T. Moreover, let R be a complex m×m matrix satisfying R �= 0m×m,
JR ≥ 0, and R2 = 0m×m. Let the function Du,R : C\{u} → C

m×m be defined by

Du,R(w) := Im − u+ w

u− w
R.

For w ∈ C\{u}, then the identity

J − [Du,R(w)]∗ J [Du,R(w)] =
2(1 − |w|2)
|u− w|2 JR

holds. Thus, the restriction of the function Du,R onto D belongs to PJ,0(D). The
function Du,R is called the Blaschke-Potapov J-elementary factor of third kind
associated with u and R. Observe that in the cases J = Im and J = −Im there does
not exist a complex m×m matrix R �= 0m×m satisfying JR ≥ 0 and R2 = 0m×m.

Example 3.3 leads us to some special principle of constructing functions
belonging to PJ,0(D) by using functions of the Carathéodory class C(D) of all
complex-valued functions holomorphic in D with nonnegative real part. Let R
be a complex m × m matrix satisfying JR ≥ 0 and R2 = 0m×m. Moreover, let
h ∈ C(D). Then the function f : D → C

m×m defined by

f(w) := Im − [h(w)]R

is holomorphic in D and for all w ∈ D the relation

J − [f(w)]∗ J [f(w)] = 2�[h(w)]JR

is fulfilled. Here �[h(w)] stands for the real part of h(w). Thus, f ∈ PJ,0(D).
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There are close interrelations between the Potapov class PJ(D) and the Schur
class Sm×m(D) of all m × m matrix-valued functions f : D → Cm×m which are
holomorphic in D and for which the matrix f(w) is contractive for each w ∈ D.
The class Sm×m(D) coincides with the Im-Potapov class in D. Indeed, the relation
Sm×m(D) = PIm(D) can be easily seen from a matrix version of Riemann’s theorem
on removable singularities.

Proposition 2.3 implies the following important interrelations between the
Potapov class PJ (D) and the Schur class Sm×m(D) on the one-hand side and be-
tween the strong J-Potapov class P ′J(D) and the strong Schur class S′m×m(D) of
all m × m matrix-valued functions f : D → C

m×m which are holomorphic in D

and for which the matrix f(w) is strictly contractive for each w ∈ D on the other
side. Here for an m×m matrix X we will write detX for the determinant of X .

Proposition 3.4. Let J be an m×m signature matrix and let the matrices PJ and
QJ be given by (2.4). Then:

(a) If f belongs to PJ (D), then det(QJf(w) + PJ) �= 0 for each w ∈ Hf and the
matrix-valued function

g := (PJf +QJ)(QJf + PJ )−1 (3.1)

belongs to the class Sm×m(D). Moreover, Hf = {w ∈ D : det(QJg(w)+PJ ) �=
0} and

f = (PJg +QJ)(QJg + PJ)−1. (3.2)

(b) If g is a function from Sm×m(D) such that the function det(QJg + PJ ) does
not vanish identically, then

f := (PJg +QJ)(QJg + PJ)−1 (3.3)

belongs to PJ(D).
(c) If g belongs to Sm×m(D) and satisfies det(QJg(0)+PJ) �= 0, then the matrix-

valued function f defined by (3.3) belongs to PJ,0(D).
(d) If f belongs to P ′J (D), then det(QJf(w) + PJ) �= 0 for each w ∈ Hf and the

matrix-valued function g defined by (3.1) belongs to the class S′m×m(D).
(e) If g is a function belonging to S′m×m(D) such that the function det(QJg+PJ)

does not vanish identically, then the matrix-valued function f defined by (3.3)
belongs to the class P ′J(D).

Corollary 3.5. Let J be an m×m signature matrix. Let f be a function from PJ(D)
for which there exists some point w0 ∈ Hf such that the matrix f(w0) is strictly
J-contractive. Then f ∈ P ′J(D).

Proof. In view of part (a) of Proposition 3.4 the function g defined via (3.1) belongs
to Sm×m(D). Because of the choice of f(w0) we infer from part (a) of Proposition
2.3 that the matrix g(w0) is strictly contractive. Thus [13, Lemma 2.1.5] implies
that g belongs to S′m×m(D). Taking into account (3.2) we see from part (e) of
Proposition 3.4 that f belongs to P ′J(D). �
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Corollary 3.6. Let J be an m × m signature matrix and let f ∈ PJ(D). Then
each entry function of f belongs to the Nevanlinna class NM(D) of meromorphic
functions of bounded type in D.

Proof. The assertion is an immediate consequence of part (a) of Proposition 3.4.
�

In view of Corollary 3.6, the functions belonging to the class PJ(D) have
radial boundary values almost everywhere with respect to the normalized Lebesgue
measure 1

2πλ of the unit circle. This observation leads to the following important
notion. If J is an m×m signature matrix and if f ∈ PJ(D), then the function f is
called J-inner, if f has J-unitary radial boundary values 1

2πλ-almost everywhere.
For each m × m signature matrix J , we will use the notation PJ (D) to denote
the class of all J-inner functions. From [13, Lemma 1.3.13] it can be seen that the
class PJ (D) is multiplicative

Remark 3.7. Let J be an m×m signature matrix and let f ∈ PJ(D). Since every
J-unitary matrix is nonsingular the function det f does not vanish identically.

A closer look at the rational m ×m matrix-valued functions studied in Ex-
ample 3.2 and Example 3.3 shows that their restrictions onto the unit disk D are
J-inner functions.

We recall that a function g ∈ Sm×m(D) is called inner, if g has unitary radial
boundary values 1

2πλ-almost everywhere. We use the symbol Sm×m(D) to denote
the subclass of all inner functions g belonging to Sm×m(D). The following result
complements Proposition 3.4. It is an immediate consequence of Lemma 2.2.

Proposition 3.8. Let J be an m×m signature matrix and let the matrices PJ and
QJ be given by (2.4). Then:
(a) If f belongs to PJ(D), then det(QJf(w) + PJ ) �= 0 for each w ∈ Hf and the

function g defined via (3.1) belongs to the class Sm×m(D).
(b) If g is a function from Sm×m(D) such that the function det(QJg + PJ) does

not vanish identically, then the function f defined via (3.3) belongs to PJ (D).

Let M be a nonempty subset of C and let f : M → Cm×m. Then we set
M∨ := {z : z ∈ M} and define the mapping f∨ : M∨ → Cm×m by f∨(z) =
[f(z)]∗. Obviously, (f∨)∨ = f .

Remark 3.9. Let J be an m × m signature matrix. If f belongs to PJ(D)(re-
spectively, PJ (D)), then Proposition 2.4 shows that the function f∨ belongs to
PJ(D)(respectively, PJ (D)). If f ∈ PJ,0(D), then f∨ ∈ PJ,0(D).

It is interesting to study the image of further important subclasses of the
Schur class Sm×m(D) under the Potapov-Ginzburg transformation. For this reason,
we consider the class S′′m×m(D) of all g ∈ Sm×m(D) satisfying ‖g‖∞ < 1. Let P ′′J (D)
be the set of all f ∈ PJ (D) for which the function g defined via (3.1) belongs to
S′′m×m(D).
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Proposition 3.10. Let J be an m ×m signature matrix and let f ∈ P ′′J (D). Then
there exists some positive real constant α such that for all w ∈ Hf the inequality

J − f∗(w)Jf(w) ≥ αIm

is satisfied.

Proof. Let g be defined via (3.1). In view of f ∈ P ′′J (D) we have g ∈ S′′m×m(D).
Hence, there exists a positive constant β such that for each w ∈ D the inequality

Im − g∗(w)g(w) ≥ βIm

is satisfied. Hence, for each w ∈ D we have det[Im − g∗(w)g(w)] �= 0 and

[Im − g∗(w)g(w)]−1 ≤ 1
β
Im. (3.4)

In view of (3.2) we obtain from Lemma 2.2 for each w ∈ Hf the relations

det(QJg(w) + PJ ) �= 0

and

J − f∗(w)Jf(w) = (QJg(w) + PJ)−∗[Im − g∗(w)g(w)](QJg(w) + PJ )−1.

Thus, for w ∈ Hf , we get

det(J − f∗(w)Jf(w)) �= 0

and

[J − f∗(w)Jf(w)]−1 = (QJg(w) + PJ )[Im − g∗(w)g(w)]−1(QJg(w) + PJ )∗. (3.5)

In view of g ∈ S′′m×m(D) the function QJg + PJ is bounded. Combining this with
(3.4) and (3.5) we see that there exists some γ ∈ (0,∞) such that for each w ∈ Hf

the inequality
[J − f∗(w)Jf(w)]−1 ≤ γIm

is satisfied. Choosing α := 1
γ we obtain the assertion. �

4. On some interrelations between m × m Schur functions
and m × m Schur sequences

One of the main goals of this paper is to characterize the Taylor coefficient se-
quences of the functions belonging to the class PJ,0(D). For this purpose, we will
mainly use former results on the structure of the Taylor coefficient sequences of
functions belonging to Sm×m(D) (see [13], [17], [7], and [8]). To recall these results
we need some preparation.

In the following, we will use N0 (respectively, N) to denote the set of all
nonnegative (respectively, positive) integers. If κ ∈ N0 ∪{∞}, then let N0,κ be the
set of all integers k which satisfy 0 ≤ k ≤ κ.
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For each n ∈ N0 and each sequence (Bj)n
j=0 of complex m×m matrices, we

will use the notation S(B)
n for the block Toeplitz matrix

S(B)
n :=

⎛⎜⎜⎜⎝
B0 0m×m . . . 0m×m

B1 B0 . . . 0m×m

...
...

...
Bn Bn−1 . . . B0

⎞⎟⎟⎟⎠ . (4.1)

For short, if there will not arise misunderstandings, then we will also write Sn

instead of S(B)
n .

If n ∈ N0, then a sequence (Bj)n
j=0 of complex m × m matrices is called

an m × m Schur sequence (respectively, a strict m × m Schur sequence) if the
matrix Sn is contractive (respectively, strictly contractive). A sequence (Bj)∞j=0 of
complex m ×m matrices is said to be an m ×m Schur sequence (respectively, a
strict Schur sequence) if for each n ∈ N0, the sequence (Bj)n

j=0 is an m×m Schur
sequence (respectively, a strict m×m Schur sequence).

If g is a matrix-valued function which is holomorphic at w = 0, then we
consider the Taylor series representation

g(w) =
∞∑

j=0

Bjw
j (4.2)

for each w belonging to some neighborhood of 0 and the sequence (Bj)∞j=0 of
complex m×m-matrices will be shortly called the sequence of Taylor coefficients
of g.

The following result is taken from [13, Theorem 5.1.1]. The scalar case is due
to I. Schur [29].

Theorem 4.1. Let m ∈ N. Then:

(a) If g ∈ Sm×m(D), then the sequence (Bj)∞j=0 of Taylor coefficients of g is an
m×m Schur sequence.

(b) If (Bj)∞j=0 is an m×m Schur sequence, then there is a unique g ∈ Sm×m(D)
such that (Bj)∞j=0 is the sequence of Taylor coefficients of g.

On the basis of Theorem 4.1 we characterize now the Taylor coefficient se-
quences of functions belonging to the class Sm×m(D). For this reason, we introduce
the following notion.

Definition 4.2. Let (Bj)∞j=0 be a sequence of complexm×mmatrices. Then (Bj)∞j=0

is called an inner sequence, if for all k ∈ N0 the identity
∞∑

j=0

B∗j+kBj =
{

Im, if k = 0
0m×m, if k ∈ N.

holds true.
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Denote H2(D) the usual Hardy space of all holomorphic functions h in the
unit disk which satisfy

sup
r∈[0,1)

1
2π

∫
T

|h(rz)|2 λ(dz) < ∞.

Furthermore, let [H2(D)]m×m be the set of all m × m matrix-valued functions
defined in D each entry function of which belongs to H2(D). Let g ∈ [H2(D)]m×m

and denote by g the radial boundary function of g. Moreover, let (Bj)∞j=0 be the
Taylor coefficient sequence of g. Then the matrix version of the Parseval equality
provides for each k ∈ N0 the identity

1
2π

∫
T

z−k[g(z)]∗[g(z)]λ(dz) =
∞∑

j=0

B∗j+kBj (4.3)

(see, e.g., [30, Theorem 3.9, part (c)]).

Proposition 4.3. Let m ∈ N. Then:
(a) Let g ∈ Sm×m(D). Then the sequence (Bj)∞j=0 of Taylor coefficients of g is

an m×m inner sequence.
(b) Let (Bj)∞j=0 be an m×m inner sequence. Then:

(b1) There is a unique g ∈ Sm×m(D) such that (Bj)∞j=0 is the sequence of
Taylor coefficients of g.

(b2) The sequence (Bj)∞j=0 is an m×m Schur sequence.

Proof. (a) This follows immediately from (4.3).
(b1) In view of the choice of the sequence (Bj)∞j=0 the matrix version of the

Riesz-Fischer theorem implies that there is a unique function g ∈ [H2(D)]m×m

with Taylor series representation (4.2) for each w ∈ D. Then taking into account
(4.3) and the choice of the sequence (Bj)∞j=0, we obtain that the radial boundary
function g of g fulfills for each k ∈ N0 the equation

1
2π

∫
T

z−k[g(z)]∗[g(z)]λ(dz) =
{

Im, if k = 0
0m×m, if k ∈ N.

Thus, the unicity theorem of Fourier analysis on the unit circle yields that the
function g has unitary values 1

2πλ-almost everywhere. Hence, in view of g ∈
[H2(D)]m×m, we obtain that g ∈ Sm×m(D).

(b2) Combine (b1) with part (a) of Theorem 4.1. �

5. On J-Potapov sequences

Let J be anm×m signature matrix. To generalize Theorem 4.1 to the class PJ,0(D)
we have to look for an appropriate generalization of the notion of an m×m Schur
sequence. Obviously, for each n ∈ N0, the complex (n+ 1)m× (n+ 1)m matrix

J[n] := diag(J, . . . , J) (5.1)



262 B. Fritzsche, B. Kirstein and U. Raabe

is an (n + 1)m × (n + 1)m signature matrix. Observe that J[n] can be written in
terms of Kronecker products as

J[n] = In+1 ⊗ J. (5.2)

Definition 5.1. If n ∈ N0, then a sequence (Aj)n
j=0 of complex m × m matrices

is called a J-Potapov sequence (respectively, a strict J-Potapov sequence) if the
matrix S(A)

n is J[n]-contractive (respectively, strictly J[n]-contractive). For each n ∈
N0, let P≤J,n (respectively, P<

J,n) be the set of all J-Potapov sequences (respectively,
strict J-Potapov sequences) (Aj)n

j=0.

For each n ∈ N0 and each sequence (Aj)n
j=0 of complex m×m matrices, let

Qn,J := J[n] − S∗nJ[n]Sn, (5.3)

where Sn := S
(A)
n . Then one can easily see that in the case n ≥ 1 the matrix Qn,J

admits the block representation

Qn,J =
(
J −A∗0JA0 − y∗nJ[n−1]yn −y∗nJ[n−1]Sn−1

−S∗n−1J[n−1]yn Qn−1,J

)
, (5.4)

where yn := (A∗1, A
∗
2, . . . , A

∗
n)∗. Thus one can easily see that if (Aj)n

j=0 ∈ P≤J,n

(respectively, (Aj)n
j=0 ∈ P<

J,n), then (Aj)k
j=0 ∈ P≤J,k (respectively, (Aj)k

j=0 ∈ P<
J,k)

for each k ∈ N0,n.

Definition 5.2. A sequence (Aj)∞j=0 of complex m × m matrices is said to be a
J-Potapov sequence (respectively, a strict J-Potapov sequence) if for each n ∈ N0

the sequence (Aj)n
j=0 is a J-Potapov sequence (respectively, a strict J-Potapov

sequence). Let P≤J,∞ be the set of all J-Potapov sequences (Aj)∞j=0 and let P<
J,∞

be the set of all strict J-Potapov sequences (Aj)∞j=0.

Obviously, for each κ ∈ N0 ∪ {∞}, the set P≤Im,κ coincides with the set of all
m×m Schur sequences (Aj)κ

j=0 and P<
Im,κ is exactly the set of strict m×m Schur

sequences (Aj)κ
j=0.

Lemma 5.3. Let J be an m×m signature matrix and let κ ∈ N0 ∪{∞}. If (Aj)κ
j=0

is a J-Potapov sequence (respectively, a strict J-Potapov sequence), then (A∗j )
κ
j=0

is a J-Potapov sequence (respectively, a strict J-Potapov sequence).

Proof. Let n ∈ {0, . . . , κ} and let

P
(A∗)
n,J := J[n] − S(A∗)

n J[n][S(A∗)
n ]∗

where the matrix S(A∗)
n is defined via (4.1) using the sequence (A∗j )

n
j=0 instead of

(Bj)n
j=0. Then a straightforward computation shows the identity

P
(A∗)
n,J = J[n,m]Qn,JJ[n,m] (5.5)
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where

J[n,m] :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Im, if n = 0⎛⎜⎝0m×m . . . Im

... . .
. ...

Im . . . 0m×m

⎞⎟⎠ , if n �= 0 (5.6)

and where Qn,J is defined via (5.3). Now from (5.5), (5.6) and Proposition 2.4
both assertions can be seen immediately. �

In order to describe some important property of J-Potapov sequences we
need some notation. If κ ∈ N0 ∪ {∞} and if (Aj)κ

j=0 and (Bj)κ
j=0 are sequences of

complex m×m matrices, then the sequence (Cj)κ
j=0 given by Cj :=

∑j
k=0 AkBj−k

for each j ∈ N0,κ is called the Cauchy product of (Aj)κ
j=0 and (Bj)κ

j=0.
It is obvious that the sequence (Cj)∞j=0 is the Cauchy product of (Aj)∞j=0 and

(Bj)∞j=0 if and only if for each κ ∈ N0 the sequence (Cj)κ
j=0 is the Cauchy product

of (Aj)κ
j=0 and (Bj)κ

j=0.

Remark 5.4. Let n ∈ N0. Let (Aj)n
j=0, (Bj)n

j=0, and (Cj)n
j=0 be sequences of

complex m×m matrices. Then it is readily checked that the following statements
are equivalent:

(i) (Cj)n
j=0 is the Cauchy product of (Aj)n

j=0 and (Bj)n
j=0.

(ii) S(C)
n = S

(A)
n S

(B)
n .

(iii) For each k ∈ N0,n, (Cj)k
j=0 is the Cauchy product of (Aj)k

j=0 and (Bj)k
j=0.

Lemma 5.5. Let J be an m×m signature matrix and let κ ∈ N0∪{∞}. Moreover, let
(Aj)κ

j=0 and (Bj)κ
j=0 be sequences of complex m×m matrices. Denote by (Cj)κ

j=0

the Cauchy product of (Aj)κ
j=0 and (Bj)κ

j=0. If (Aj)κ
j=0 and (Bj)κ

j=0 are J-Potapov
sequences, then (Cj)κ

j=0 is a J-Potapov sequence as well. If (Aj)κ
j=0 and (Bj)κ

j=0

are J-Potapov sequences and, additionally, at least one of them is a strict J-
Potapov sequence, then (Cj)κ

j=0 is a strict J-Potapov sequence.

Proof. Combine Remark 5.4 with Lemma 1.3.13 from [13]. �

Our next considerations are aimed at studying interrelations between J-
Potapov sequences and m × m Schur sequences. For this reason, we introduce
first some general construction for sequences of matrices.

Lemma 5.6. Let n ∈ N0 and let (Aj)n
j=0 be a sequence of complex m×m matrices

with detA0 �= 0. Then there is a unique sequence (Bj)n
j=0 of complex m × m

matrices such that S(B)
n = (S(A)

n )−1. This sequence is given by B0 := A−1
0 and

recursively for each k ∈ N1,n by

Bk = −
k−1∑
j=0

A−1
0 Ak−jBj .
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Moreover, for each k ∈ N1,n, the matrix Bk can be represented by

Bk = −
k∑

j=1

Bk−jAjA
−1
0 .

If (Aj)n
j=0 is a sequence of Hermitian matrices, then (Bj)n

j=0 is a sequence of
Hermitian matrices as well.

Proof. The case n = 0 is trivial. Let n ≥ 1. For each k ∈ N1,n, we have the block
representations

S
(A)
k =

(
S

(A)
k−1 0
z
(A)
k A0

)
and S

(A)
k =

(
A0 0
y
(A)
k S

(A)
k−1

)
, (5.7)

where

z
(A)
k := (Ak, Ak−1, . . . , A1) and y

(A)
k := (A∗1, A

∗
2, . . . , A

∗
k)∗ . (5.8)

From (4.1) and detA0 �= 0 we see that detS(A)
l �= 0 for each l ∈ N0,n. Therefore

we obtain for each k ∈ N1,n the block representations

(S(A)
k )−1 =

(
(S(A)

k−1)
−1 0

−A−1
0 z

(A)
k (S(A)

k−1)
−1 A−1

0

)
and

(S(A)
k )−1 =

(
A−1

0 0
−(S(A)

k−1)
−1y

(A)
k A−1

0 (S(A)
k−1)

−1

)
of (S(A)

k )−1. Thus one gets inductively the assertion. We omit the details. �

Remark 5.7. Let n ∈ N0 and let (Aj)n
j=0 be a sequence of complex m×m matrices

with detA0 �= 0. We will call the sequence (Bj)n
j=0 described in Lemma 5.6 the

reciprocal sequence corresponding to (Aj)n
j=0 and we will write (A�

j)
n
j=0 for (Bj)n

j=0.
Observe that detA�

0 �= 0 and that (Aj)n
j=0 is the reciprocal sequence corresponding

to (A�
j)

n
j=0. Moreover, for each k ∈ N0,n, the sequence (A�

j)
k
j=0 is the reciprocal

sequence of (Aj)k
j=0.

Remark 5.8. Let (Aj)∞j=0 be a sequence of complexm×mmatrices with detA0 �= 0.
Then one can easily see that there is a unique sequence (Bj)∞j=0 of complex m×m
matrices such that for each n ∈ N0 the sequence (Bj)n

j=0 is the reciprocal sequence
corresponding to (Aj)n

j=0. This sequence (Bj)∞j=0 is said to be the reciprocal se-
quence corresponding to (Aj)∞j=0 and we will write (A�

j)
∞
j=0 instead of (Bj)∞j=0.

Moreover, it is easily checked that detA�
0 �= 0 and that (Aj)∞j=0 is the reciprocal

sequence corresponding to (A�
j)
∞
j=0.



On Some Interrelation. . . 265

For j ∈ N0 we set

δj0 :=
{ 1, if j = 0

0, if j ∈ N.

The following notion plays a key role in our further considerations.

Definition 5.9. Let J be an m ×m signature matrix, let PJ and QJ be given by
(2.4), and let κ ∈ N0 ∪ {∞}.
(a) Let (Aj)κ

j=0 be a sequence of complex m×mmatrices with det(QJA0+PJ) �=
0. For each j ∈ N0,κ let

Xj := PJAj + δj0QJ and Wj := QJAj + δj0PJ . (5.9)

Further, let (W �
j )κ

j=0 be the reciprocal sequence corresponding to (Wj)κ
j=0.

Then the Cauchy product (Bj)κ
j=0 of (Xj)κ

j=0 and (W �
j )κ

j=0 is called the right
J-Potapov–Ginzburg transform (short: right J-PG transform) of (Aj)κ

j=0.
(b) Let (Ãj)κ

j=0 be a sequence of complex m×mmatrices with det(Ã0QJ −PJ) �=
0. For each j ∈ N0,κ let

X̃j := −ÃjPJ + δj0QJ and W̃j := ÃjQJ − δj0PJ .

Further, let (W̃ �
j )κ

j=0 be the reciprocal sequence corresponding to (W̃j)κ
j=0.

Then the Cauchy product (B̃j)κ
j=0 of (W̃ �

j )κ
j=0 and (X̃j)κ

j=0 is said to be the
left J-Potapov–Ginzburg transform (short: left J-PG transform) of (Ãj)κ

j=0.

Remark 5.10. Let J be an m×m signature matrix and let the matrices PJ and QJ

be given by (2.4). Furthermore, let κ ∈ N0 ∪{∞} and let (Aj)κ
j=0 be a sequence of

complexm×mmatrices with det(QJA0+PJ) �= 0 (respectively, det(A0QJ −PJ) �=
0). Then one can easily see that there is a unique sequence (Bj)κ

j=0 of complex
m × m matrices such that for each n ∈ N0,κ the sequence (Bj)n

j=0 is the right
(respectively, left) J-PG transform of (Aj)n

j=0. This sequence (Bj)κ
j=0 is exactly

the right (respectively, left) J-PG transform of (Aj)κ
j=0.

Our following considerations are aimed at translating the notion of J-PG
transform for sequences of m ×m matrices into the language of linear fractional
transformations of matrices (see Section 2).

Proposition 5.11. Let J be an m×m signature matrix, let κ ∈ N0 ∪ {∞}, and let
(Aj)κ

j=0 be a sequence of complex m×m matrices such that det(QJA0 +PJ ) �= 0.
Let (Bj)κ

j=0 be the right J-PG transform of (Aj)κ
j=0. Then:

(a) For each n ∈ N0,κ, the matrix S(A)
n belongs to Q(

QJ[n] ,PJ[n]

) and

S((n+1)m,(n+1)m)
AJ[n]

(S(A)
n ) = S(B)

n . (5.10)

(b) For each n ∈ N0,κ, the matrix S(B)
n belongs to Q(

QJ[n] ,PJ[n]

) and

S((n+1)m,(n+1)m)
AJ[n]

(S(B)
n ) = S(A)

n .
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(c) The matrix QJB0 + PJ is nonsingular and the sequence (Aj)κ
j=0 is the right

J-PG transform of (Bj)κ
j=0.

Proof. Let n ∈ N0,κ. In view of (5.2) and (2.4) we obtain

PJ[n] =
1
2
(
I + J[n]

)
= In+1 ⊗ PJ

and analogously QJ[n] = In+1 ⊗ QJ . For each j ∈ N0,κ, let the matrices Wj and
Xj be given by (5.9). Then

S(W )
n = (In+1 ⊗QJ)S(A)

n + (In+1 ⊗ PJ ) = QJ[n]S
(A)
n + PJ[n] (5.11)

and similarly
S(X)

n = PJ[n]S
(A)
n +QJ[n] . (5.12)

In view of detW0 = det(QJA0 + PJ) �= 0, we get

detS(W )
n �= 0 (5.13)

and the reciprocal sequence (Yj)κ
j=0 corresponding to (Wj)κ

j=0 fulfills
(
S

(Y )
n

)−1

=

S
(W )
n . Since (Bj)κ

j=0 is the right J-PG transform of (Aj)κ
j=0 from Remark 5.4,

Remark 5.8, and Remark 5.7 we have then

S(B)
n = S(X)

n S(Y )
n = S(X)

n

(
S(W )

n

)−1

.

Consequently, by virtue of (5.11) and (5.12) we can conclude

S(B)
n =

(
PJ[n]S

(A)
n +QJ[n]

)(
QJ[n]S

(A)
n + PJ[n]

)−1

. (5.14)

From (5.11) and (5.13) we see that S(A)
n belongs to Q(

QJ[n]
,PJ[n]

) , whereas (5.14)

yields that (5.10) is true. Thus part (a) is checked. Part (b) follows from using
A2

J[n]
= I, (2.6), and part (a). Part (c) is a consequence of (a) and (b). �

Part (a) of Proposition 5.11 says that for each n ∈ N0,κ the matrix S
(B)
n is

the right J[n]-PG transform of the matrix S(A)
n . This fact motivated us to choose

the terminology introduced in Definition 5.9.

Remark 5.12. Let κ ∈ N0 ∪{∞} and let (Aj)κ
j=0 be a sequence of complex m×m

matrices. Considering the case J = Im one can easily see from Proposition 5.11
that (Aj)κ

j=0 is the right Im-PG transform of (Aj)κ
j=0.

Proposition 5.13. Let J be an m×m signature matrix, let κ ∈ N0 ∪ {∞}, and let
(Aj)κ

j=0 be a sequence of complex m×m matrices such that det(A0QJ −PJ ) �= 0.
Let (Bj)κ

j=0 be the left J-PG transform of (Aj)κ
j=0. Then for each n ∈ N0,κ, the

matrices S(A)
n and S(B)

n belong to R(
QJ[n]
−PJ[n]

) and

T ((n+1)m,(n+1)m)
BJ[n]

(S(A)
n ) = S(B)

n and T ((n+1)m,(n+1)m)
BJ[n]

(S(B)
n ) = S(A)

n .



On Some Interrelation. . . 267

Moreover, the matrix B0QJ − PJ is nonsingular and the sequence (Aj)κ
j=0 is the

left J-PG transform of (Bj)κ
j=0.

Proof. Proposition 5.13 can be proved analogously to Proposition 5.11. �

In order to prove that the notion of the right and the left J-PG transform of
a sequence of complex m ×m matrices coincide we note that in view of Remark
2.1, for every nonnegative integer n, we have the relations

Q(
QJ[n] ,PJ[n]

) = R(
QJ[n]
−PJ[n]

) and S((n+1)m,(n+1)m)
AJ[n]

= T ((n+1)m,(n+1)m)
BJ[n]

.

(5.15)

Proposition 5.14. Let J be an m×m signature matrix, let κ ∈ N0 ∪ {∞}, and let
(Aj)κ

j=0 be a sequence of complex m×m matrices. Then:
(a) The matrix QJA0 + PJ is nonsingular if and only if the matrix A0QJ − PJ

is nonsingular.
(b) Let the matrix QJA0 +PJ be nonsingular. Then the right J-PG transform of

(Aj)κ
j=0 and the left J-PG transform of (Aj)κ

j=0 coincide.

Proof. Use Proposition 5.11 and 5.13 as well as (5.15). �

Taking into account Proposition 5.14, in the following we will shortly speak
of the J-PG transform instead of the right J-PG transform.

Lemma 5.15. Let J be an m×m signature matrix, let κ ∈ N0∪{∞}, and let (Bj)κ
j=0

be a sequence of complex m × m matrices such that det(QJB0 + PJ ) �= 0. Let
(Aj)κ

j=0 be the J-PG transform of (Bj)κ
j=0. For each n ∈ N0,κ, then the matrices

QJ[n]S
(B)
n + PJ[n] and S(B)

n QJ[n] − PJ[n] are both nonsingular and

J[n] − (S(A)
n )∗J[n]S

(A)
n

=
(
QJ[n]S

(B)
n + PJ[n]

)−∗ (
I − (S(B)

n )∗S(B)
n

)(
QJ[n]S

(B)
n + PJ[n]

)−1

(5.16)

and

J[n] − S(A)
n J[n](S(A)

n )∗

=
(
S(B)

n QJ[n] − PJ[n]

)−1 (
I − S(B)

n (S(B)
n )∗

)(
S(B)

n QJ[n] − PJ[n]

)−∗
(5.17)

hold.

Proof. Use Proposition 5.11 and Lemma 2.2. �

Now we are going to turn our attention to some interrelations between J-
Potapov sequences and Schur sequences.

Proposition 5.16. Let J be an m × m signature matrix, let κ ∈ N0 ∪ {∞}, and
let (Aj)κ

j=0 be a J-Potapov sequence (respectively, a strict J-Potapov sequence).
Then det(QJA0 + PJ ) �= 0 and the J-PG transform (Bj)κ

j=0 of (Aj)κ
j=0 is an
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m×m Schur sequence (respectively, a strict m×m Schur sequence) which fulfills
det(QJB0 + PJ ) �= 0. Furthermore, (Aj)κ

j=0 is the J-PG transform of (Bj)κ
j=0.

Proof. Apply Lemma 5.15. �

Proposition 5.17. Let J be an m×m signature matrix, let κ ∈ N0 ∪ {∞}, and let
(Bj)κ

j=0 be an m×m Schur sequence (respectively, a strict m×m Schur sequence)
such that det(QJB0 +PJ ) �= 0. Then the J-PG transform (Aj)κ

j=0 of (Bj)κ
j=0 is a

J-Potapov sequence (respectively, a strict J-Potapov sequence) and (Bj)κ
j=0 is the

J-PG transform of (Aj)κ
j=0.

Proof. Apply Lemma 5.15. �

6. On the sequence of Taylor coefficients of functions
from the class PJ,0(D)

In this section, we will present a detailed analysis of the structure of the sequences
of Taylor coefficients of functions belonging to PJ,0(D). In particular, we shall
obtain a generalization of Theorem 4.1.

If g is an m×m matrix-valued function which is holomorphic at 0, then for
each n ∈ N0, we will use the notation S[g]

n to denote the block Toeplitz matrix

S[g]
n := S(B)

n , (6.1)

where (Bj)n
j=0 is the sequence of the first (n+1) Taylor coefficients of g and where

S
(B)
n is given by (4.1).

Remark 6.1. Let J be an m × m signature matrix and let the matrices PJ and
QJ be given by (2.4). Let f be a Cm×m-valued function which is holomorphic at
w = 0 and which fulfills det(QJf(0)+PJ) �= 0. Then it is readily checked that the
matrix-valued function g defined by (3.1) is holomorphic at w = 0 and that, for
each nonnegative integer n, the matrix QJ[n]S

[f ]
n + PJ[n] is nonsingular and that

the matrix S[g]
n coincides with the J[n]-Potapov–Ginzburg transform of S[f ]

n .

The following theorem is the first main result of this paper.

Theorem 6.2. Let J be an m×m signature matrix. Then:

(a) If f ∈ PJ,0(D), then the sequence (Aj)∞j=0 of Taylor coefficients of f is a
J-Potapov sequence.

(b) If (Aj)∞j=0 is a J-Potapov sequence, then there is a unique f ∈ PJ,0(D) such
that (Aj)∞j=0 is the sequence of Taylor coefficients of f .

Proof. (a) Let f ∈ PJ,0(D). According to part (a) of Proposition 3.4, then the
matrix QJf(0) + PJ is nonsingular and g defined by (3.1) belongs to Sm×m(D).
Because of f(0) = A0 we also have det(QJA0 +PJ) �= 0 and hence det(QJ[n]S

(A)
n +
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PJ[n]) �= 0 for each n ∈ N0. Taking into account S(A)
n = S

[f ]
n for each n ∈ N0, from

Remark 6.1 we get(
PJ[n]S

(A)
n +QJ[n]

)(
QJ[n]S

(A)
n + PJ[n]

)−1

= S[g]
n (6.2)

for each n ∈ N0. Let (Bj)∞j=0 be the J-PG transform of (Aj)∞j=0. Application of
Proposition 5.11 yields then

S(B)
n =

(
PJ[n]S

(A)
n +QJ[n]

)(
QJ[n]S

(A)
n + PJ[n]

)−1

(6.3)

for each n ∈ N0. Comparing (6.2) and (6.3) we obtain S[g]
n = S

(B)
n for each n ∈ N0.

Thus (Bj)∞j=0 is the sequence of Taylor coefficients of g. Since g belongs to the
Schur class Sm×m(D) from part (a) of Theorem 4.1 we know then that (Bj)∞j=0

is an m ×m-Schur sequence. Part (c) of Proposition 5.11 shows that (Aj)∞j=0 is
the J-PG transform of (Bj)∞j=0. Since (Bj)∞j=0 is an m ×m-Schur sequence from
Proposition 5.17 we get thus that (Aj)∞j=0 is a J-Potapov sequence.

(b) Let (Aj)∞j=0 be a J-Potapov sequence. Thus, from Proposition 5.16 we
can conclude that det(QJA0 + PJ ) �= 0 and that the J-PG transform (Bj)∞j=0 of
(Aj)∞j=0 is an m × m-Schur sequence. From part (b) of Theorem 4.1 we obtain
then that there is a g ∈ Sm×m(D) such that (Bj)∞j=0 is the sequence of Taylor

coefficients of g. We have S[g]
n = S

(B)
n for each n ∈ N0. In particular g(0) = B0.

Hence part (c) of Proposition 5.11 provides us det(QJB0 +PJ) �= 0. Consequently,
det(QJ[n]S

[g]
n + PJ[n]) �= 0 for each n ∈ N0 and det(QJg(0) + PJ ) �= 0. Since g

belongs to Sm×m(D) thus from part (c) of Proposition 3.4 we get that f defined
by (3.3) belongs to the class PJ,0(D). From Remark 6.1 we can conclude

S[f ]
n =

(
PJ[n]S

[g]
n +QJ[n]

)(
QJ[n]S

[g]
n + PJ[n]

)−1

=
(
PJ[n]S

(B)
n +QJ[n]

)(
QJ[n]S

(B)
n + PJ[n]

)−1

(6.4)

for each n ∈ N0. On the other hand, using Proposition 5.11 we get that, for each
n ∈ N0, the right-hand side of (6.4) coincides with S

(A)
n . Therefore S(A)

n = S
[f ]
n

for every nonnegative integer n. Consequently, (Aj)∞j=0 is exactly the sequence of
Taylor coefficients of f . �

Theorem 6.2 shows that remarkable subclasses of the class PJ,0(D) can be
introduced on the basis of distinguished subclasses of J-Potapov sequences. Let
κ ∈ N0 ∪ {∞}. Then we will use the symbol PJ,0,κ(D) to denote the set of all
functions f ∈ PJ,0(D) with Taylor coefficient sequence (Aj)∞j=0 for which the se-
quence (Aj)κ

j=0 is a strict J-Potapov sequence. Moreover, we will use the notation
Sm×m,κ(D) to denote the set of all functions g ∈ Sm×m(D) with Taylor coefficient
sequence (Bj)∞j=0 for which the sequence (Bj)κ

j=0 is a strict m×m Schur sequence.
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Proposition 6.3. Let J be an m×m signature matrix and let f ∈ PJ,0(D). Let the
function g be defined via (3.1). If κ ∈ N0 ∪ {∞}, then f ∈ PJ,0,κ(D) if and only if
g ∈ Sm×m,κ(D).

Proof. Let (Aj)∞j=0 be the Taylor coefficient sequence of f and let (Bj)∞j=0 be the
J-PG transform of (Aj)∞j=0. Then it was shown in the proof of part (a) of Theorem
6.2 that (Bj)∞j=0 is the sequence of Taylor coefficients of g. Combining this with
(5.16) we get the asserted equivalence. �

In connection with Proposition 6.3 it should be mentioned that Theorem 8.4
in [7] shows that for each κ ∈ N0 ∪ {∞} the class Sm×m,κ(D) coincides with the
set of all functions g ∈ Sm×m(D) for which the Schur-Potapov algorithm does not
break down immediately after the κth step.

Let PJ,0(D) := PJ (D) ∩ PJ,0(D). To characterize the sequence of Taylor
coefficients of functions belonging to PJ,0(D), we introduce the following notion.

Definition 6.4. Let J be an m×m signature matrix and let the matrices PJ and
QJ be given by (2.4). Then a sequence (Aj)∞j=0 of complex m×m matrices is called
a J-inner sequence, if det(QJA0 + PJ ) �= 0 and if the J-PG transform (Bj)∞j=0 of
(Aj)∞j=0 is an m×m inner sequence.

The following theorem, which contains a complete description of the Taylor
coefficient sequences of J-inner functions, is the second main result of this paper.

Theorem 6.5. Let J be an m×m signature matrix. Then:
(a) Let f ∈ PJ,0(D). Then the sequence (Aj)∞j=0 of Taylor coefficients of f is a

J-inner sequence.
(b) Let (Aj)∞j=0 be J-inner sequence. Then:

(b1) There is a unique f ∈ PJ,0(D) such that (Aj)∞j=0 is the sequence of
Taylor coefficients of f .

(b2) The sequence (Aj)∞j=0 is a J-Potapov sequence.

Proof. Let the matrices PJ and QJ be given by (2.4).
(a) From part (a) of Proposition 3.8, we obtain that det(QJf(w) + PJ ) �= 0

for w ∈ Hf and that the function g defined by (3.1) belongs to the class Sm×m(D).
Thus, if (Bj)∞j=0 denotes the sequence of Taylor coefficients of g, then from part (a)
of Proposition 4.3 we get that (Bj)∞j=0 is an m×m inner sequence. Since we have
shown in the proof of part (a) of Theorem 6.2 that (Bj)∞j=0 is the J-PG transform
of (Aj)∞j=0, we see that (Aj)∞j=0 is a J-inner sequence.

(b1) Because of the choice of (Aj)∞j=0 we know that det(QJA0 +PJ ) �= 0 and
that the J-PG transform (Bj)∞j=0 of (Aj)∞j=0 is an m ×m inner sequence. Hence
part (b1) of Proposition 4.3 implies that there is a unique g ∈ Sm×m(D) such that
(Bj)∞j=0 is the sequence of Taylor coefficients of g. In particular, g(0) = B0. In view
of the construction of the sequence (Bj)∞j=0, part (c) of Proposition 5.11 yields
det(QJg(0) + PJ ) = det(QJB0 + PJ ) �= 0. Combining this with g ∈ Sm×m(D),
we obtain by using part (c) of Proposition 3.4 and part (b) of Proposition 3.8,
that the function f defined by (3.3) belongs to PJ,0(D). Because of (3.3) we have
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(6.4) for each n ∈ N0. Consequently, Proposition 5.11 yields S[f ]
n = S

(A)
n for each

n ∈ N0. Hence (Aj)∞j=0 is the sequence of Taylor coefficients of f . The proof of
(b1) is complete.

(b2) Combine (b1) with part (a) of Theorem 6.2. �
At the end of this section we investigate the sequence of Taylor coefficients

of a function belonging to PJ,0(D) ∩ P ′′J (D).

Proposition 6.6. Let J be an m×m signature matrix and let f ∈ PJ,0(D)∩P ′′J (D).
Denote by (Aj)∞j=0 the sequence of Taylor coefficients of f . Then there exists some
positive real constant α such that for all n ∈ N0 the inequality

J[n] − [S(A)
n ]∗J[n]S

(A)
n ≥ αI(n+1)m

is satisfied.

Proof. Let g be defined via (3.1). Then in view of f ∈ P ′′J (D) we have g ∈
S′′m×m(D). Denote by (Bj)∞j=0 the sequence of Taylor coefficients of g. Because
of g ∈ S′′m×m(D) from [18, Theorem 5.5] we infer that there exists some positive
constant β such that for all n ∈ N0 the inequality

I(n+1)m − [S(B)
n ]∗S(B)

n ≥ βI(n+1)m

is satisfied. Hence, for n ∈ N0 we have det[I(n+1)m − [S(B)
n ]∗S(B)

n ] �= 0 and

[I(n+1)m − [S(B)
n ]∗S(B)

n ]−1 ≤ 1
β
I(n+1)m. (6.5)

As it was shown in the proof of Theorem 6.2 the sequence (Aj)∞j=0 is the J-
PG transform of (Bj)∞j=0. Hence, from Lemma 5.15 we obtain for n ∈ N0 that

det(QJ[n]S
(B)
n + PJ[n]) �= 0 and

J[n] − [S(A)
n ]∗J[n]S

(A)
n

= (QJ[n]S
(B)
n + PJ[n])

−∗[I(n+1)m − [S(B)
n ]∗S(B)

n ](QJ[n]S
(B)
n + PJ[n])

−1.

Thus, for n ∈ N0, we get det(J[n] − [S(A)
n ]∗J[n]S

(A)
n ) �= 0 and

[J[n] − [S(A)
n ]∗J[n]S

(A)
n ]−1

= (QJ[n]S
(B)
n + PJ[n])[I(n+1)m − [S(B)

n ]∗S(B)
n ]−1(QJ[n]S

(B)
n + PJ[n])

∗. (6.6)

Let ‖X‖ be the operator norm of a p × q matrix X , where p, q ∈ N. In view
of g ∈ S ′′m×m(D) we infer from part (a) of Theorem 4.1 that ‖S(B)

n ‖ ≤ 1 and
consequently taking into account that ‖QJ[n]‖ ≤ 1 and ‖PJ[n]‖ ≤ 1 then

‖QJ[n]S
(B)
n + PJ[n]‖ ≤ 2. (6.7)

Combining (6.5), (6.6), and (6.7) we see that there exists some γ ∈ (0,∞) such
that for n ∈ N0 the inequality

[J[n] − [S(A)
n ]∗J[n]S

(A)
n ]−1 ≤ γI(n+1)m

is satisfied. Choosing α := 1
γ we obtain the assertion. �
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7. First considerations on an interpolation problem for functions
belonging to the class PJ,0(D)

In this section we consider the following interpolation problem for functions be-
longing to the class PJ,0(D).
Potapov problem (P): Let J be an m ×m signature matrix, let n ∈ N0, and let
(Aj)n

j=0 be a sequence of complexm×mmatrices. Describe the set PJ,0

[
D,(Aj)n

j=0

]
of all matrix-valued functions f ∈ PJ,0(D) such that

f (j)(0)
j!

= Aj

for each j ∈ N0,n where the notation f (j) stands for the jth derivative of f . In
particular, characterize the case that the set PJ,0

[
D, (Aj)n

j=0

]
is nonempty.

Observe that in the particular case J = Im this problem (P) is exactly the
matricial Schur problem for m×m Schur functions.

First we treat the solvability of the problem (P). Our method is based on a
transformation into an associated Schur problem. The following result is proved,
e.g., in Theorem 3.5.2 in [13].

Theorem 7.1. Let n ∈ N0 and let (Bj)n
j=0 be a sequence of complex m×m matrices.

Then the set Sm×m

[
D, (Bj)n

j=0

]
of all matrix-valued functions g ∈ Sm×m(D) such

that
g(j)(0)
j!

= Bj (7.1)

for each j ∈ N0,n is nonempty if and only if (Bj)n
j=0 is an m×m Schur sequence.

Now we can prove a criterion for the solvability of Problem (P).

Theorem 7.2. Let J be an m×m signature matrix, let n ∈ N0, and let (Aj)n
j=0 be

a sequence of complex m×m matrices. Then the set PJ,0

[
D, (Aj)n

j=0

]
is nonempty

if and only if (Aj)n
j=0 is a J-Potapov sequence.

Proof. If the set PJ,0

[
D, (Aj)n

j=0

]
is nonempty, then part (a) of Theorem 6.2 shows

that (Aj)n
j=0 is a J-Potapov sequence.

Conversely now suppose that (Aj)n
j=0 is a J-Potapov sequence. From Propo-

sition 5.16 we obtain then that det(QJA0 +PJ ) �= 0 and that the J-PG transform
(Bj)n

j=0 of (Aj)n
j=0 is an m×m Schur sequence. In view of Theorem 7.1, there ex-

ists some function g which belongs to Sm×m

[
D, (Bj)n

j=0

]
. In particular, g(0) = B0.

Thus, from part (c) of Proposition 5.11 we see that det(QJg(0)+PJ) �= 0 and that
(Aj)n

j=0 is the J-PG transform of (Bj)n
j=0. Consequently, part (b) of Proposition

3.4 yields that the function

f := (PJg +QJ)(QJg + PJ)−1 (7.2)

belongs to PJ,0(D). Because of (7.2) we get

S[f ]
n =

(
PJ[n]S

[g]
n +QJ[n]

)(
QJ[n]S

[g]
n + PJ[n]

)−1

. (7.3)
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In view of g ∈ Sm×m

[
D, (Bj)n

j=0

]
we have

S[g]
n = S(B)

n . (7.4)

Since (Aj)n
j=0 is the J-PG transform of (Bj)n

j=0 Proposition 5.11 provides

S(A)
n =

(
PJ[n]S

(B)
n +QJ[n]

)(
QJ[n]S

(B)
n + PJ[n]

)−1

. (7.5)

Combining formulas (7.3), (7.4), and (7.5) we obtain S[f ]
n = S

(A)
n . Thus f belongs

to PJ,0

[
D, (Aj)n

j=0

]
. �

In a forthcoming paper we will prove that for each n ∈ N0 and each J-Potapov
sequence (Aj)n

j=0 there can be found a matrix An+1 ∈ Cm×m such that (Aj)n+1
j=0

is a J-Potapov sequence. This fact provides in combination with Theorem 6.2 an
alternative proof of Theorem 7.2.

Supposing that J is anm×m signature matrix, that n ∈ N0, and that (Aj)n
j=0

is a J-Potapov sequence we are going now to describe the set PJ,0[D, (Aj)n
j=0] via

a linear fractional transformation of matrices. Here we will use the corresponding
statement in the particular case J = Im which was obtained in [18]. To state
this description of the solution set of the matricial Schur problem we need some
notations.

Let n ∈ N0 and let (Bj)n
j=0 be an m × m Schur sequence. Then let the

constant matrix-valued functions π0, ρ0, σ0, and τ0 be given for each w ∈ C by

π0(w) := B0, ρ0(w) := Im, σ0(w) := B0, and τ0(w) := Im.
(7.6)

If n ≥ 1, then let πn, ρn, σn, and τn be the m×m matrix polynomials which are
defined on C and which are given for each w ∈ C by

πn(w) := B0 + wen−1(w)
[
Inm − S

(B)
n−1(S

(B)
n−1)

∗
]+
y(B)

n , (7.7)

ρn(w) := Im + wen−1(w)(S(B)
n−1)

∗
[
Inm − S

(B)
n−1(S

(B)
n−1)

∗
]+
y(B)

n , (7.8)

σn(w) := z(B)
n

[
Inm − (S(B)

n−1)
∗S(B)

n−1

]+
wEn−1(w) +B0, (7.9)

and

τn(w) := z(B)
n

[
Inm − (S(B)

n−1)
∗S(B)

n−1

]+
(S(B)

n−1)
∗wEn−1(w) + Im, (7.10)

where en−1 : C → Cm×nm and En−1 : C → Cnm×m are defined by

en−1(w) := (Im, wIm, . . . , wn−1Im) (7.11)

and
En−1(w) := (wn−1Im, w

n−2Im, . . . , Im)∗, (7.12)

respectively, and where

y(B)
n := (B∗1 , B

∗
2 , . . . , B

∗
n)∗, z(B)

n := (Bn, Bn−1, . . . , B1).
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Furthermore, we used the notation X+ for the Moore-Penrose inverse of a p × q
matrix X , where p, q ∈ N. Observe that since (Bj)n

j=0 is an m×m Schur sequence,
the matrices

ln+1 :=

{
Im −B0B

∗
0 , if n = 0

Im −B0B
∗
0 − z

(B)
n

(
Inm − (S(B)

n−1)
∗S(B)

n−1

)+

(z(B)
n )∗, if n ≥ 1

(7.13)

and

rn+1 :=

{
Im −B∗0B0, if n = 0

Im − B∗0B0 − (y(B)
n )∗

(
Inm − S

(B)
n−1(S

(B)
n−1)

∗
)+

y
(B)
n , if n ≥ 1

(7.14)

are both nonnegative Hermitian (see, e.g., Lemma 3.3.1 and the proof of Theorem
3.5.1 in [13]).

Let P be anm×mmatricial polynomial, i.e., there exist a nonnegative integer
k and a complex (k + 1)m × m matrix B such that P (w) = ek(w)B where the
particular matrix polynomial ek is defined as in (7.11). Then the reciprocal matrix
polynomial P̃ [k] of P with respect to the unit circle T and the formal degree k is
given by

P̃ [k](w) := B∗Ek(w)
where the matrix polynomial Ek is defined as in (7.12).

The following theorem gives a parametrization of the solution set of the
matricial Schur problem. To be more precise, it describes the set Sm×m[D, (Bj)n

j=0]
of all g ∈ Sm×m(D) which satisfy (7.1) for each j ∈ N0,n.

Theorem 7.3. Let n ∈ N0 and let (Bj)n
j=0 be an m×m Schur sequence. Then:

(a) For each G ∈ Sm×m(D) and each w ∈ D, the matrix

wσ̃[n]
n (w)

√
ln+1

+
G(w)

√
rn+1 + ρn(w)

is nonsingular and the function g : D → Cm×m defined by

g(w) : =
(
wτ̃ [n]

n (w)
√
ln+1

+
G(w)

√
rn+1 + πn(w)

)
·
(
wσ̃[n]

n (w)
√
ln+1

+
G(w)

√
rn+1 + ρn(w)

)−1

(7.15)

belongs to Sm×m[D, (Bj)n
j=0].

(b) If g ∈ Sm×m[D, (Bj)n
j=0], then there is a G ∈ Sm×m(D) such that

g(w) =
(
wτ̃ [n]

n (w)
√
ln+1

+
G(w)

√
rn+1 + πn(w)

)
·
(
wσ̃[n]

n (w)
√
ln+1

+
G(w)

√
rn+1 + ρn(w)

)−1

holds for each w ∈ D.

A proof of Theorem 7.3 is given in [18, Theorem 1.1]. (Observe that Theorem
1.1 in [18] includes moreover the case of not necessarily quadratic matricial Schur
functions.)
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We again assume that J is an m×m signature matrix, that n is a nonnegative
integer, and that (Bj)n

j=0 is an m × m Schur sequence. Then we will use Ĉn to
denote the 2m× 2m matricial polynomial which is given by

Ĉn :=

(
Ĉ[1,1]

n Ĉ[1,2]
n

Ĉ[2,1]
n Ĉ[2,2]

n

)
(7.16)

where the matrix polynomials Ĉ[1,1]
n , Ĉ[1,2]

n , Ĉ[2,1]
n , and Ĉ[2,2]

n are defined for each
w ∈ C by

Ĉ[1,1]
n (w) := w

(
PJ τ̃

[n]
n (w) +QJ σ̃

[n]
n (w)

)
, (7.17)

Ĉ[1,2]
n (w) := PJπn(w) +QJρn(w), (7.18)

Ĉ[2,1]
n (w) := w

(
QJ τ̃

[n]
n (w) + PJ σ̃

[n]
n (w)

)
, (7.19)

and
Ĉ[2,2]

n (w) := QJπn(w) + PJρn(w). (7.20)

Moreover, let Cn, C[1,1]
n , C[1,2]

n , C[2,1]
n , and C[2,2]

n be the restrictions of Ĉn, Ĉ[1,1]
n , Ĉ[1,2]

n ,
Ĉ[2,1]

n , and Ĉ[2,2]
n , respectively, onto D.

The following theorem is the third main result of this paper. It contains a
complete answer to the Potapov problem (P) associated with a J-Potapov se-
quence.

Theorem 7.4. Let J be an m×m signature matrix, let n ∈ N0, and let (Aj)n
j=0 be

a J-Potapov sequence. Let (Bj)n
j=0 be the J-PG transform of (Aj)n

j=0. Then the
following statements hold:

(a) For each G ∈ Sm×m(D), the matrix

C[2,1]
n (0)

√
ln+1

+
G(0)

√
rn+1 + C[2,2]

n (0)

is nonsingular and the matrix-valued function

f : =
(
C[1,1]

n

√
ln+1

+
G
√
rn+1 + C[1,2]

n

)
·
(
C[2,1]

n

√
ln+1

+
G
√
rn+1 + C[2,2]

n

)−1

(7.21)

belongs to PJ,0[D, (Aj)n
j=0].

(b) If f belongs to PJ,0[D, (Aj)n
j=0], then there is a G ∈ Sm×m(D) such that

f =
(
C[1,1]

n

√
ln+1

+
G
√
rn+1 + C[1,2]

n

)
·
(
C[2,1]

n

√
ln+1

+
G
√
rn+1 + C[2,2]

n

)−1

. (7.22)

Proof. Since (Aj)n
j=0 is a J-Potapov sequence, Theorem 7.2 shows that the set

PJ,0[D, (Aj)n
j=0] is nonempty and moreover Proposition 5.16 yields that (Bj)n

j=0
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is an m×m Schur sequence which fulfills

det(QJB0 + PJ ) �= 0 (7.23)

and that (Aj)n
j=0 is the J-PG transform of (Bj)n

j=0. Let Vn : C → C2m×2m be
defined for each w ∈ D by

Vn(w) :=

(
wτ̃

[n]
n (w) πn(w)

wσ̃
[n]
n (w) ρn(w)

)
. (7.24)

Then using (2.5) and (7.16)–(7.20) it is readily checked that

AJVn(w) = Cn(w) (7.25)

holds for each w ∈ D.
(a) Let G ∈ Sm×m(D). According to Theorem 7.3, then

det
(
wσ̃[n]

n (w)
√
ln+1

+
G(w)

√
rn+1 + ρn(w)

)
�= 0 (7.26)

for each w ∈ D and the function g : D → Cm×m defined by (7.15) belongs to
Sm×m[D, (Bj)n

j=0]. Then one can easily see that

g(w) = S(m,m)
Vn(w)

(√
ln+1

+
G(w)

√
rn+1

)
(7.27)

for each w ∈ D. Moreover, in view of (7.23), we have

det(QJg(0) + PJ) = det(QJB0 + PJ) �= 0. (7.28)

Hence,
Mg := {z ∈ D : det(QJg(z) + PJ ) = 0} (7.29)

is a discrete subset of D and 0 ∈ D\Mg. According to part (c) of Proposition
3.4, the function f̂ := (PJg + QJ)(QJg + PJ )−1 belongs to PJ,0(D). Taking into
account (7.24), (7.26), (7.27), (7.29), and Lemma 1.6.1 and Proposition 1.6.3 in
[13], (7.25), and (7.16), for each w ∈ D\Mg we can conclude then

det
(
C[2,1]

n (w)
√
ln+1

+
G(w)

√
rn+1 + C[2,2]

n (w)
)
�= 0

and

S(m,m)
Cn(w)

(√
ln+1

+
G(w)

√
rn+1

)
= S(m,m)

AJ Vn(w)

(√
ln+1

+
G(w)

√
rn+1

)
= S(m,m)

AJ

(
S(m,m)

Vn(w)

(√
ln+1

+
G(w)

√
rn+1

))
= S(m,m)

AJ
(g(w))

= f̂(w) (7.30)

From (7.16), (7.21), and (7.30) we get then f(w) = f̂(w) for each w ∈ D\Mg.
Having in mind that Mg is a discrete subset of D, this implies

f = f̂ = (PJg +QJ)(QJg + PJ )−1. (7.31)
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In particular, f belongs to PJ,0(D). Let (Cj)∞j=0 be the sequence of Taylor coef-
ficients of f . Since g belongs to Sm×m[D, (Bj)n

j=0] and because of (7.31) we have
then

S(C)
n = S[f ]

n =
(
PJ[n]S

[g]
n +QJ[n]

)(
QJ[n]S

[g]
n + PJ[n]

)−1

=
(
PJ[n]S

(B)
n +QJ[n]

)(
QJ[n]S

(B)
n + PJ[n]

)−1

.

Hence, from Proposition 5.11 we get that (Cj)n
j=0 is the J-PG transform of (Bj)n

j=0.
Consequently, (Cj)n

j=0 = (Aj)n
j=0. Thus f belongs to PJ,0[D, (Aj)n

j=0].
(b) Conversely, now suppose that f is an arbitrary matrix-valued function

which belongs to PJ,0[D, (Aj)n
j=0]. Proposition 3.4 yields then that g given by (3.1)

belongs to Sm×m(D), that

Hf = {w ∈ D : det(QJg(w) + PJ) �= 0} (7.32)

and that

f(w) = (PJg(w) +QJ)(QJg(w) + PJ)−1 = S(m,m)
AJ

(g(w)) (7.33)

for each w ∈ Hf . Since f is holomorphic at 0, from (7.32) it follows that

det(QJg(0) + PJ) �= 0. (7.34)

Let (Dj)∞j=0 be the sequence of Taylor coefficients of g. From (7.34), (3.1), and
f ∈ PJ,0[D, (Aj)n

j=0] we get then det(QJD0 + PJ ) �= 0 and

S(D)
n = S[g]

n =
(
PJ[n]S

[f ]
n +QJ[n]

)(
QJ[n]S

[f ]
n + PJ[n]

)−1

=
(
PJ[n]S

(A)
n +QJ[n]

)(
QJ[n]S

(A)
n + PJ[n]

)−1

.

Hence, from Proposition 5.11 we get that (Dj)n
j=0 is the J-PG transform of

(Aj)n
j=0. Consequently, (Dj)n

j=0 = (Bj)n
j=0. In particular, g belongs to the class

Sm×m[D, (Bj)n
j=0]. Using Theorem 7.3 we can conclude then that there is a G ∈

Sm×m(D) such that (7.26) and (7.27) hold for each w ∈ D. Taking into account
(7.33), Lemma 1.6.1 and Proposition 1.6.3 in [13], and (7.25), it follows

f(w) = S(m,m)
AJ

(
S(m,m)

Vn(w) (
√
ln+1

+
G(w)

√
rn+1)

)
= S(m,m)

AJ Vn(w)

(√
ln+1

+
G(w)

√
rn+1

)
= S(m,m)

Cn(w)

(√
ln+1

+
G(w)

√
rn+1

)
,

for each w ∈ Hf . Taking into account (7.16), then (7.22) is proved. �

It should be mentioned that in the case J = Im the description of the solution
set of the Potapov problem given in Theorem 7.4 coincides with the description of
the solution set of the matricial Schur problem given in [18, Theorem 1.1].
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A Solvable Model for Scattering
on a Junction and a Modified
Analytic Perturbation Procedure

B. Pavlov

The paper is dedicated to Mihail Samoilovich Livshits, who was first to consider
a nonselfadjoint operator as a part of an extended selfadjoint scattering system.

Abstract. We consider a one-body spin-less electron spectral problem for a
resonance scattering system constructed of a quantum well weakly connected
to a noncompact exterior reservoir, where the electron is free. The simplest
kind of the resonance scattering system is a quantum network, with the reser-
voir composed of few disjoint cylindrical quantum wires, and the Schrödinger
equation on the network, with the real bounded potential on the wells and
constant potential on the wires. We propose a Dirichlet-to-Neumann – based
analysis to reveal the resonance nature of conductance across the star-shaped
element of the network (a junction), derive an approximate formula for the
scattering matrix of the junction, construct a fitted zero-range solvable model
of the junction and interpret a phenomenological parameter arising in Datta-
Das Sarma boundary condition, see [14], for T -junctions. We also propose
using of the fitted zero-range solvable model as the first step in a modified
analytic perturbation procedure of calculation of the corresponding scattering
matrix.
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1. Introduction

A typical quantum resonance scattering system is composed of a compact inner
region surrounded by barriers and an exterior reservoir, where the quantum dy-
namics is free. These components are weakly connected due to tunneling across
the barriers or via a narrow connecting channels. Non-compact quantum networks
(QN) are typical resonance scattering systems. Manufacturing of QN with pre-
scribed transport properties is now a most challenging problem of computational
nano-electronics. While physical laws defining transport properties of the QN are
mostly represented in form of partial differential equations, the direct computing
can’t help optimization of design of the QN, because it requires expensive and re-
source consuming scanning over the space of physical and geometrical parameters
of the network. The domain of scanning could be essentially reduced in the case
when there exist an approximate explicit formula connecting directly the trans-
port characteristics with the parameters defining the geometry and the physical
properties of the network.

We derive an explicit approximate formula for the scattering matrix of a sim-
plest QN – a junction – consisting of a vertex domain – a quantum well connected
to the outer reservoir decomposed geometrically into a sum of cylindrical leads.
The corresponding model Hamiltonian is obtained based on Glazman splitting, [4],
L → LΛ ⊕ lΛ of the original Hamiltonian, depending on the Fermi level Λ, into the
sum of two operators with complementary branches of the continuous spectra. The
model proves to be fitted because the corresponding model Dirichlet-to-Neumann
map (DN-map, see [74]) serves a rational approximation of the DN-map of the
non-trivial component LΛ of the split system.

In an important alternative class of the resonance scattering systems, repre-
sented by the Helmholtz resonator, the reservoir can’t be decomposed into simple
components similar to the cylindrical leads, but the finite leads connecting the
compact subsystem – the resonator – with the reservoir, admit a similar decom-
position. Then again, a fitted solvable model can be constructed, see [33], based
on the splitting of the spectral channels in the leads. The model obtained can
serve again as a first step – a jump start – of the corresponding analytic perturba-
tion procedure. We postpone the discussion of the Helmholtz resonator and other
systems with nontrivial reservoirs to oncoming publications.

Main difficulty of analysis of resonance scattering systems of both above
kinds on the networks is defined by presence of the eigenvalues of the isolated
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compact subsystem, embedded into the continuous spectrum of the reservoir, sep-
arated from the compact subsystem. Indeed, for a selfadjoint operator A0 in the
Hilbert space E, with discrete spectrum, and small εV , the selfadjoint perturbation,
‖ εV ‖≤ ε, defines, for each simple isolated eigenvalue λ0

s of A0

2ε < mint
=s|λs − λt| ≡ ρs

a branch of eigenvalues λε
s of the perturbed operator Aε := A0 + εV represented

in form of a geometrically convergent series

λε
s = λ0

s + ε λ0
s(1) + ε2 λ0

s(2) + ε3 λ0
s(3) + · · · ,

and the corresponding branch of eigenfunctions, see [29].
This standard analytic perturbation approach is not applicable, generally, to

operators with eigenvalues embedded into the continuous spectrum, in particular
to non-compact QN where the “spacing” ρ is zero. Development of radio-location
during WWII required analysis of scattering problems on the networks of electro-
magnetic wave guides, in particular on junctions. The scattering on the junction is
a typical perturbation problem for embedded eigenvalues. The perturbation of the
problem causes the transformation of real eigenvalues on the vertex domain of the
junction into complex resonances. This problem can’t be solved by methods of the
standard spectral theory of selfadjoint operators. In the paper [41] M.S. Livshits
proposed an elegant approach to the problem of transmission of electro-magnetic
signals across the junction, taking into account only oscillatory electro-magnetic
modes in the wave-guides and neglecting the “evanescent”-exponentially decreas-
ing modes. He reduced the calculation of the scattering matrix to calculation of
the corresponding characteristic function and found a real wave conductance for
the oscillatory modes and pure imaginary wave conductance for evanescent modes.
The discovery, based on M.S. Livshits ideas, of the connection between the scat-
tering matrix and the characteristic function of the corresponding non-selfadjoint
operator, see [1], was an extraordinary achievement and became eventually a
source/basement of a series of important results in the theory of the functional
models of the dissipative operators, see [40, 51, 50]. The approach to the perturba-
tion theory developed in these papers permitted to understand the spectral nature
of the resonances, but it does not help practical problem of optimization of design of
quantum or electro-magnetic networks with prescribed transport properties. One
more detail in the above paper [41] was important in this respect. M.S. Livshits
completely disregarded the evanescent waves in the wave-guides, which was usual
in the papers of engineers and physicists on the electro-magnetic wave-guides. But
he emphasized in [41] importance of accurate elimination of the evanescent waves.
This was not done till now. We see now, that the absence of analysis of the evanes-
cent waves prevented M.S. Livshits from establishing, at that time, an effective
connection between the geometry of the junction and the transmisson/reflection
coefficients, see also our comments below, Section 3.

In the case of operators with continuous or dense discrete spectrum one can
substitute the Hamiltonian A0 of an unperturbed system by a fitted solvable model
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Aε, and then develop an analytic perturbation procedure between the perturbed
Hamiltonian Aε and the model Aε. This two-steps idea A0 → Aε → Aε of the
modified analytic perturbation procedure was suggested, in implicit form, by H.
Poincaré for relevant problems of celestial mechanics, see [63], and formulated
in an explicit form in 1972 by I. Prigogine. In 1972 I. Prigogine, [65], declared
importance of the search of a general practical algorithm for the two-step analytic
perturbation procedure

A0 −→ Aε −→ Aε

implementing the above Poincaré idea. Prigogine attempted to find an intermediate
operator Aε as a function of the unperturbed operator Aε = Φ(A0), and he wanted
to have the above two step analytic perturbation procedure on the whole Hilbert
space. The search of the corresponding “intermediate operator” Aε continued for
almost 20 years, but did not give any results. Finally Prigogine declared that the
intermediate operator with the expected properties does not exist and can’t be
constructed.

We guess now, that I. Prigogine’s suggestion based on the intermediate op-
erator Aε was very close to success. The idea of Prigogine was commonly used
by physicists in form of effective Hamiltonian of a complex quantum systems,
and, after essential modification, in [39] for “geometrical integration” in dynami-
cal problems of classical mechanics.

In our recent papers [7, 44, 28], see also an extended list of references below,
we suggested a method of accurate elimination of the evanescent waves based on
the idea of the intermediate Hamiltonian. Our method also permits to accurately
eliminate the evanescent waves in the case studied by M.S. Livshits. In this paper
we provide, following the quoted papers, a review of the corresponding modified
approach to the analytic perturbation procedure and describe, based on [60], an
algorithm of construction of the solvable model and the procedure of fitting. We
developed the corresponding general approach to the spectral problems with em-
bedded eigenvalues in the series of papers [7, 57, 58, 28, 59, 44, 60, 62]. Contrary
to the original Prigogine’s idea, we do a couple of changes:

1. We search for the intermediate operator – the “jump start”, see [56] – Aε,
on the first step of the above-mentioned two-step procedure, not among functions
Φ(A0) of A0, as I. Prigogine suggested, but among weak (finite-dimensional) per-
turbations of the non-perturbed Hamiltonian A0, which is close to the method
suggested by Livshits.

2. We restricted our analysis to the part of the unperturbed operator on a
spectral subspace which corresponds to some “essential spectral interval”, contrary
to I. Prigogine who attempted to find a global intermediate operator on the whole
space. Thus we develop our modified analytic perturbation procedure locally. A
similar requirement of locality is applied in [39] on the space of initial data of the
structure-preserving model.

We begin with two classical examples of the resonance scattering systems, to
reveal typical difficulties arising from the very beginning when considering pertur-
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bations of systems with eigenvalues embedded into the continuous spectrum, and
discuss nearest prospects of the perturbative analysis of these systems.

Example 1: Helmholtz Resonator. Helmholtz resonator was probably the first res-
onance scattering system discussed mathematically, see [66]. It is composed of the
typical details: the inner domain Ωint, the shell Ωshell, and the reservoir Ωout sep-
arated by the shall from Ωint. Consider the Helmholtz equation −Δu = λu in a
domain Ω ∈ R3 represented as a sum of two disjoint parts Ω = Ωint ∪ Ωout and
a shell Ωshell with a small opening. Kirchhoff suggested to substitute the problem
by the model where the opening is pointwise, so that there exist only one common
point a ∈ Ω̄int∪Ω̄out∪Ω̄shell. Kirchhoff suggested an Ansatz for the Green-function
Gλ(x, y) of the Helmholtz equation in Ω with Neumann boundary condition

−ΔGλ(x, y) − λGλ(x, y) = δ(x− y),
∂G

∂nx

∣∣∣∣
∂Ω

= 0, x, y ∈ Ω̄.

in the form of a linear combination of the Green functions Gint
λ (x, y), Gout

λ (x, y) of
the inner and the outer problems:

−ΔGin,out
λ (x, y) − λGin,out

λ (x, y) = δ(x− y),
∂G

∂nx

∣∣∣∣
Ωin,out

= 0.

®

±

Figure 1. Helmholtz Resonator with a point-wise opening at the point
a and the enlarged detail of the resonator with a narrow short channel,
δ ' H ' λ−1/2

Gλ(x, y) −
{

Gout
λ (x, y) + AoutGout

λ (x, a), x, y ∈ Ωout

Aint Gin
λ (x, a), if y ∈ Ωout, x ∈ Ωint,

,

with undefined constants – the Kirchhoff coefficients Aout, Aint. This Kirchhoff
Ansatz satisfies the equation and the Neumann boundary conditions everywhere
on ∂Ω, except the point a, where the Ansatz is singular. The problem of choice of
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the Kirchhoff constant and other interesting problems concerning the resonator,
see [66] remained open until recent time, see in this connection the preprint [11].

Example 2: Zero-range potential. In 1933 E. Fermi, [19], considered the problem
of scattering of neutrons n by the nucleon S of Sulphur. He suggested to choose for
this problem the model Hamiltonian in the form of Laplacian in L2(R3) defined
on smooth functions u ∈ L2(R3) with a singularity at the origin

u(x) =
Au

4π|x| +Bu + · · · ,

and a special boundary condition imposed on the asymptotic boundary values
Au, Bu:

Au = γBu, γ = γ̄.

The Laplacian is symmetric and even selfadjoint with this boundary condition, and
admits explicit calculation of the eigenfunctions: this model is “solvable”. Fermi
suggested to “fit” this model choosing γ = −4πp−1

0 , if −p2
0 is a small negative

eigenvalue in the system n, S.
The model can be extended to the case when γ > 0, and fit to the purely

imaginary resonance p0 = iγ. The resulting mysterious “zero-range potential”
suggested by Fermi was interpreted by F. Berezin and L. Faddeev [8] in terms of
von Neumann Operator Extensions Theory, [48]. Later this “zero-range potential”
was used in numerous physical and mathematical papers and books, see, e.g., [5].

In both above examples the reservoirs are either a large exterior domain,
or the whole space with single point x = 0 removed. The first example was also
treated by the operator extension methods in [18], producing a zero-range solvable
model of the resonator immersed into 3D space. The role of the unperturbed oper-
ator in [18] played an orthogonal sum of the Neumann Laplacian Lint in L2(Ωint)
and Lout in L2(Ωout). The basic difficulty of the original perturbation problem,
with a thin short channel, is caused by presence of the eigenvalues of Lint em-
bedded into the continuous spectrum of Lout. The standard selfadjoint spectral
theory is generally unable to treat the problem of embedded eigenvalues, by ob-
serving transformation of them into the corresponding complex resonances. The
elegant Lax-Phillips approach to resonance scattering problems reveals the spec-
tral nature or resonances, see [40], but does not help to calculate them. In [18]
the resonances can be easily calculated via solving an algebraic equation, but yet
the fitting of the suggested zero-range model remained a problem. In [11] an ap-
proach to the problem of fitting of the model is suggested based on an explicit
formula connecting the “full” scattering matrix of the Helmholtz Resonator with
the Neumann-to-Dirichlet map, see [55], and a subsequent rational approxima-
tion of the Neumann-to-Dirichlet map for the inner domain of the resonator (the
cavity Ωint). Fortunately the problem of search of the resonances, in the case of
small opening, becomes finite-dimensional after replacement of the Neumann-to-
Dirichlet map of the cavity by the corresponding rational approximation, see more
details in [11].
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In the second example just a selfadjoint operator −Δγ is suggested, with only
parameter γ, which can be interpreted in spectral terms. This operator plays a role
of an effective Hamiltonian of the original scattering problem for the neutrons and
the nuclei, see [19]. Yet again, the substitution of the original perturbed (full)
Hamiltonian by the effective solvable Hamiltonian −Δγ requires fitting of the
model, at least on some essential interval of energy.

Note that the role of the effective Hamiltonian is played, in the second ex-
ample, by a selfadjoint extension of the unperturbed Hamiltonian −Δ. Numerous
effective Hamiltonians in quantum mechanics are constructed as zero-range solv-
able models of quantum systems see for instance [54] and our recent papers quoted
above.

In this review we represent some results of our recent papers quoted above
(see the text preceding the Example 1) where the effective Hamiltonians are con-
structed as zero-range solvable models. To make the text easily readable, we omit
some proofs and most of technical details, which can be found in the original
publications. But we pay additional attention to the interconnections of our con-
structions previously spread in different publications.

2. Scattering on quantum networks and junctions via DN-map

The basic idea of analysis of partial differential equations on quantum networks
is that the corresponding Schrödinger problem can be divided in two parts: a
Schrödinger equation on the region surrounded by barriers (e.g., a quantum well)
and one on the reservoir the two being weakly coupled by tunneling, see for in-
stance [64] or by a thin channel. It is noticed in [64] that this decomposition
“corresponds to the schematization of the transport process as a coherent process
on the quantum well, fed by the exterior reservoirs – quantum wires”. On the reser-
voirs, assumed to be homogeneous and neutral, the electron-electron interaction
is neglected, and the single electron is free. But the resonance properties of the
quantum well and the tunneling on the contacts define the transport properties
of the whole network. It is a common belief that thin quantum network can be
modeled by a 1d graph, see [52], with either Kirchhoff boundary conditions, or
just non-specified selfadjoint boundary conditions at the vertices. There exist an
extended bibliography concerning one-dimensional models of quantum networks,
see for instance [13, 37, 38, 26, 73]. Notice that even sharp resonance effects on 2d
wave-guides and networks were studied theoretically mainly by numerical methods,
see for instance [24, 77].

Quantum network Ω which is being studied in this paper, is composed of
straight leads (quantum wires) width δ, some of them semi-infinite, and vertex
domains Ωs (quantum wells), see Fig. 2. An important basic detail of the quan-
tum network is a junction, see Fig. 3. The junction is a non-compact quantum
network composed of a quantum well and few semi-infinite quantum wires, of con-
stant width, attached to it. The junction is usually called thin, if the diameter
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! 0

Figure 2. Quantum Network: a detail

!

!

!

Figure 3. General junction

of the quantum well Ωint strongly dominates the width δ of the wires ω attached
to it: δ ' diam Ωint. Calculation of the scattering matrix of a junction is a chal-
lenging computational problem, yet accessible for standard commercial programs,
see the discussion below. Physicists have certain preferences about the boundary
conditions at the vertices, see the discussion below, Example 3.

Example 3: Thin symmetric T-junction. For thin symmetric T -junction, with the
“bar” orthogonal to the “leg”, a reasonably simple explicit formula for the scatter-
ing matrix was suggested in [14] based on reduction of the 2D scattering problem
on the junction to the corresponding 1D scattering problem on the corresponding
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Figure 4. Simplest symmetric T -junction with a square vertex domain

! !

!

Figure 5. Model symmetric T -junction

quantum graph, see Fig. 5. The boundary conditions for the model T -junction
suggested in [14], is presented in terms of limit values of the wave-function on the
1D wires {ψi}3

i=1 := �ψ and the values of the corresponding outward derivative
(boundary currents) {ψ′i}

3
i=1 := �ψ′ at the node:

ψ1 = β−1ψ2 = ψ3 , ψ′1 + βψ′2 + ψ′3 = 0, (1)

or in the form
P⊥β �ψ = 0 , Pβ

�ψ′ = 0 (2)

with the projection

Pβ =
1

β2 + 2

⎛⎝ 1 β 1
β β2 β
1 β 1

⎞⎠ . (3)

The scattering matrix of such a junction is constant Sβ = I − 2Pβ , with the
phenomenological parameter β responsible for connection between the bar and
the leg. This formula was intensely used, see for instance [69, 72], despite unclear
meaning of the parameter β. See further discussion of transmission across the
junction in [16, 17, 25] and find more references therein.

In this paper, based on the resonance conception of conductance on the junc-
tion, we suggest a semi-analytic procedure of calculation of the scattering matrix
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and a method of reduction of a general thin junction to a quantum graph. More-
over, we suggest a solvable model of a thin junction and reveal the meaning of the
projection Pβ . In this paper we do not take into account the spin-orbital interac-
tion, just by disregarding the spin of the electron.

We consider a junction Ω constructed of a few straight leads ωm, ∪M
m=1ω

m =
ω, width δ, attached orthogonally to the flat pieces Γm of the piecewise-smooth
boundary of the vertex domain Ωint, Ω = Ωint ∪ ω. On smooth functions u ∈
W 2

2 (Ω) satisfying the homogeneous Neumann boundary condition, we define the
Schrödinger operator

− ( u+ V u =: L
with the potential V equal to the constant Vδ on the leads and equal to a real
bounded piecewise-continuous function on Ωint supplied with Dirichlet boundary
condition. The operator L is essentially selfadjoint, and it can be considered as
a perturbation of the corresponding operator L0 defined by the same differential
expression and an additional Dirichlet boundary condition on ∪M

m=1Γm =: Γ:

L −→ lω ⊕ Lint = L0 .

The spectrum σ(Lint) of Lint is discrete, and the spectrum σω of Lω is absolutely
continuous, consists of a countable set of branches σω = ∪M

m=1 ∪∞l=1 σ
m
l corre-

sponding to the parts lml of lω

lml = − d2

dx2
+
π2l2

δ2
+ Vδ, l ≥ 1 ,

with the homogeneous Dirichlet boundary condition u
∣∣
Γ

= 0 at the bottom sections
xm

∣∣
Γm

= 0. The operators Lm
l on the wires are obtained from Lω via separation of

variables, with the basis of cross-section eigenfunctions {em
l } =

{√
2
δ sin πly

δ

}
, l =

1, 2, . . . , m = 1, 2, . . . ,M . Here the local transversal coordinate on ωm is denoted
by y. The eigenfunctions of Lω are scattered waves on each lead ωm:

ψm
l (x) = χl

+(x) − χl
−(x), x = xm ≥ 0 ,

represented as linear combinations of oscillating exponential modes

χm,l
± = e±i

√
λ−λl x em

l (y) := e±iKm,l
+ x em

l (y), λ > λl = π2 l2δ−2, (4)

with the reflection coefficients Sl = 1. The perturbed operator L is obtained from
L0 by replacement of the homogeneous Dirichlet boundary condition on the bottom
sections Γ by the smooth matching condition. The corresponding scattered waves
are obtained via matching on Γ a solution of the Schrödinger equation on the
vertex domain with the scattering Ansatz (see for instance [46, 47]):

ψm
l (x) =

{
χl

+(x) +
∑

π2r2/δ2<λ S
m,m
l,r χr

−(x) +
∑

π2r2/δ2>λ s
m,m
l,r ξr(x), x ∈ ωm∑

π2r2/δ2<λ S
m,n
l,r χr

−(x) +
∑

π2r2/δ2>λ s
m,n
l,r ξr(x), x ∈ ωn, n �= m ,

(5)
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composed, for given λ, of the above oscillating modes χr
± in the open channels, with

the thresholds below λ, λm
r < λ, and the exponentially decreasing (“evanescent”)

modes in the closed channels

ξm,s
− = em

s (y) e−
√

λs−λ x := e−Km,s
− x em

s (y), λ < λs, (6)

associated with the thresholds λm
s = π2 s2 δ−2 of the closed channels in the leads

– see [44] for details.
The quantum wells and the quantum wires are usually manufactured as a

certain relief of the surface of the semiconductor. We assume in this paper that the
scaled Fermi level Λ = 2m∗EF �−2 of the semiconductor is situated in the middle
of the first spectral band Δ1 = [Vδ + π2

δ2 , Vδ +4π2

δ2 ] of the wire, Λ = Vδ + 5
2

π2

δ2 . Then
the first spectral band plays the role of the conductivity band and the junction has
metallic properties. At low temperature T , the scattering processes are observed
only on the essential spectral interval

ΔT = [Λ − 2m∗κT�
−2, Λ − 2m∗κT�

−2] ⊂ Δ1. (7)

If the electron’s density is low, the main contribution to the scattering picture
is defined by one-body processes. In this paper we focus on one-body scattering
on the essential spectral interval. We disregard the spin-orbital interaction and
neglect all effects connected with electrons spin. Hence we study the scattering on
the first spectral band Δ1 = [π2 δ−2, 4π2 δ−2] of the open channel, and represent
the cross-section space L2(Γ) =: E as an orthogonal sum of the entrance subspaces
E± of the open and closed spectral channels respectively:

E+ =
M∨

m=1

em
1 , E− =

M∨
m=1

∞∨
l=2

em
l , PE± =: P± . (8)

The infinite linear system for the coefficients of the scattering Ansatz, obtained
from the matching conditions, can be solved, if the Green functions GD

Γ = Gint

of the Schrödinger operators LD
Γ = Lint in L2(Ωint), with Dirichlet boundary

conditions is constructed. The operator LD
Γ is defined on W 2

2 -functions in Ωint,
with the Meixner conditions at the inner corner points:

Lintu = −Δu+ V u = λu, u
∣∣
∂Ωint

= 0. (9)

The Green function is found from the equation:

LD
ΓG

D
Γ = − (GD

Γ + V GD
Γ = λGD

Γ + δ(x− y), GD
Γ

∣∣
∂Ωint

= 0. (10)

Hereafter we denote by σD the spectrum of LD
Γ . According to the general theory

of second-order elliptic equations, the solution u of the boundary problem

−Δu+ V u = λu, u
∣∣
Γ

= uΓ, u
∣∣
∂Ωint\Γ = 0. (11)

is represented by the Poisson map

u(x) =
∫

Γ

PΓ(x, γ, λ)uΓ(γ) dγ ,
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involving the kernel Pint(x, γ) = −∂GD
Γ (x, γ)/∂nγ . The corresponding boundary

current on Γ is calculated as
∂u

∂n

∣∣∣∣
x∈Γ

= −
∫

Γ

∂2GD
Γ (x, γ, λ)
∂nx∂nγ

uΓ(γ) dΓ =: DN Γ(λ)uΓ .

This formal integral operator is restriction onto Γ of the Dirichlet-to-Neumann
map, see [74, 21, 22]. For the sake of brevity we call it here “relative DN-map”.
The relative DN-map is also a Nevanlinna class function DN (λ) for Im λ ≤ 0, with
poles at the eigenvalues of the corresponding Schrödinger operator LD

Γ = Lint. The
relative DN-map is a pseudo-differential operator of order 1: for W 2

2 (Ω) solutions u
the DN-map acts from W

3/2
2 (Γ) to W 1/2

2 (Γ) and for W 3/2
2 (Ω) generalized solutions

the D-map acts from W 1
2 (Γ) to L2(Γ).

We consider also the boundary problem

−Δu+ V u = λu,
∂u

∂n

∣∣
Γ

= ρΓ, u
∣∣
∂Ωint\Γ = 0. (12)

and the operator

LN
Γ = −Δu+ V u,

∂u

∂n

∣∣
Γ

= 0, u
∣∣
∂Ωint\Γ = 0. (13)

with the relative Neumann Green function GN
Γ :

LN
Γ G

N
Γ = −(GN

Γ +V GN
Γ = λGN

Γ +δ(x−y), GN
Γ

∣∣
∂Ωint\Γ = 0,

∂GN

∂nx

∣∣
∂Ωint\Γ = 0.

(14)
The map

u(x) =
∫

Γ

GN
Γ (x, γ, λ)ρΓ(γ)d Γ =: QΓ

1ρΓ, x ∈ Ωint ,

gives a solution of the relative Neumann boundary problem (12). The trace of the
solution on Γ

u(x)
∣∣
Γ

=
∫

Γ

GN
Γ (x, γ)ρΓd Γ =: NDint

Γ

∂ψ

∂n

∣∣∣∣
Γ

, x ∈ Γ ,

defines the relative Neumann-to-Dirichlet map which is inverse to the relative
Dirichlet-to-Neumann map defined above,

NDΓ DN Γ = IΓ.

For W 2
2 solutions u the corresponding DN-map acts, on the set of all regular

spectral points λ of the Neumann Schrödinger, from W
1/2
2 (Γ) onto W 3/2

2 (Γ). For
W

3/2
2 solutions the ND-map acts acts from L2(Γ) onto W 1

2 (Γ).
The coefficients of the scattering Ansatz (5) can be found, in principle, from

the infinite linear system which is obtained by substitution of the scattering Ansatz
into the matching condition (see [44]). An important part of the calculation is the
proof of the formula for the DN-map in terms of the GD

Γ (see [44]), or, respectively,
a similar formula for the ND–map in terms of GN

Γ . Selecting E± as indicated
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above, (8), represent the ND-map of LN
Γ by 2 × 2 operator matrix with elements

ND±,± = P±NDΓP±

NDΓ =
(

ND++ ND+−
ND−+ ND−−

)
. (15)

The similar decomposition of the DN-map of the Schrödinger operator LD
Γ on Ωint

DN Γ =
(

DN++ DN+−
DN−+ DN−−

)
(16)

was used in [44] in the course of construction of a convenient representation for
the scattering matrix on the open spectral bands. We set, in agreement with the
above notations in (4,5,6):

K+ =
∑

m

∑
open

√
λ− λl e

m
l 〉〈em

l =
∑

m

√
λ− π2

δ2 e
m
1 〉〈em

1 ,

K− =
∑

m

∑
closed

√
λl − λ em

l 〉〈em
l =

∑
m

∑
l≥2

√
λl − λ em

l 〉〈em
l .

Hereafter we use the standard bracket notations, e〉〈e′ : u→ e 〈e′, u〉, with the bar
on the first factor of the dot-product in E = L2(Γ). The exponents of oscillating
and decreasing modes on the first spectral band spanned by the vectors e± ∈ E±
are represented as:

χ±e+ = e±iK+xe+ , ξ−e− = e−K−xe− .

The matrices Sm,n
l,r and sm,n

l,r , which are defined by the matching of the scattering
Ansatz to the solution of the homogeneous equation on Ωint, constitute respectively
the scattering matrix – the square table of amplitudes in front of the oscillating
modes in open channels (l = 1):

S =
M∑

m,n=1

∑
Sm,n

1,1 em
1 〉 〈en

1 ,

and the table of amplitudes in front of the evanescent modes

s =
M∑

m,n=1

∑
1, r≥2

sm,n
1,r e

m
1 〉 〈en

r .

The scattering matrix of the junction is represented (see [44] and Theorem 2.1
below) in terms of the matrix elements DN , ND combined in aggregates

M = DN++ − DN+−
I

DN−− +K−
DN−+ (17)

N = ND++ − ND+−K−
I

I− + ND−−K−
ND−+ , (18)

The width δ of the leads can serve as a small parameter in the course of calculation
of the scattering matrix. Thin networks, with small δ, are characterized by large
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distance between the neighboring spectral thresholds:

π2(l + 1)2

δ2
− π2l2

δ2
=

(2l + 1)π2

δ2
.

One can prove following [44] that, for a “thin junction”, the denominator
DN−−+K− is invertible on a major part of a properly selected auxiliary spectral
interval Δ, where the DN-map is represented as a sum of a rational function and
a regular correcting term:

DN Γ =
∑

λs∈Δ

∂ϕs

∂n 〉〈∂ϕs

∂n

λs − λ
+ KΔ1 =: DNΔ + KΔ, (19)

The zeros of the denominator DN−− + K− on Δ have an important operator-
theoretic meaning: they are eigenvalues of the intermediate Hamiltonian. Here-
after we consider the rational approximation (19) and the corresponding rational
approximation of DN−− = P−DNP−:

DN−− = DNΔ
−− + KΔ

−−, (20)

with a regular “error” KΔ
−− on a complex neighborhood G(Δ) of Δ.

We call the junction Ω thin in closed channels, either in W 1
2 (Γ) or in W

3/2
2 (Γ),

if, respectively,

sup
Δ

‖ K−1
− KΔ

−− ‖W 1
2 (Γ)< 1 , or sup

Δ
‖ K−1

− KΔ
−− ‖

W
3/2
2 (Γ)

< 1 (21)

This implies the following statement (see [44]):

Lemma 2.1. If the junction is thin on closed channels, then the denominator of
(17) is invertible [

KΔ
−− +K−

]−1
: L2(Γ) → W 1

2 (Γ) ,

on a corresponding “major part of the essential spectral interval” – the complement
of the set of zeros ZΔ ⊂ Δ of the determinant of the finite-dimensional matrix-
function:

ZΔ =
{
λ : det

[
I +

(
KΔ
−− +K−

)−1 DNΔ
−−(λ)

]
= 0

}
A similar statement holds for the above denominator as an operator from W

1/2
2 (Γ)

to W 3/2
2 (Γ).

Theorem 2.1. The substitution of the scattering Ansatz (5) into the matching con-
ditions on Γ gives the following formulae for the scattering matrix on Δ̂

S = [iK+ + M]−1 [iK+ − M] , (22)

S = [N iK+ + 1]−1 [N iK+ − 1] . (23)
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Proof. The scattering Ansatz generated by the entrance vector e ∈ E+ is con-
stituted by the incoming wave eiK+ xe, the transmitted/reflected wave e−iK+ xSe
and the evanescent wave e−K−xse:

Ψe = eiK+ xe+ e−iK+ xSe+ e−K−xse .

The boundary data of the scattering Ansatz at the bottom sections Γ should match
on Γ the boundary data of the solution of the homogeneous Schrödinger equation
inside Ωint:

Lintψ = λψ, ψ

∣∣∣∣
∂Ωint\Γ

= 0 ,

ψ
∣∣
Γ

= ψe(0) = e+Se+se ,
∂ψ

∂n

∣∣∣∣
Γ

= ψ′e(0) = iK+e− iK+Se−K−se . (24)

Using the matrix representations (16, 15) for DN , ND, we obtain from (24) two
equivalent linear systems which describe matching conditions on Γ

iK+(1 − S)e = DN++(1 + S)e+ DN+−se ,
−K−se = DN−+(1 + S)e+ DN−−se , (25)

and

(I + S)e = ND++ iK+(I − S)e− ND+−K−se,
[I + ND−−K−]se = ND−+ iK+(I − S)eND−−se. (26)

Eliminating the component se from them and using the former notations M, N
we obtain the announced representation for the scattering matrix (22, 23). �

Consider the operator L defined by the above Schrödinger differential expres-
sion on the junction Ω = Ωint ∪ ω , with zero Dirichlet condition on the boundary
∂Ω. It is essentially selfadjoint on the domain of smooth functions u, subject to
the Meixner restriction u ∈ W 1

2 (Ω). Assume that the entrance space E = L2(Γ)
on the cross-sections Γ is decomposed as E+ ⊕ E−. We use the former notations
P± for the orthogonal projections in E onto E±. Consider the Glazman splitting
LΓ obtained from L by imposing an additional partial zero boundary condition on
the bottom sections Γ of the leads:

P+u
∣∣
Γ

= 0 , (27)

complemented by the standard smooth matching condition on Γ in closed channels.
The operator L is split by this boundary conditions into an orthogonal sum of two
operators:

L −→ LΛ ⊕ lΛ = LΛ .

Here lΛ = − d2

dx2
+ π2

δ2 +Vδ in L2(0,∞)×E+) =: H+, with zero boundary condition

at the origin u(0) = 0, and LΛ is defined in the orthogonal sum of the channel
space L2(0,∞) × E− =: H− of the closed channels and L2(Ωint) on W 2

2 -smooth
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functions, subject to the Meixner condition and the matching condition on Γ in
closed channels:

LΛ : D(Λ) −→ L2(Ωint) ⊕ H− .

Theorem 2.2. The operators LΛ, lΛ are essentially selfadjoint. The absolutely con-
tinuous components of spectra of the corresponding selfadjoint extensions are

σa(lΛ) = [λ1, ∞), with multiplicity M,

σa(LΛ) =
∞⋃

l=2

[λl,∞) =:
⋃
l≥2

σl
a . (28)

where each branch σl
a has multiplicity M , and the total multiplicity is growing step-

wise on the thresholds λl separating the spectral bands Δl = [λl, λl+1]. The spectral
multiplicity of the absolutely continuous spectrum of LΛ on the spectral bands Δl

is equal to Ml(l+ 1)/2. The discrete spectrum of LΛ consists of a countable set of
eigenvalues λΛ

s accumulating at infinity. The singular spectrum of LΛ is empty.

¸ ¸

¾

¾

¾

¾

Figure 6. The intermediate Hamiltonian LΛ inherits the closed
branches of the continuous spectrum of the unperturbed operator. The
part lΛ of the split operator inherits the first – open – branch of the
spectrum of the split operator. The resonance eigenvalues of the inter-
mediate Hamiltonian define the resonance conductance of the junction.

The relation MN = I observed from comparison of the formulæ (23, 22) has
an important operator-theoretic meaning. It is derived from the fact that M, N
are respectively DN and ND-maps of the intermediate Hamiltonian – the part L0

of the Glazman splitting

L −→ LΛ = LΛ ⊕ lΛ. (29)

defined by the partial boundary condition P+u
∣∣
Γ

= 0 – see [46]. Contrary to the
standard splitting L −→ Lint ⊕ Lω, this splitting (29) is finite-dimensional – see
[4]. The poles of M on the first spectral band, below λmin, are the eigenvalues of Λ.
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3. Krein formulae for the intermediate DN-map
and ND-map, with the compensated singularities

Expressions M, N in the formulae (17,18) contain, at least formally, the singular-
ities at the eigenvalues of the operators LD

Γ , L
N
Γ . Presence of these singularities in

the conditions of the last theorem of the previous section looks strange. In fact we
were able to prove, see [3], that the singularities in the first and second terms of the
above Krein formula for M, inherited from LD

Γ , compensate each other, so that
only the singularities of the denominators of (17) play a role. Similar statement
can be proved, see Theorem 3.3 below, for N . But in fact the compensation of
singularities permits to obtain more convenient representations for M, N – that
is for DN and ND maps of the intermediate Hamiltonian LΛ. These new repre-
sentations imply also the corresponding exact formulae for the scattering matrix
of L, and convenient approximate expressions for the scattering matrix as well.
This approximate expressions can serve a base for construction of a fitted solvable
model of the junction in form of star-shaped 1D quantum graph, and for derivation
of the boundary condition at the vertex.

We begin with the discussion of compensation of singularities in the formula
(17) for the DN-map M of the intermediate Hamiltonian. It appeared, that the
singularities of the first and second term at the eigenvalues of Lint compensate each
other, so that only the zeros of the denominator DN−−+K− arise as singularities
of DNΛ on Δ. A one-dimensional version of the statement can be found in [10] and
a rescription of the classical Krein formula with compensated singularities is given
in [45]. In this paper we review the compensation singularities in Theorem 3.1,
following [3] for a general thin junction and prove a similar statement, see Theorem
3.3 for the intermediate ND-map. We also obtain, in course of calculations, an
important “byproduct”: a version of analytic perturbation procedure for groups
of eigenpairs. Note that the standard analytic perturbation procedure is aimed on
calculation of an individual perturbed eigenvalue.

Usually the convergence of the corresponding perturbation series is limited
by the condition of non-intersection of corresponding terms λs(ε) �= λt(ε). Our
technique, based on compensation of singularities, can be used even to study
overlapping terms and to study the transformation, under small perturbations,
of intersections of terms into quasi-intersections. This technique is aimed not on
the calculation of an individual perturbed eigenvalue, but rather on derivation
of an approximate algebraic equation for the perturbed eigenvalues and calcula-
tion of the corresponding residues at the poles of the perturbed DN-map. We also
calculate, based on (22), the scattering matrix of a “relatively thin” junction in
the quantum network. We also develop similar technique for ND-map. In fact our
technique can be modified to calculate the scattering matrix for arbitrary junction,
see [3].

For given temperature T we consider an essential spectral interval centered
at the scaled Fermi level Λ : ΔT = [Λ − 2m∗ T �−2, Λ + 2m∗ T �−2]. We assume
that the temperature is low, so that ΔT is situated inside the auxiliary spectral
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interval or an open spectral set Δ

ΔT ⊂ Δ ⊂
(
π2

δ2
+ Vδ,

4π2

δ2
+ Vδ

)
=: Δ1.

Our prime aim is: to construct on ΔT a convenient local “quasi-one-dimensional”
representation for the intermediate DN-map and one for the scattering matrix1 of
the junction with compensated singularities inherited from the Lint, to substitute
previous formula (22).

Selecting an appropriate spectral interval (or just a spectral set) Δ : ΔT ⊂ Δ,
we represent the DN-map DN of Lint on the essential spectral interval ΔT as a
sum

DN int =
∑

λs∈Δ

∂ϕs

∂n

∣∣∣∣
Γ

〉〈∂ϕs

∂n

∣∣∣∣
Γ

λ− λs
+ KΔ =: DNΔ + KΔ. (30)

of the rational expression constituted by the polar terms with singularities at the
eigenvalues λs ∈ Δ, s = 1, 2, . . . , N of the operator Lint and the analytic operator
function KΔ on a complex neighborhood GΔT of ΔT .

We will also use the operators obtained from DN int via framing it by the
projections P±, for instance:

P+DN intP− = P+DNΔP− + P+KΔP− = DNΔ
+− + KΔ

+−.

We introduce also the linear hull EΔ =
∨N

s=1 {ϕs} – an invariant subspace of Lint,
dim EΔ = N , corresponding to the spectrum of Lint contained in Δ and the part
LΔ :=

∑
λs∈Δ λsϕs〉〈ϕs of Lint in it. To calculate the intermediate DN-map M in

terms of the standard DN-map of Lint we have to solve, see (3.1) the equation:

[DN−− +K−]u = DN−+g (31)

on the essential spectral interval ΔT . It can be solved based on Banach principle
if K− can play a role of a large parameter.

Definition. The junction, for which the operator[
KΔ
−− +K−

]−1
(32)

exists on ΔT is called hereafter “relatively thin junction”, for the selected spectral
set Δ and given temperature T . A general network is called thin, if all junctions
of the network are thin.

For a relatively thin junction, due to continuity of KΔ
−−,K− there exist also

a complex neighborhood GΔT of ΔT , where KΔ
−− +K− is invertible.

Hereafter we assume that the junction is thin. The case of an arbitrary junc-
tion is considered in [3].

1Compare with the popular one-dimensional formula for the scattering matrix in terms of the

Weyl function, derived in [53] and intensely used by B. Simon and F. Gezstezy in their approach
to the spectral inverse problem, see [20].
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The above definition of thin junctions (and networks) is based on the following
motivation. The DN-map of Lint is homogeneous degree −1. It acts from W

3/2
2 (Γ)

to W 1/2
2 (Γ), see [74]. If Ωint has a small diameter d then, the norm of the correcting

term K is estimated, generically, on the complement of the spectrum, as Const 1/d.
The same estimate remains true for P−KΔP− := KΔ−−. The exponent K− on the
essential spectral band Δ acts from W

3/2
2 (Γ) to W

1/2
2 (Γ) and the norm of its

inverse is estimated as Const δ. Then the W 3/2
2 -norm of K−1

− KΔ
−− is estimated

generically as Const δ/d. Hence, in particular, K−+KΔ
−− = K−

[
I +K−1

− KΔ
−−

]
is

invertible if δ/d' 1, see more comments in [44]. Notice, that for arbitrary junction
an auxiliary Fermi level ΛF

1 := Λ1 can be selected, see [3], such that the condition
(32) is fulfilled. Now we proceed assuming that (32) is fulfilled.

Consider the part LΔ
int of Lint in the subspace EΔ = ⊕

∑
λs∈Δ ϕs:

LΔ
int =

∑
λs∈Δ

λs ϕs〉 〈ϕs : EΔ → EΔ, dimEΔ = N.

Assume that
{

∂ϕs

∂n

} ∣∣∣
Γ

are linearly independent. Then

dim
∨

λs∈Δ

ϕs = dim
∨

λs∈Δ

∂ϕs

∂n

∣∣∣∣
Γ

= N.

Denote by T the map

T =
∑

λs∈Δ

ϕs〉〈
∂ϕs

∂n

∣∣∣∣
Γ

,

and introduce (
P+ − KΔ

+−
I

KΔ−− +K−
P−

)
:= J (λ) : E → E+.

It is obvious that dim
{
J ∂ϕs

∂n

∣∣∣∣
Γ

}
s

≤ dimEΔ. Later we will utilize a stronger

Assumption 1. The vectors J ∂ϕt

∂n

∣∣∣∣
Γ

are linearly independent in E+ for any λ ∈ Δ,

hence both: dim
{

∂ϕt

∂n

∣∣∣∣
Γ

}
= dimEΔ = N and

WJ (λ) := det
{〈

J ∂ϕs

∂n

∣∣∣∣
Γ

, J ∂ϕt

∂n

∣∣∣∣
Γ

〉}N

s,t=1

(λ) > 0. (33)

The above condition (33) is equivalent to the pair of conditions:

1. The functions ∂ϕs

∂n

∣∣∣
Γ
, s = 1, 2, 3, . . . , N are linearly independent.

2. The operator J +J is invertible in the linear hull
∨s=N

s=1
∂ϕs

∂n

∣∣∣
Γ

for any λ ∈ Δ.
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Hereafter we reduce the problem of compensation of singularities to the spec-
tral analysis of the Schrödinger-type equation[

LΔ −Q(λ)
]
ψ = λψ

in EΔ with the λ-dependent “potential”

Q(λ) := T I

KΔ−− +K−
T + : EΔ → EΔ.

Lemma 3.1. For thin junction, on the essential spectral interval Δ the derivative
∂Q
∂λ is a positive matrix N ×N .

Proof. Recall that the branch of the square root
√
π2 δ−2 + Vδ − λ is defined such

that dK−
dλ < 0 on the conductivity band. The correcting term KΔ is a meromorphic

operator function with a negative imaginary part in the upper half-plane �λ > 0

and a positive imaginary part in the lower half-plane, hence dKΔ
−−

dλ < 0 on the
conductivity band Δ1. This implies:

∂Q

∂λ
= −T I

KΔ−− +K−

[
dK−
dλ

+
dKΔ−−
dλ

]
I

KΔ−− +K−
T + > 0, for λ ∈ ΔT ∈ Δ1.

�

Based on some cumbersome calculation, we are able to derive, see [3], that
all singularities in the Krein formula, inherited from the eigenvalues λs of the
unperturbed operator Lint, are compensated.

Theorem 3.1 (Compensation of Singularities M). The Krein formula (17) for the
intermediate DN-map, can be re-written, for a thin junction, on the spectral inter-
val Δ, as:

M = DNΛ = Mreg + JT +〉 I

λIΔ − LΔ +Q(λ)
〈T J+

=: k(λ) + J T +〉 I

λIΔ − LΔ +Q(λ)
〈T J +, (34)

where KΔ
++ − KΔ

+−
I

KΔ
−−+K−

KΔ
−+ =: k(λ) is a regular part of M on ΔT . The

representation (34) remains valid on a complex neighborhood GΔ of the spectral
interval Δ.

Remark 1. The announced rescription (34) of the Krein formula (17) for the DN-
map of the intermediate Hamiltonian, has on the essential spectral interval only
non-compensated singularities, at the eigenvalues of the intermediate Hamiltonian,
calculated as zeros λQ

s of the denominator λIΔ − LΔ +Q(λ) := d(λ):

d(λQ
s ) νQ

s = 0.

These singularities coincide with the eigenvalues of the intermediate Hamiltonian.
We call the above formula (34) for DNΛ the modified Krein formula. Inserting (34)
into the above formula (22) gives a convenient representation for the scattering
matrix of the relatively thin junction, which permits, in particular, to calculate
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sharp resonances, situated near the continuous spectrum, based on eigenvalues of
the intermediate operator.

In the case of one-dimensional zeros of the denominator d(λQ
s )(νQ

s ) = 0,J+

T +νΛ
s �= 0, the corresponding residues are calculated as projections onto the sub-

spaces
EQ

s = J (λQ
s )T + νQ

s .

For multidimensional zeros of the denominator, d(λQ
s )NQ

s = 0, dimNQ
s > 1 the

residues are projections onto the images of the corresponding null-spaces NQ
s =∨

s ν
Q
s

EQ
s = J (λQ

s )T + NQ
s .

The above expression (34) is analytic in ΩΔ on the complement of the set of
zeros of the denominator d(λ). This means that the eigenvalues of the intermediate
Hamiltonian are selected from the set. Assume that λΛ

s , s = 1, 2, 3, . . . , N are
simple zeros of the denominator.

Theorem 3.2. If the Wronskian (33) does not vanish at the algebraically simple
(first-order) zero λQ

1 of the denominator, WJ(λQ
1 ) �= 0, then the zero is an eigen-

value of the intermediate Hamiltonian, with the same spectral multiplicity.

Proof. It is sufficient to prove, that the zero is a first-order pole of the intermediate
DN-map, with a finite-dimensional residue having the same dimension as the zero
of the denominator. Consider the equation

d(λ)u =
[
λIΔ − LΔ +Q(λ)

]
u = f, λ ∈ EΔ. (35)

Assume that d(λQ
1 )eQ

s = 0, and denote by PQ
1 an orthogonal projection onto the

multiple eigenspace
∨

s e
Q
s of the operator LΔ − Q(λQ

1 ) =: LΔ
Q, and by RQ

λ the
corresponding resolvent:[

LΔ −Q(λQ
1 ) − λIΔ

]−1

= RQ
λ (λ).

Then, for λ close to λQ
1 we can substitute the “potential” Q in the above equation

by the Taylor expansion:

Q(λ) = Q(λQ
1 ) + (λ− λQ

1 )
dQ

dλ
(λQ

1 ) +
(λ− λQ

1 )2

2
d2Q

dλ2
(λQ

1 ) + · · ·

and represent the resolvent near the pole λQ
1 as

RQ
λ =

P1

(λQ
1 − λ)

+RQ

⊥,λQ
1
, (36)

where RQ

⊥,λQ
1

is the part of the resolvent in the complementary invariant subspace

E⊥1 = (I −P1)E. Replacing Q(λ) by the corresponding first-order Taylor formula,
we rewrite the equation d(λ)u = f by the equation

u+RQ
λ (λQ

1 − λ)
dQ

dλ
u = −RQ

λ f. (37)
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To calculate the residue of the solution u at the pole λQ
1 we multiply (37) by dQ

dλ

and by the spectral projection PQ
1 of LΔ

Q at λQ
1 and take into account that the

resolvent RQ
λ of LΔ

Q has a simple pole and neglect the terms vanishing at λQ
1 , in

particular all terms arising from the above Taylor expansion beginning from the
second (λ − λQ

1 )2 d2Q
dλ2 (λQ

1 ). Due to positivity of dQ
dλ the operator I + PQ

1
dQ
dλ P

Q
1 is

invertible. Then, due to (36)

PQ
1

dQ

dλ
u =

I

I + PQ
1

dQ
dλ P

Q
1

PQ
1

dQ

dλ
RQ

λ f

has the polar part at λQ
1

u = −
PQ

1

[
I + PQ

1
dQ
dλ P

Q
1

]−1

PQ
1

λQ
1 − λ

f + · · · . (38)

The operator in the square bracket is positive and hence has the spectral form:

PQ
1

[
I + PQ

1

dQ

dλ
PQ

1

]−1

PQ
1 =

∑
r

αr νr〉 〈νr.

Then the polar term of d−1 = −
[
LΔ

Q(λ)
]−1 at λQ

1 is (λ−λQ
1 )−1

∑
r αr νr〉 〈νr and

the pole part of the intermediate DN-map at λQ
1 is

DNΛ
pole =

∑
r J T + νr〉αr 〈J T + νr

λ− λQ
1

.

Due to the orthogonality of νs and non-degeneracy of the Wronskian WQ
Δ , the

vectors J T+ νr are linearly independent, hence λQ
1 is a simple pole of the inter-

mediate DN-map, with the spectral multiplicity dim
∨

s eQ
s . �

The scattering matrix of the original problem on the essential spectral in-
terval can be obtained via replacement in (22) the intermediate DN-map by the
expression (34) with compensated singularities. This substitution is possible for
thin junctions, when the exponent K− in closed channels can play a role of a large
parameter, compared with the error KΔ

−− of the rational approximation DNΔ

of DN .
This condition may be not satisfied, for given quantum network, at the scaled

Fermi level Λ. In that case another representation of the scattering matrix (23)
can help. We consider now the problem of compensation singularities for the in-
termediate ND-map N on the essential spectral interval.

Denote by ψs, λ
N
s the eigenpairs of the operator LN

Γ , see (13). Select the
eigenvalues from the spectral interval Δ2, to be defined later, and introduce EN

Δ2
:=∨

λN
s ∈Δ2

ψs and EN
Γ :=

∨
λN

s ∈Δ2
ψs

∣∣
Γ
, and consider the map

T̃ :
∑

λN
s ∈Δ2

ψs

∣∣
Γ
〉 〈ψs : EΔ2 → EN

Γ , s = 1, 2, . . . , Ñ (39)
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Assumption 2.

1. We assume that the families {ψs}Ñ
s=1 , {ψs}Ñ

s=1

∣∣
Γ

are linearly independent,
thus are bases in their linear hulls ẼN

Δ2
, ẼN

Γ , dim ẼN
Δ2

= dim ẼN
Γ = Ñ .

Represent the compact in L2(Γ) relative ND-map NDΓ
int =: NDΓ as

NDΓ
int =

(
ND++ ND+−
ND−+ ND−−

)
=

∑
λN

s ∈Δ2

ψs

∣∣
Γ
〉〈ψs

∣∣
Γ

λN
s − λ

+ K̃Δ2 =: NDΔ2 + K̃Δ2 ,

and consider the corresponding matrices

NDΔ2 =
(

NDΔ2
++ NDΔ2

+−
NDΔ2−+ NDΔ2−−

)
,

and

K̃Δ2 =
(

K̃Δ2
++ K̃Δ2

+−
K̃Δ2−+ K̃Δ2−−,

)
=:

(
K̃++ K̃+−
K̃−+ K̃−−,

)
=: K̃,

in the basis E+, E− of E = L2(Γ). Hereafter we omit the upper index Δ2 on matrix
elements K̃± ±. To represent NDΛ =: N in the form with already compensated
singularities inherited from the resolvent of LN , we have to solve the equation

(I + ND−−K−) u = ND−+f (40)

Our second basic assumption is the following:

2. We assume, that the width δ of the leads, the essential spectral interval ΔT =:
Δ ⊂ Δ2 and the rational approximation K̃ are selected such that

I + K̃Δ2−−K− (41)

is invertible for λ ∈ Δ.

For low temperature (that is for a relatively small essential spectral interval
ΔT ) this condition is equivalent to the corresponding condition imposed just at
the scaled Fermi level Λ. It is satisfied, if

supλ∈Δ ‖ K̃−−K− ‖< 1. (42)

We will not give here a formal condition which guarantees 2, but just notice
that due to compactness of the resolvent on LN

Γ for any ΔT there exist Δ2 ⊃ ΔT

and the corresponding number ÑΔ2 =: Ñ such that the error of the finite rational
approximation of the resolvent is small:

GN (x, s, λ) = GN (x, s, μ) + (λ− μ)QΔ2
2 (43)

= GN (x, s, μ) + (λ− μ)
Ñ∑

l=1

ϕl(x)〉 〈ϕl(s)
(λl − μ)2

+ (λ− μ)2
∞∑

l=Ñ+1

ϕl(x)〉 〈ϕl(s)
(λl − λ)(λl − μ)2

= GN (x, s, μ) + Q̃2(x, s, λ, μ) + K̃Δ2(x, s, λ, μ) =: Q̃(x, s, λ, μ) + K̃(x, s, λ, μ).
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Here we choose μ large negative, so that GN (x, s, μ) is a kernel of a small integral
operator and denote hereafter

GN (x, s, μ) + K̃Δ2(x, s, λ, μ) =: K̃(x, s, λ, μ), Q̃2(x, s, λ, μ) = ÑD(x, s, λ, μ).

Then for the error P−K̃P− =: K̃−− of the rational approximation Q̃ framed by
the projections onto E− the corresponding estimate (42) is valid. Denote

K̃++ − K̃+−K−(I + K̃−−K−)−1K̃−+ =: Ñreg,{
P+ − K̃+−K−(I + K̃−−K−)−1

}
T̃ + =: J̃ T̃ +,

T̃K−(I + K̃−−K−)−1T̃ + =: V (λ)

LΔ2 − λIΔ2 + V (λ) =: LΔ2(λ),

T̃
{
P+ −K−(I + K̃−−K−)−1K̃−+

}
=: T̃ J̃ +.

(44)

Theorem 3.3 (Compensation of Singularities N).

N = Nreg − J̃ T̃ + I

LΔ2(λ)
T̃ J̃+. (45)

Proof. We treat the equation (40) with use of the Banach principle under assump-
tion (42):

K−u+K−(I + K̃−−K−)−1NDΔ2−−K−u = K−(I + K̃−−K−)−1NDΔ2−+f. (46)

Recall that ND = NDΔ2 + K̃ and notice that NDΔ2 is connected with the part
LΔ2 of LN in EΔ2 as

NDΔ2 = T̃ + I

LΔ2 − λIΔ
T̃ .

Then, denoting
I

LΔ2 − λIΔ2
T̃ K−u =: v

we rewrite the above equation (46) as an equation for v and obtain the solution of
it in terms of the inverse of the matrix LΔ2 − λIΔ2 + T K−(I + KΔ2−− ˜K−+)−1T̃ =:
LΔ2(λ):

v = [LΔ2(λ)]−1V
I

LΔ2 − λIΔ2
T̃ P+f.

Substituting the result into (46)

K−u = K−(I + K̃−−K−)−1

{[
T̃ + I

LΔ2 − λIΔ2
T̃ + K̃−+

]
P+f

−T̃ +[LΔ2(λ)]−1T̃K−(I + K̃−−K−)−1

[
T̃ + I

LΔ2 − λIΔ2
T̃ + K̃−+

]
P+f.
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Then

Nf = P+T̃ + I

LΔ2 − λIΔ2
T̃ P+f + K̃++f − P+

[
T̃ + I

LΔ2 − λIΔ2
T̃ P− + K̃+−

]
×K−(I + K̃−−K−)−1

{[
T̃ + I

LΔ2 − λIΔ2
T̃ + K̃

]
P+f

−T̃ +[LΔ2(λ)]−1T̃K−(I + K̃−−K−)−1

[
T̃ + I

LΔ2 − λIΔ2
T̃ + K̃−+

]
P+f

}
.

Leading terms inside parentheses give:

K−(I + K̃−−K−)−1T̃ +

[
I

LΔ2 − λIΔ2
− I

LΔ2(λ)
V

I

LΔ2 − λIΔ2

]
= K−(I + K̃−−K−)−1T̃ + I

LΔ2(λ)
. (47)

Taking into account the leading term of the first addendum, we obtain:

P+T̃ + I

LΔ2 − λIΔ2
T̃ P+f − T̃ + I

LΔ2 − λIΔ2
V

I

LΔ2(λ)
(λ)T̃ P+f

= P+T̃ + I

LΔ2(λ)
T̃ P+f. (48)

Lower-order terms containing I
LΔ2−λIΔ2 in parentheses give:

−K̃+−K−(I + K̃−−K−)−1T̃ +

[
I

LΔ2 − λIΔ2
− I

LΔ2(λ)
V

]
T̃ P+f

= −K̃+−K−(I + K̃−−K−)−1T̃ + I

LΔ2(λ)
T̃ P+f, (49)

and the adjoint expression. The term which contains only the main singularity
[LΔ2(λ)]−1 is

K̃+−K−(I + K̃−−K−)−1 T̃ + I

LΔ2(λ)
T̃ K−(I + K̃−−K−)−1K̃−+

The terms which do not contain singularities result in:

K̃++ − K̃+−K−(I + K̃−−K−)−1K̃Δ
−+ =: Nreg (50)

Note that the operatorK−(I+K̃−−K−)−1 is selfadjoint on the first spectral band.
Then, collecting all terms we obtain the announced result. �

Based on Theorems 3.1, 3.3 we can calculate the scattering matrix either
in the form (22) or in the form (23). One of these formulae can be more conve-
nient on the essential spectral interval, than another, depending on localization of
singularities of DNΛ and NDΛ. Luckily, due to to DNΛ NDΛ = I+, the singu-
larities of the factors do not overlap, hence for any point λ0 ∈ Δ one can select
an interval centered at λ0 where at least one of the factors DNΛ or NDΛ can be
substituted by the corresponding approximate expression based on the bi-linear
formulae suggested in [61].
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4. Approximate scattering matrix and the boundary condition
at the vertex of the quantum graph

The standard method of calculation of the scattering matrix requires solving of
an infinite algebraic system anyway, though practically admits a certain simplifi-
cation in closed channels, see [46]2, where it was done for wave guides with simple
geometry. The approach based on the intermediate DN-map gives a finite linear
system for the Scattering matrix derived from matching of the component Ψ+ of

the scattering Ansatz on the first (open) channel in wires with p =
√
λ− Vδ − π2

δ2 ,
on the first spectral band Δ1:

Ψ+ e+ := eipξe+ + e−ipξS(p)e+ (51)

to the limit values on the spectrum, �λ → 0, of the solution of an intermediate
boundary problem with the boundary data on Γ defined by the scattering Ansatz
Ψ. The boundary data Ψ

∣∣
Γ
, ∂Ψ

∂n

∣∣
Γ

are connected by the intermediate DN-map,
hence the required matching gives a finite linear system for S:

ip [e+ − S(p)e+] = M(λ) [e+ + S(p)e+] . (52)

Solving this equation we obtain the formula for the scattering matrix of the op-
erator L on the first spectral band Δ1 in terms of LΛ by the formula, see (22).
Due to Theorem 3.2 one can substitute, for a thin junction, the intermediate DN-
map M(λ) in (22) by an approximate expression for M = MΔ + KΔ, where
MΔ =: Mapprox is a rational approximation DNΔ of M on the essential spec-
tral interval ΔT , containing only polar terms with poles on an auxiliary spectral
interval Δ, and KΔ is a regular part of M on Δ.

Theorem 4.1. The resulting approximate expression for the scattering matrix

S ≈ [ipP+ + MΔ]−1[ipP+ − MΔ] =: Sapprox, (53)

with p =
√
λ− Vδ − π2 δ−2, can be used as a first step for the calculation of the

exact scattering matrix via an analytic perturbation procedure.

Proof. Indeed, due to the above Theorem 3.2 the error M−Mapprox = KΔ, with
KΔ containing the regular term Mreg too, is real and estimated by O(δ d−2

int ). Then,
due to 3.1 we can represent the exact scattering matrix in form of a product:

S =
(
I + [ipP+ + MΔ]−1KΔ

)−1
Sapprox

(
I − [ipP+ − MΔ]−1KΔ

)
. (54)

Here MΔ, KΔ are hermitian on Δ1, hence ‖ [ipP+ ± MΔ]−1 ‖' δ, for thin
junctions. Hence the analytic perturbation procedure of the calculation the left
and right factors of the expression in (54) is geometrically convergent due to
δ O(δ d−2

int ) ' 1. Thus the exact scattering matrix can be obtained from Sapprox

by an analytic perturbation procedure. �

2The author is grateful to V. Katsnelson for important comments in that connection.
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One can construct various approximations for the scattering matrix based on
Sapprox, replacing M by various approximate expressions, with controllable errors,
see for instance (58, 59).

4.1. Simple resonance eigenvalue of the intermediate Hamiltonian

The simplest approximate formula for the scattering matrix can be obtained in the
case when there exist a single simple eigenvalue λΛ

1 of the intermediate Hamiltonian
on the auxiliary spectral interval Δ. Indeed, substituting the intermediate DN-map
M = KΛ + α2

1
PΛ

1
λ−λΛ

1
by the corresponding polar approximation generated by the

resonance eigenvalue λΛ
1 of the intermediate Hamiltonian and the boundary current

of the corresponding eigenfunction

α2
1P

Λ
1 = P+

∂ϕΛ
1

∂n

∣∣∣∣
Γ

〉 〈P+
∂ϕΛ

1

∂n

∣∣∣∣
Γ

=: �ψΛ
1 〉 〈 �ψΛ

1 ,

we are able to obtain, due to preceding Theorem (4.1), the scattering matrix of a
thin junction via an analytic perturbation procedure based on the jump-start

Sjump-start =
[
iK+ + k(λ) + α2

1

PΛ
1

λ− λΛ
1

]−1 [
iK+ − k(λ) − α2

1

PΛ
1

λ− λΛ
1

]
. (55)

In the case when the first spectral band Δ1 is the conductivity band, the above
approximate expression for the scattering matrix can be represented, with P⊥1 =
P+ � PΛ

1 and p1 =
√
λ− π2δ−2 − Vδ and λΛ

1 ≈ Λ as:

Sjump-start = P⊥1 +
ip1 − k(λ) − α2

1
1

λ−λΛ
1

ip1 + k(λ) + α2
1

1
λ−λΛ

1

PΛ
1 . (56)

It corresponds to the one-dimensional solvable model of the junction, obtained
via attachment an appropriate inner structure to the vertex, see Fig. 7. This ap-
proximate expression for the scattering matrix can be obtained via imposing on
the Scattering Ansatx a λ-dependent boundary condition at the vertex, see a dis-
cussion in [44]. Unfortunately this boundary condition does not correspond to a
selfadjoint operator, so that it can’t be interpreted in terms of Quantum Mechan-
ics, the same as prominent Wigner boundary condition, see [76]. We are also able to
represent the scattering matrix with use of a single Blaschke factor: Sapprox1

(λ) =

P⊥1 +
[
ip(λ− λΛ

1 ) − α2
1

ip(λ− λΛ
1 ) + α2

1

]
PΛ

1 ≡ P⊥1 + ΘΛ
1 (λ)PΛ

1 . (57)

Notice that the scalar Blaschke factor ΘΛ
1 is close to −1 on the essential spectral

interval
ΔT :

{
λ : |λ− λΛ

1 | ≤ 2m∗ κT �
−2 < α2

1 p
−1(λΛ

1 )
}
,

for low temperature T , and it is close to 1 on the complement. For thin junction and
low temperature the boundary condition can be reduced to Datta-type boundary
condition,[14], see below, formula (64) represented in terms of boundary currents
of the resonance eigenfunction of the intermediate Hamiltonian.
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Figure 7. 1-d model of T-junction

Once we already developed the compensation procedure based on the repre-
sentation of the intermediate DN-map in terms of classical DN-map, we can do one
more step, expressing the approximate scattering matrix (55) in spectral terms of
the unperturbed operator Lint on the vertex domain Ωint, under assumption that
it has a single resonance eigenvalue λ1 ∈ ΔT ⊂ Δ,

Lintϕ1 = λ1ϕ1.

Then, for thin junction, the intermediate Hamiltonian also has a simple eigenvalue
near to λ1. We assume that the major part of the correcting term KΔ in the
corresponding rational approximation of the DN-map of Lint is defined by a finite
sum of polar terms and a regular term Mreg = KΔ

++−KΔ
+−

I
KΔ
−−+K−

KΔ
−+, see (3.1)

KΔ =
s=M∑
s=2

I

λ− λs

∂ϕs

∂n
〉〈∂ϕs

∂n
+ Mreg,

DN (λ) =
I

λ− λ1

∂ϕ1

∂n
〉〈∂ϕ1

∂n
+

s=M∑
s=2

I

λ− λs

∂ϕs

∂n
〉〈∂ϕs

∂n
=: DNΔ + KΔ,

T = ϕ1〉〈
∂ϕ1

∂n
, J = P+ − K+−K−1

−
[
I + K−−K−1

−
]−1

P−.

Hereafter we neglect the contribution from higher terms of the geometrically con-
vergent series [

I + K−−K−1
−

]−1
P− ≈ I− = P−;

J = P+ − K+−K−1
− ≈ P+ −

s=M∑
s=2

I

λ− λs
P+

∂ϕs

∂n
〉〈 K−1

−
∂ϕs

∂n
.
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Q(λ) = ϕ1〉〈
∂ϕ1

∂n
K−1
−

[
I + K−−K−1

− P−
]−1 ∂ϕ1

∂n
〉〈ϕ1 ≈ ϕ1〉〈ϕ1 〈∂ϕ1

∂n
K−1
−
∂ϕ1

∂n
〉.

Then, with only terms containing K−1
− taken into account, we obtain for M, based

on Theorem 3.1, an approximate expression for

Mapprox = KΔ
++ − KΔ

+−K
−1
− KΔ

−+ +(
P+ − K+−K−1

−
) ∂ϕ1

∂n

∣∣∣∣
Γ

〉 I

λ− λ1 + 〈∂ϕ1
∂n

∣∣∣∣
Γ

K−1
−

∂ϕ1
∂n

∣∣∣∣
Γ

〉
〈
(
P+ − K+−K−1

−
) ∂ϕ1

∂n

∣∣∣∣
Γ

.

(58)
For “very thin” junction one can neglect even first-order terms containing K−1

− ,
everywhere, except the expression staying in the denominator, and obtain from
(58) a simpler approximate formula:

Mthin = KΔ
++ + P+

∂ϕ1

∂n

∣∣∣∣
Γ

〉 I

λ− λ1 + 〈∂ϕ1
∂n

∣∣∣∣
Γ

K−1
−

∂ϕ1
∂n

∣∣∣∣
Γ

〉
〈P+

∂ϕ1

∂n

∣∣∣∣
Γ

=: KΔ
++ + α2

1

PQ
1

λ− λQ
1

(59)

where

PQ
1 = eQ

1 〉 〈eQ
1 , e

Q
1 = α−1

1 P+
∂ϕ1

∂n

∣∣∣∣
Γ

,

α1 =‖ P+
∂ϕ1

∂n

∣∣∣∣
Γ

‖, λQ
1 = λ1 − 〈∂ϕ1

∂n

∣∣∣∣
Γ

K−1
−
∂ϕ1

∂n

∣∣∣∣
Γ

〉.

This implies an approximate formula for the scattering matrix on the major part
of the essential spectral interval ΔT

3, for low temperature, once the junction is
thin on the open channel

p2(Λ) = |Λ − (π2 δ−2 + Vδ)| )‖ KΔ| ‖ . (60)

Notice that arising of the shape of the resonance eigenfunction of the unperturbed
operator Lint in the corresponding approximate jump-start formula (61) for the
scattering matrix corresponds to folklore observation of physicists, that the eigen-
functions react to perturbation slower that the eigenvalues. To derive the jump-
start approximation for the scattering matrix, denote

√
λ− π2 δ−2 − Vδ =: p. Then

we obtain on ΔT , similarly to Theorem 4.1:

S(λ) ≈ P⊥1 +
ip− k − α2

1

λ−λQ
1

ip+ k + α2
1

λ−λQ
1

P1 =: SQ
jump-start. (61)

3Roughly speaking, on a complement of a certain small neighborhood of the zero λQ
1 of the

denominator.



310 B. Pavlov

In the case when λQ
1 ≈ Λ we can replace on ΔT the Blaschke factor in front of P1

by −1, which implies on ΔT , for sufficiently low temperature:

SQ
jump-start(λ) ≈ P⊥1 − P1 ≡ SDatta (62)

When modeling the quantum network by a one-dimensional graph, one can at-
tempt to define a boundary condition at the vertex which implies the scattering
matrix (62). Indeed, forming the component Ψ+ of the scattering Ansatz based
on (62), we see that the boundary values of the Ansatz

Ψ+(x)ν = eiK+xν + e−iK+x Sν

satisfy the following boundary condition, similar4 to one suggested in [14]:

Ψ+(0) ν = 2P⊥1 ν,
d

dx
Ψ+(0)ν = 2P1ν.

In terms of the components Ψn
+(0)ν, d

dx Ψn
+(0)ν of the boundary values of the

Ansatz on the bottom sections Γn of the wires and with use of the components of
the boundary currents �ψ1 = {ψn

1 }N
n=1

P+
∂ϕ1

∂n

∣∣∣∣
Γn

≡ ψn
1 (63)

we obtain: 〈�ψ,Ψ+(0)ν〉 = 0, d
dxΨ+(0)ν ‖ �ψ, or

〈�ψ,Ψ+(0)ν〉 =
N∑
n

Ψn
+ ν ψ̄n = 0,

d
dx Ψ1

+(0)ν
ψ1

1

=
d
dx Ψ2

+(0)ν
ψ2

1

= · · · =
d
dx Ψn

+(0)ν
ψn

1

= · · · =
d
dx ΨN

+ (0)ν
ψN

1

(64)

Example 4: asymmetric T-junction. Consider a two-dimensional quantum network
Ω constructed as a simplest asymmetric T -junction of three straight semi-infinite
quantum wires width π/2 attached as shown in Fig. 8 to the quantum well –
the square Ωint : 0 < x < π, 0 < y < π on x, y-plane. The role of the one-
electron Hamiltonian on Ω is played the Dirichlet Laplacian. The spectrum of the
corresponding unperturbed Hamiltonian on the quantum well is discrete and the
eigenpairs, e.g.,

λ1 = 2 : ϕ1,1 =
2
π

sinx× sin y;

λ2 = λ3 = 5;ϕ1,2 =
2
π

sinx × sin 2y and ϕ2,1 =
2
π

sin 2x × sin y;

P5 = P1,2 + P2,1, P1,2 = ϕ1,2〉 〈ϕ1.2 : P2,1 = ϕ2,1〉 〈ϕ2,1;

λ4 = 8;ϕ2,2 =
2
π

sin 2x× sin 2y;P8 = P2,2 = ϕ2,2〉 〈ϕ2,2;

4but not yet equivalent, see an extended discussion below, in next subsection.
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!!

!

Figure 8. Simplest asymmetric T -junction

λ5 = λ6 = 10;ϕ1,3 =
2
π

sinx × sin 3y and ϕ3,1 =
2
π

sin 3x × sin y; . . .

λ6 = λ7 = 13;ϕ2,3 =
2
π

sin 2x × sin 3y and ϕ3,2 =
2
π

sin 3x × sin 2y; . . .

. . . . . . . . . (65)

are obtained via separation of variables. We choose the basic spectral interval
Δ = [4, 6], so that there is only one multiple eigenvalue λ2 = λ3 = 5 of Lint on
that interval, and use the approximate formula (59) for M. The normal boundary
current J1,2 of the resonance eigenfunctions ϕ1,2 and ϕ2,1 is calculated as

J1,2 =

⎛⎜⎜⎜⎝
∂ϕ1,2

∂n

∣∣∣
Γ1

∂ϕ1,2
∂n

∣∣∣
Γ2

∂ϕ1,2
∂n

∣∣∣
Γ3

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎝
− 2

π sin 2y
4
π sinx

− 2
π sin 2y

⎞⎟⎟⎠ ,

J2,1 =

⎛⎜⎜⎜⎝
∂ϕ2,1

∂n

∣∣∣
Γ1

∂ϕ2,1
∂n

∣∣∣
Γ2

∂ϕ2,1
∂n

∣∣∣
Γ3

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎝
4
π sin y

− 2
π sin 2x

− 4
π sin y

⎞⎟⎟⎠ . (66)
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The spectrum of the unperturbed Hamiltonian on the wires is absolutely continu-
ous and has a band structure, with thresholds

{
l2
}
, l = 1, 2, 3, . . . separating the

spectral bands. The multiplicity of the continuous spectrum jumps up by three
units on each threshold. We assume that the first spectral band Δ1 = [4, 16] is
the conductivity band. The entrance subspace of the open channel is spanned by
the inferior cross-section eigenfunctions e⊥s,1 = (4/π)1/2 sin 2x⊥s , s = 1, 2, 3 on the
bottom cross-section Γs = [0 < x⊥s < π/2], s = 1, 2, 3. The entrance subspace
of closed channels is the linear hull of the superior cross-section eigenfunctions
e⊥s,l = (4/π)1/2 sin 2l x⊥s , s = 1, 2, 3, with l = 2, 3, . . . . We will calculate the ap-
proximate scattering matrix (jump-start) of the thin junction based on the ap-
proximate formulae for (58, 59). The approximate eigenvalues of the intermediate
Hamiltonian are found as zeros of the denominator d(λ) represented as a 2 × 2-
matrix with respect to the basis ϕ1,2, ϕ2,1;

d(λ) =
(
λ− 5 0

0 λ− 5

)
(67)

+

(
〈P− ∂ϕ1,2

∂n

∣∣
Γ
K−1
− P−

∂ϕ1,2
∂n

∣∣
Γ
〉 〈P− ∂ϕ1,2

∂n

∣∣
Γ
K−1
− P−

∂ϕ2,1
∂n

∣∣
Γ
〉

〈P− ∂ϕ2,1
∂n

∣∣
Γ
K−1
− P−

∂ϕ1,2
∂n

∣∣
Γ
〉 〈P− ∂ϕ2,1

∂n

∣∣
Γ
K−1
− P−

∂ϕ2,1
∂n

∣∣
Γ
〉

)
.

Taking into account only components of the currents in the second spectral channel

K−
∂ϕ1,2

∂n

∣∣∣∣
Γ

≈ es,2〈
∂ϕ1,2

∂n

∣∣∣∣
Γ

, es,2〉

and introducing the following notations for the integrals

2
∫ π/4

0

sin 2x sin 4xdx = 2/3 =: α,∫ π/2

0

sinx sin 4xdx = −4/15 =: γ, α+ γ = 2/5 =: β,

we represent the denominator (67) and the inverse [d(λ)]−1 as

d(λ) =
(
λ− 5 0

0 λ− 5

)
+

π

4
√

16 − λ

(
α2 −αβ

−αβ β2

)
= (λ− 5)

1
α2 + β2

(
β
α

)
〉 〈
(
β
α

)
+
(
λ− 5 + [α2 + β2]

π

4
√

16 − λ

)
1

α2 + β2

(
−α
β

)
〉 〈
(

−α
β

)
,

[d(λ)]−1 =:
P5

λ− 5
+

P5−δQ

λ− 5 + δQ
, (68)

with δQ = π [α2 + β2]/4
√

16 − λ. Here K− is substituted by the contribution
4/π sin 4x⊥〉 〈sin 4x⊥ from the second spectral branch in the wires.

If the scaled Fermi-level is 5, then the corresponding multiple resonance
eigenvalue of Lint is split into pair of eigenvalues λΛ

1 = 5, λΛ
2 ≈ 5 − π [α2+β2]

4
√

16−5
,
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and the jump-start approximation of the scattering matrix can be calculated in
terms of P+-projections of the boundary currents of the resonance eigenfunctions
ϕ1,2, ϕ2,1 :=

P+
∂ϕ1,2

∂n

∣∣∣
Γ
= P+J1,2 =

⎛⎜⎜⎜⎝
P+

∂ϕ1,2
∂n

∣∣∣
Γ1

P+
∂ϕ1,2

∂n

∣∣∣
Γ2

P+
∂ϕ1,2

∂n

∣∣∣
Γ3

⎞⎟⎟⎟⎠ =

⎛⎜⎝− 4
π2 sin 2x⊥1

∫
Γ1

sin 2x⊥1 sin 2ydΓ1

8
π2 sin 2x⊥2

∫
Γ2

sin 2x⊥2 sinxdΓ3

− 4
π2 sin 2x⊥3

∫
Γ3

sin 2x⊥3 sin 2ydΓ3

⎞⎟⎠

= sin 2x⊥2

⎛⎜⎝ 0

16
√

2/3π2

−4/π

⎞⎟⎠ =:
2√
π

sin 2x⊥2 �ψ1,2.

P+
∂ϕ2,1

∂n

∣∣∣
Γ
= P+J2,1 =

⎛⎜⎜⎜⎝
P+

∂ϕ2,1
∂n

∣∣∣
Γ1

P+
∂ϕ2,1

∂n

∣∣∣
Γ2

P+
∂ϕ2,1

∂n

∣∣∣
Γ3

⎞⎟⎟⎟⎠ =

⎛⎜⎝
8

π2 sin 2x⊥1
∫
Γ1

sin 2x⊥1 sin y dΓ1

− 4
π2 sin 2x⊥2

∫
Γ2

sin 2x⊥2 sin 2xdΓ2

− 8
π2 sin 2x⊥3

∫
Γ3

sin 2x⊥3 sin y dΓ2

⎞⎟⎠

= sin 2x⊥2

⎛⎜⎝ 16/3π2

0
−16/3π2

⎞⎟⎠ =
2√
π

sin 2x⊥2 �ψ2,1. (69)

The exponent K+ of the first (open) channel is represented asK+(λ) =
√
λ− 4P+,

where the projection P+ onto the entrance subspace of open channels plays the
role of unity I+ = I1 + I2 + I3 in E+ and is represented as

P+ = 4/π
[
sin 2x⊥1 〉〈sin 2x⊥1 + sin 2x⊥2 〉〈sin 2x⊥2 + sin 2x⊥3 〉〈sin 2x⊥3

]
.

Then taking into account that the contribution K++ from the major polar part of
K ≈ P8

λ−8 is

K++ ≈ 16
π3

sin 2x⊥3 〉 〈sin 2x⊥3
λ− 8

=
2√
π

sin 2x⊥3 〉 4
π2(λ− 8)

〈 2√
π

sin 2x⊥3 ,

and omitting the vector factors 2/
√
π sin 2x⊥1 〉 and 〈2/√π sin 2x⊥1 on the right and

left side of the jump-start scattering matrix,

Sjump-start =

ipI+ − 4I3
λ−8 − 〈

(
�ψ1,2

�ψ2,1

)[
P5

λ−5 +
P5−δQ

λ−5+δQ

]( �ψ1,2

�ψ2,1

)
〉

ipI+ + 4I3
λ−8 + 〈

(
�ψ1,2

�ψ2,1

)[
P5

λ−5 +
P5−δQ

λ−5+δQ

]( �ψ1,2

�ψ2,1

)
〉

(70)

For better approximation of the scattering matrix we should use better approxi-
mation for K−,KΔ.



314 B. Pavlov

4.2. Symmetric junction

The Datta-type boundary condition (64) does not coincide with the original Datta-
Das Sarma boundary condition (1,2), suggested in [14], because the phenomeno-
logical Datta-Das Sarma boundary condition was suggested for a T -junction which
is symmetric with respect to the left-right reflection. The resonance concept of the
conductance permits to derive, for a symmetric junction, the original Datta-Das
Sarma condition and interpret the phenomenological parameter β.

Consider a symmetric junction Ω consisting of a square (0, π) × (0, π), and
the quantum wires width π/2, attached in the middle of the sides Γ1,Γ2,Γ3, see
(4). The role of the one-electron Hamiltonian is played by the Laplacian on Ω
with zero boundary conditions. Similarly to above example we assume that the
electrons are supplied from the second wire, in the first spectral channel. We
assume that the scaled Fermi level is Λ =10 and the conductivity band is 4 ≤
λ ≤ 16, the eigenvalues of Lint embedded into the conductivity band are λ0 =
5, λ1 = 8, λ2 = 10, λ3 = 13. The corresponding eigenfunctions of Lint are found in
previous subsection via separation of variables, see (65). The role of the resonance
eigenfunctions is played by ϕ1,3, ϕ3,1, with the eigenvalue λ5 = λ6 = 10. We also
use the symmetric and antisymmetric linear combinations of them

2−1/2[ϕ1,3 + ϕ3,1] =: ϕs, 2−1/2[ϕ1,3 − ϕ3,1] =: ϕa.

We denote the corresponding boundary currents as
∂ϕs

∂n

∣∣∣
Γ

=: Js,
∂ϕa

∂n

∣∣∣
Γ

=: Ja

and consider the projections of them P+Jsym, P+Jasym onto the entrance space of
the first (open) channel. We assume that the temperature is low, so that the role of
an essential spectral interval is played by ΔT = [9, 11]. Then the eigenfunctions and
eigenvalues of the intermediate Hamiltonian can be found based on Theorem 3.1,
taking into account the approximate calculation of the potential Q(λ) of LΔ(λ):

Q(λ) ≈
(
ϕ1,3

ϕ3,1

)
〉D〈

(
ϕ1,3

ϕ3,1

)
,

with

D =

(
〈P− ∂ϕ1,3

∂n

∣∣
Γ
K−1
− P−

∂ϕ1,3
∂n

∣∣
Γ
〉 〈P− ∂ϕ1,3

∂n

∣∣
Γ
K−1
− P−

∂ϕ3,1
∂n

∣∣
Γ
〉

〈P− ∂ϕ3,1
∂n

∣∣
Γ
K−1
− P−

∂ϕ1,2
∂n

∣∣
Γ
〉 〈P− ∂ϕ3,1

∂n

∣∣
Γ
K−1
− P−

∂ϕ3,1
∂n

∣∣
Γ
〉

)
,

and thus neglecting Q in the case of thin networks. Hence, in the first-order ap-
proximation, the perturbed eigenvalues of the intermediate Hamiltonian remain
the same: λQ

5 = λQ
6 = 10. Due to reflection symmetry of the junction there are

two eigenfunctions of the intermediate Hamiltonian which correspond to the eigen-
value multiplicity 2 obtained based on the Theorem 3.1. The corresponding eigen-
functions and the projections of the normal currents onto E+ are respectively
symmetric and anti-symmetric:

�ψa,s = P+
∂ϕa,s

∂n
|P+

∂ϕa,s

∂n
|−1
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�ψa = αa
1√
2

⎛⎝ 1
0
−1

⎞⎠ = αa ea, �ψs = αs
1√

2 + γ2

⎛⎝ 1
γ
1

⎞⎠ = αs es,

and the orthogonal complement in E+ is spanned by the vector

γ√
4 + 2γ2

⎛⎝ 1
−2/γ

1

⎞⎠ =:
1√

2 + β2

⎛⎝ 1
β
1

⎞⎠ ,

with β = −2/γ. In the first-order approximation K can be substituted by the
contribution from the nearest eigenvalue λ4 = 8, and hence K++ = k = 0.

The intermediate DN-map is represented, due to Theorem 3.1 by the formula

M =
α2

aPa + α2
sPs

λ− λQ
2

+ K++ ≈ α2
aPa + α2

sPs

λ− 10
,

where Pa = ea〉 〈ea, Ps = es〉 〈es. Then denoting by P⊥ := P+ − [Pa + Ps] =:
P+ − PQ, we represent the scattering matrix of the symmetric junction as

S = P⊥ +
ipPQ − α2

aPa+α2
sPs

λ−λQ
2

ipPQ + α2
aPa+α2

sPs

λ−λQ
2

.

Here the role of the scalar Blaschke factor Θ1 in (57) is played by the 2×2 matrix

Θ =
ip[λ− λQ

2 ]PQ − [α2
aPa + α2

sPs]

ip[λ− λQ
2 ]PQ + [α2

aPa + α2
sPs]

.

The matrix Θ for low temperature is close to −PQ on the corresponding small
essential spectral interval ΔT centered at λQ

2 . Then the scattering matrix is rep-
resented as

S = P⊥Q − PQ,

with the pair of complementary projections P⊥Q and PQ, dim P⊥Q = 1, dim PQ = 2.
Scattering Ansatz on the model graph

Ψ = eipP+xe+ e−ipP+xSe

satisfies the following boundary condition at the vertex x = 0:

Ψ(0) = (I + S)e = 2P⊥Q e, Ψ′(0) = ipP+(I − S)e = 2ipPQe.

Taking into account that dim P⊥Q = 1, dim PQ = 2, we can re-write the previous
formulae as boundary conditions imposed on the Ansatz:

P⊥Q �ψ′(0) = 0, �ψ(0) is parallel to P⊥Q e or

〈e⊥, ψ′(0)〉 = 0,
ψ1(0)
e⊥1

=
ψ2(0)
e⊥2

=
ψ3(0)
e⊥3

. (71)

where P⊥Q =: e⊥〉 〈e⊥, e⊥ = (e⊥1 , e
⊥
2 , e

⊥
3 ) = (2 + β2)−1/2(1, β, 1). This condition

coincides with the original Datta-Das Sarma boundary condition, see (1,2). Our
analysis reveals the meaning of the phenomenological parameter β.
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5. A solvable model of a thin junction

Generally, a Schrödinger operator with non-constant coefficients or one in a non-
standard domain rarely admits spectral analysis in explicit form. For qualitative
analysis of quantum systems the Schrödinger operator often is substituted by a
solvable model, constructed by the von Neumann operator extension technique,
[48], see for instance [8, 15, 6] and an extended list of references in [5]. In particular,
the substitution of the network by a proper one-dimensional graph, with special
boundary conditions at the vertices, looks like a convenient tool for the qualitative
analysis of the Schrödinger equation on the network. Unfortunately the estimation
of the error caused by the substitution of the network by the corresponding graph is
difficult. Shrinking of a “fattened graph” Ωδ to one-dimensional graph was studied
in numerous papers, see for instance [37, 38].

The authors considered a compact network Ωδ constructed of the vertex
domains Ωin, with the diameter proportional to δα, 0 < α < 1 and several finite
leads ωm, width δ, joining them to each other. In [67] they developed, based
on [75, 68], a variational technique for description of the asymptotic behavior of
the discrete spectrum of the Schrödinger operator on the quantum network Ωδ

of various grades α of thinness. It appeared that the (discrete) spectrum of the
Laplacian on the compact shrinking “fattened graph” Ωδ tends to the spectrum
of the Laplacian on the corresponding one-dimensional graph but with different
boundary conditions at vertices depending on the speed of shrinking: the Kirchhoff
boundary conditions at the nodes, in the case of “small protrusion” 1/2 < α < 1,
or the homogeneous Dirichlet boundary conditions, in case of “ large protrusion”,
0 < α < 1/2, see [38], Theorems 1, 2, 3.

In this section we consider a thin quantum networks with small protrusion
α = 1, assuming diam δ ' diam Ωin. We will construct a quantitatively consis-
tent solvable model of the quantum network, in the form of a star-graph with a
vertex supplied with inner space and appropriate vertex Hamiltonian. The scat-
tering matrix of the properly fitted model serves as a local approximation – on
a certain “essential” spectral interval Δ – of the scattering matrix of the original
network. In contrast to the quoted above results for compact networks, where the
wave-functions are obtained based on the variational approach, we use Dirichlet-
to-Neumann map DNΛ of an intermediate Hamiltonian LΛ, to derive an explicit
formula for the scattered waves on the original network, see (22). The scattering
matrix of the star-graph model is obtained via replacement of M in (22) by the
corresponding rational approximation on Δ, based on Theorem 3.1. This defines
all parameters of the model in terms of spectral characteristics of LΛ. In course
of construction and fitting of the solvable star-graph model we also define the
energy-dependent boundary conditions at the vertex for the Schrödinger equa-
tion on the graph. In the simplest case when only one resonance eigenvalue λ0

of the intermediate Hamiltonian is present on Δ, this condition depends linearly
on the spectral parameter, and is parametrized by coordinates �k0, �k0 of the
corresponding resonance.
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Note that in [34] an algorithm for construction of the scattering matrix of the
quantum graph of the scattering matrices of star-shaped elements is described and,
in [26] a convenient formula for the scattering matrix of the star-graph in terms
of the boundary parameters at the vertex is suggested. For extended discussion of
properties of star graphs see [30, 31].

The star-graph solvable model of the thin junction will be constructed as a
finite-dimensional perturbation of an orthogonal sum of the non-perturbed Hamil-
tonian lΛ in the open channels and a finite matrix A acting in the inner space
of the vertex. We will choose the parameters of the model such that the model
scattering matrix coincides with the few-pole approximation SΔ of the complete
scattering matrix S. Then the constructed model will be automatically fitted (i.e.,
quantitatively consistent). We assume that the spectral variable is scaled such
that original the Schrödinger equation on the wires is just −Δu+ Vδu = λu. The
scattering Ansatz of the model in open channels satisfies on the wires ω the same
equation as the scattering Ansatz on the original network

lΛU := − d2Uω

dx2
+
∑
s,m

π2 s2

δ2
pm

s U+VδU := λ , λ ∈ Δ, U = Uω =
(
u1, u2, . . . uM

)
.

(72)
We assume that the Schrödinger equation on the quantum well Ωint = Ω0, with
the same spectral parameter, is represented as

L0u := −Δu+ V u = λu,

with a corresponding effective mass μ0. We assume that the intermediate relative

DN-map, P+
∂u
∂n

∣∣∣∣
Γ

=: DNu, with respect to Γ, is calculated and the corresponding

rational approximation is selected. Then the construction of the vertex part of the
model will be done with a major change of the original intermediate Hamiltonian.

For thin networks an auxiliary spectral interval Δ is selected inside Δ1 =
[π2

δ2 , 4π2

δ2 ], and hence does not overlap with the continuous spectrum of the inter-
mediate Hamiltonian LΛ. Only a finite numberN of eigenvalues of the intermediate
operator are situated on Δ. Then substitution of M on Δ by the rational approx-
imation MΔ may cause only a minor and controllable error. Now we will prove
that there exist a finite-dimensional perturbation of the operator lΛ ⊕A such that
the scattering matrix of the perturbed operator coincides with SΔ. The pertur-
bation will be constructed via operator restriction-extension procedure applied to
the orthogonal sum lΛ ⊕ A, where A is an N ×N Hermitian matrix : EA → EA,
dimEA = N . The parameters of the model will be properly selected to fit the
spectral data of the intermediate Hamiltonian on the original quantum network,
within the auxiliary spectral interval Δ.

Assume that the positive matrix A is defined by its spectral decomposition

A =
∑

r

α2
rPr.
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Here α2
r > 0 are eigenvalues of A, and Pr = νr〉 〈νr are the corresponding orthog-

onal spectral projections. The eigenvalues and the boundary parameters β of the
model, see below (82), will be defined later, based on comparison of the scattering
matrix of the model with the essential scattering matrix

SΔ = [iK+ + DNΔ]−1[iK+ − DNΔ]. (73)

Consider restrictions of both lΛ and A to symmetric operators on the corre-
sponding domains. The restriction of lΛ

∣∣
Dl

0
= l0 is defined on functions vanishing

near x = 0. Then the adjoint operator l+0 is defined on W 2
2 (E+, R+), and the

boundary form of it is calculated via integration by parts:

Jl(U, V ) = 〈l+0 U, V 〉 − 〈U, l+0 V 〉 = 〈U ′(0), V (0)〉 − 〈U(0), V ′(0)〉, (74)

where U(0), V (0) ∈ E+ and the derivatives are taken in the outgoing direction on
Γ with respect to Ωin.

Restriction of the matrix A is equivalent to selection of the deficiency sub-
space for the given value i of the spectral parameter. Choose a generating sub-
space Ni,

∨
k>0A

kN−i = EA such that A+iI
A−iINi ∩ Ni = 0, dimNi = d, set

DA
0 = (A − iI)−1 (EA �Ni) and define the restriction of the inner Hamilton-

ian as A → A0 = A
∣∣
DA

0
. We develop the extension procedure for general Ni and

fit it later based on spectral data of the intermediate operator, see Theorem 4.1,
4.2. In our construction Ni ⊂ EA will play a role of the deficiency subspace at
the spectral point i, dim Ni = d, 2d ≤ N and the dual deficiency subspace is
N−i = A+iI

A−iINi. The domain of the restricted operator A0 is not dense in EA,
because A is bounded. Nevertheless, since the deficiency subspaces N±i do not
overlap, the extension procedure for the orthogonal sum l0 ⊕ A0 can be devel-
oped. We will do it here with use of the symplectic formalism, see for instance
[54]. In this case the “formal adjoint” operator for A0 is defined on the defect
Ni + N−i := N by the von Neumann formula : A+

0 e± i e = 0 for e ∈ N±i. Then
the extension is constructed, see Lemmas 3.1–3.4 below, via restriction of the for-
mal adjoint onto a certain plane in the defect where the boundary form vanishes
(a “Lagrangian plane”). According to the classical von Neumann construction all
Lagrangian planes are parametrized by isometries V : Ni → Ni in the form

TV = (I − V )Ni.

In case when the deficiency subspaces do not overlap, the corresponding isometry
is admissible, and, according to [35] there exist a selfadjoint extension AV of the
restricted operator A0. We construct this extension based on the following

Lemma 5.1. The Lagrangian plane TV in the defect forms a non-zero angle with
the domain DA

0 of the restricted operator A0.

Proof. Indeed, if AV is the extension, then on the TV it coincides with the re-
striction of the formal adjoint, and on the domain DA

0 it coincides with A0. Then
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assuming that TV and DA
0 overlap, we obtain, for some f⊥⊥Ni, ν ∈ Ni

1
A− iI

f⊥ = ν − V ν.

Applying AV − iI to both parts of this equation, we obtain

f⊥ = −2iν,

hence f⊥ = −2iν = 0. �

It follows from the lemma that, once the extension is constructed on the
Lagrangian plane, the whole construction of the extended operator can be accom-
plished in the form of a direct sum of the closure of the restricted operator and
the extended operator on the Lagrangian plane.

Note that the operator extension procedure may be developed without as-
sumption of non-overlapping, see [35]. In particular, the case dimEA = 1, which is
not formally covered by the above procedure, was analyzed in [71] independently
of [35]. The relevant formulae for the scattering matrix and scattered waves remain
true and may be verified by the direct calculation. We will use this fact in Section
7 below.

We will use hereafter notations and some facts concerning the symplectic
operator extension procedure, see Appendix and references therein. Choose an
orthonormal basis in Ni : {fs} , s = 1, 2, . . . , d, as a set of deficiency vectors of the
restricted operator A0. Then the vectors f̂s = A+iI

A−iI fs form an orthonormal basis
in the dual deficiency subspace N−i. Under the above non-overlapping condition
one can use the formal adjoint operator A+

0 defined on the defect Ni +N−i = N :

u =
d∑

s=1

[xs fs + x̂s f̂s] ∈ N , (75)

by the von Neumann formula, see [4],

A+
0 u =

d∑
s=1

[−i xs fs + i x̂s f̂s]. (76)

In order to use the symplectic version of the operator-extension techniques we
introduce in the defect a new basisW±

s , on which the formal adjointA+
0 is correctly

defined due to the above non-overlapping condition:

W+
s =

fs + f̂s

2
=

A

A− iI
fs, W

−
s =

fs − f̂s

2i
= − I

A− iI
fs,

A+
0 W

+
s = W−

s , A
+
0 W

−
s = −W+

s .

It is convenient to represent elements u ∈ N via the new basis as

u =
d∑

s=1

[ξ+s W+
s + ξ−s W−

s ]. (77)
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Then, using notations
∑d

s=1 ξs,± es := �ξ± we re-write the above von Neumann
formula as

u =
A

A− iI
�ξu
+ − 1

A− iI
�ξu
−, A+

0 u = − 1
A− iI

�ξu
+ − A

A− iI
�ξu
− (78)

The following formula of integration by parts for abstract operators was proved in
([54]):

Lemma 5.2. Consider the elements u, v from the domain of the (formal) adjoint
operator A+

0 :

u =
A

A− iI
�ξu
+ − 1

A− iI
�ξu
−, v =

A

A− iI
�ξv
+ − 1

A− iI
�ξv
−

with coordinates �ξu
±, �ξ

v
±:

�ξu
± =

d∑
s=1

ξu
s,±fs,i ∈ Ni, �ξ

v
± =

d∑
s=1

ξv
s,±fs ∈ Ni.

Then, the boundary form of the formal adjoint operator is equal to

JA(u, v) = 〈A+
0 u, v〉 − 〈u,A+

0 v〉 = 〈�ξu
+,
�ξv
−〉N − 〈�ξu

−, �ξ
v
+〉N . (79)

One can see that the coordinates �ξu±, �ξv± of the elements u, v play the role
of the boundary values {U ′(0), U(0), V ′(0), V (0)}. We will call them symplectic
coordinates of the element u, v. The next statement proved in [54] is the core detail
of the fundamental Krein formula [36], for generalized resolvents of symmetric
operators. In our situation, it is used in course of calculation of the scattering
matrix.

Lemma 5.3. The vector-valued function of the spectral parameter

u(λ) =
A+ iI

A− λI
�ξu
+ := u0 +

A

A− iI
�ξu
+ − 1

A− iI
�ξu
−, (80)

satisfies the adjoint equation [A+
0 −λI]u = 0, and the symplectic coordinates �ξu

± ∈
Ni of it are connected by the formula

�ξu
− = −PNi

I + λA

A− λ
�ξu
+ (81)

Proof. See in Appendix, Subsection 9.1 or in [54]. �

Introduce the map

PNi

I + λA

A− λI
PNi =: −M : Ni → Ni.

The matrix function M = PNiAPNi −PNi

I+A2

A−λIPNi has a negative imaginary part
in the upper half-plane �λ > 0 and serves an abstract analog of the celebrated
Weyl-Titchmarsh function. The operator function M exists almost everywhere on
the real axis λ, and has a finite number of simple poles at the eigenvalues α2

r of
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A. This function plays an important role in description of spectral properties of
selfadjoint extensions of symmetric operators, see [36, 23].

We construct a solvable model of the quantum network as a selfadjoint
extension of the orthogonal sum l0 ⊕ A0. We consider the orthogonal sum of
the corresponding adjoint l+0 and the formal adjoint: l+0 ⊕ A+

0 , and calculate
the corresponding boundary form J(U,V) := J (U, V ) + J (u, v) on elements
(U, u) := U from the orthogonal sum of the corresponding spaces. The selfad-
joint extensions of the operator l0 ⊕ A0 are obtained, based on restrictions of the
adjoint operator A+

0 = l+0 ⊕ A+
0 onto Lagrangian planes of the form J(U,V).

These planes may be defined by the boundary conditions connecting symplectic
coordinates U ′(0), U(0), �ξu

+,
�ξu
− of components of corresponding elements in the

deficiency subspaces. For instance, one may select a finite-dimensional operator
β : E+ ⊕ Ni → E+ ⊕ Ni and define the Lagrangian plane Lβ by the boundary
condition (

U ′(0)
�ξ+

)
=
(
β00 β01

β+
01 0

)(
U(0)
�ξ−

)
. (82)

The extension defined by (82) on the Lagrangian plane is continued onto the whole
space L2(E+, R+)⊕EA by forming the direct sum with the closure of the restricted
operator A0, see [35]. This construction gives a selfadjoint extension Aβ of l0 ⊕A0

in L2(E+, R+) ⊕ EA, defined by the boundary condition (82).
The absolutely continuous spectrum of the operator Aβ coincides with the

spectrum of the exterior part of the model, and hence it coincides with the spec-
trum of the trivial component lΛ of the split operator LΛ (in the open channels).
The corresponding eigenfunctions of Aβ on the first spectral band Δ1 ⊃ Λ can be
found, see [5], via substitution into the above boundary condition for the column,
combined of the Scattering Ansatz in the open channels with (80), and, in the
outer space, with K+ =

√
λ− Vδ − π2 δ−2:

Ψ =
(
eiK+xν + e−i K+xSν

A+iI
A−λI

�ξu
+

)
, (83)

with β10 = β+
01. It gives the linear equation for the scattering matrix:(

iK+ (ν − Sν)
�ξ+

)
=
(
β00 β01

β10 0

) (
ν + Sν

M�ξ+

)
.

Solving this equation we obtain the scattered waves and the scattering matrix:

Lemma 5.4. The scattering matrix for the constructed extension is an analytic
function of the spectral parameter λ:

S(λ) =
iK+ − [β00 + β01Mβ10]
iK+ + [β00 + β01Mβ10]

, (84)
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with the denominator of the fraction preceding the numerator. The coordinate �ξ+
of the inner component of the scattered wave (83) is defined as

�ξ+ = β10
2ip

ip+ [β00 + β01Mβ10]
,

with p =
√
λ− Vδ + π2 δ−2.

6. Fitting of the solvable model

It remains to choose the eigenvalues of A, the subspace Ni and the matrix param-
eter β, such that the operator-function [β00 + β01Mβ10] acting in E+ coincides
with the essential DN-map DNΛ

Δ of the intermediate Hamiltonian. Denote by Qs

the spectral projection corresponding to the eigenvalue k2
s of A, framed by the

projections Pi onto the deficiency subspace Ni

Qs = PiPsPi.

Then the above expression takes the form:

[β00 + β01Mβ10] =

[
β00 +

NT∑
r=1

α2
rβ01Qsrβ10

]
−
∑

r

1 + α4
r

α2
r − λ

β01Qrβ10. (85)

We will define the boundary parameters β10, β01 = β+
10 later, but once they are

defined, we choose β00 such that the first summand in the right side of (85) co-
incides with kM β00 +

∑
r α

2
rβ01Qrβ10 = −kM . Then the scattering matrix takes

the form:

S(k) =
iK+ − kM +

∑N
r=1

1+α4
r

α2
r−λβ01Qrβ10

iK+ + kM −∑N
r=1

1+α4
r

α2
r−λβ01Qrβ10

, (86)

which coincides with the essential scattering matrix if and only if the corresponding
Krein function

kM −
N∑

r=1

1 + α4
r

α2
r − λ

β01Qrβ10 (87)

coincides with the essential part DNΛ
Δ of the DN -map of the intermediate Hamil-

tonian on the essential spectral interval ΔT :

DNΛ ≈ k(λ) +
N∑

r=1

P+
∂ ϕr

∂n 〉〈P+
∂ ϕr

∂n

λr − λ
. (88)

Summarizing these results we obtain the following conditional statement for the
extension constructed based on the boundary condition (82) in case when Ni ∩
N−i = 0 or dim EA = 1:

Theorem 6.1. The constructed operator Aβ is a solvable model of the Quantum
network on the essential interval Δ, if and only if the dimension of the space
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EA coincides with the number N of eigenvalues of the intermediate operator on
Δ ⊂ [λmax, λmin], the eigenvalues α2

r of the inner Hamiltonian A =
∑N

r=1 α
2
rνr〉 〈νr

coincide with eigenvalues of the intermediate operator on Δ, there exists a defi-
ciency subspace Ni of the inner Hamiltonian such that Ni ∩ A+iI

A−iINi = 0 and the
operator β01 : Ni → E+ such that for the orthonormal basis {es}N

s=1 of eigenvectors
of A in EA

P+
∂Ψr

∂n
= [1 + α4

r ]
1/2β01PNiνr, r = 1, 2, . . . , N. (89)

Eliminating the inner variables, we can reduce the model to the Schrödinger
equation with the constant potential on open channels, and appropriate boundary
conditions on the bottom sections:

dUω

dx

∣∣∣∣
Γ

=

[
kM −

N∑
r=1

P+
∂ Ψr

∂n 〉〈P+
∂ Ψr

∂n

λr − λ
Uω

] ∣∣∣∣
Γ

. (90)

Unfortunately, this straightforward construction does not fulfil basic requirements
of quantum mechanics, and hence we proceed via construction a selfadjoint oper-
ator in [L2(0,∞) × E+] ⊕ EA).

Dr. M. Harmer suggested an important strengthening of the previous con-
ditional statement, by proving a general theorem of existence of the subspace Ni

and the projection PNi which satisfy the condition of Theorem 4.1. The proof we
provide below only slightly differs from the original proof in [27]: we added an
explicit formulae for β01, PNi in terms of the corresponding Gram matrix.

Denote by LΔ
Λ the restriction of the intermediate operator LΛ onto the in-

variant subspace EΔ = EA corresponding to the part σΔ = {λ1, λ2, . . . , λN} of
its spectrum on the essential interval Δ, and consider the linear map∑

s

[1 + α4
s]
−1/2P+

∂ ϕs

∂n

∣∣∣
Γ
〈∗, ϕs〉 := ΦΔ (91)

from EΔ to E+, dimE+ = n.

Theorem 6.2 (M. Harmer). The map ΦΔ defines a one-to one correspondence
between two d-dimensional subspaces, 2d < N :

Φ+
ΔΦΔEΔ := NΔ ⊂ EΔ and ΦΔΦ+

ΔE+ := EΔ
+ ⊂ E+

If the subspace NΔ is a generating subspace of LΔ
Λ and

NΔ ∩
(
LΔ

Λ − iI
)−1 (

LΔ
Λ + iI

)
NΔ = 0, (92)

then there exist a unique pair of the boundary operator β01 : EA → E+ and the
subspace Ni ⊂ EA, which satisfy the condition of the previous theorem.

Remark 2. This theorem gives an interpretation of the solvable model described in
Theorem 4.1, in terms of the intermediate Hamiltonian via selection of the inner
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Hamiltonian A as a part LΔ
Λ of LΛ in the invariant subspace corresponding to

the essential spectral interval Δ. The subspace NΔ ⊂ EΔ plays the role of the
deficiency subspace Ni of the inner Hamiltonian and (LΔ

Λ − iI)−1(LΔ
Λ + iI)NΔ

plays the role of the dual subspace N−i.

Proof. The map ΦΔ is represented by the n × N matrix Φ of columns φs with
respect to the orthogonal basis of cse-functions {et} in E+. The condition (89) is
equivalent to the representation of the operator ΦΔ in form β01 PNi , where β01 is
a bounded operator acting from EA into E+ and PNi is an orthogonal projection
in EA onto the deficiency subspace Ni. We will construct both β01, PNi from the
data encoded in ΦΔ.

The non-negative Gram operator ΦΔ Φ+
Δ in E+ has the spectral representa-

tion

ΦΔ Φ+
Δ = U+D U.

The non-negative diagonal matrix D is invertible on the orthogonal complement Ê
of the corresponding null-space Ê0. We denote the restriction D onto Ê by D̂. One
can assume that the subspace Ê belongs to some extended space Ê ⊕ Ê0 which
contains EA, and the operator U+ acts from Ê ⊕ Ê0 onto E+ as an isometry.
The operator U+D̂1/2 coincides with ΦΔ. Hence the operator ΦΔ is presented as
a product βP̂ , with β = β01 = U+D̂1/2 : Ê → E+ and P̂ = PÊ := PNi ⊂ EA,
dim Ni = dim Ê = d and coincides with the dimension of the resonance entrance
subspace of the intermediate operator. Up to some non-essential isometry we may
assume that EA = EΔ,A = LΔ

Λ , Ni = NΔ. The condition (92) guarantees that
Ni ∪N−i = 0. �

In the case when only one resonance eigenvalue α2
0 of the intermediate oper-

ator sits on the essential spectral band, the obtained model scattering matrix

S(p) =
iK+ − kM + 1+α4

0
α2

0−λ
β01Q0β10

iK+ + kM − 1+α4
0

α2
0−λ

β01Q0β10

(93)

is a single-pole approximation of the scattering matrix of the network. The condi-
tion of the above theorem is obviously fulfilled for the single-pole approximation,
when P+

∂ϕ0
∂n �= 0, d = 1, N = 1, and β0 is a one-dimensional operator mapping the

one-dimensional subspace Ni onto the resonance entrance subspace in E+ spanned
by P+

∂ϕ0
∂n . For thin or shrinking networks one can estimate, (see [7] and more de-

tails in [43, 44]) the deviation of the single-pole and/or few-poles approximations
from the exact scattering matrix on the network, in terms of the ratio d/diamΩin.

We postpone the discussion of the non-stationary scattering matrix for QN
to forthcoming publications. But we notice here that the local wave operators (see
[9]) and the corresponding scattering matrix on the essential spectral band can be
defined for the pair (L,Aβ).
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7. A solvable model as a jump-start in the
analytic perturbation procedure

Recall that the exact scattering matrix was approximated by the essential or ap-
proximate scattering matrix. In this section we consider this phenomenon from the
point of view of complex analysis, for the simplest star-shaped network constructed
of a single model quantum well with one semi-infinite wire attached to it.

Consider a thin quantum network constructed of a quantum well Ωin and a
single quantum wire of width δ attached to it, δ/diamΩin ' 1. Assume that the
Fermi level is situated on the first spectral band in the wire, which has multiplicity
1. Without loss of generality we may assume that the component of the correspond-
ing solvable model in the open channel is presented by the Schrödinger equation

with 2μ‖ = 2μ⊥ = I, V ω = V, K+ = p =
√
λ− π2

δ2 − V and one-dimensional
subspace E+:

−u′′ = p2u, 0 < x < ∞. (94)

Assume that the model Hamiltonian Aβ is constructed as suggested in the previous
section based on the “inner Hamiltonian” A, the differential operator lΛ and the
boundary parameters which are reduced to the coupling constant β01 := β. Here-
after we will use the re-normalized eigenvalues α2

s − π2

δ2 −V := k2
s > 0. Introducing

that notation into the Krein function, and submitting the boundary parameter to
the condition β00 +

∑N
s=1 α

2
sβ01 qs β10 = 0 we obtain the corresponding few-pole

scattering matrix as a function of the wave-number p, with physically meaningful
limit behavior at infinity Sβ(p) → I:

Sβ(p) =
ip− k − β2

∑
s

1+α4
s

p2−k2
s
qs

ip+ k + β2
∑

s
1+α4

s

p2−k2
s
qs
. (95)

Here qs = |〈e, es〉|2. Zeros ps(β) of the Scattering matrix (95) – the resonances
– sit in the upper half-plane �p > 0 and approach the points ±ks, k−s := −ks,
when β → 0.

Assume that the resonance eigenvalue α2
0 = k2

0+δ−2 π2+V is situated close to
the scaled Fermi-level Λ and the coupling constant β := β01 is relatively small, see
below. Separating the resonance term in the numerator and denominator of (95)

[
ip− β2 1 + α4

0

k2
0 − p2

q0

]
+

⎡⎣k + β2
∑
s
=0

1 + α4
s

p2 − k2
s

qs

⎤⎦ ,
and multiplying by (ip)−1 one can see that −β2

ip

[
k +

∑
s
=0

1+α4
s

p2−k2
s
qs

]
plays the role

of the small parameter. The resonance k0(β) originated from the eigenvalue k2
0 of

the operator A (more precisely: from the point +k0 ) can be obtained as a solution
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p = k0(β) of the equation

p = k0 − β2(1 + α4
0)q0

(p+ k0)
(
ip+ k + β2

∑
s
=0

1+α4
s

p2−k2
s
qs

) . (96)

Another resonance originated from the point −k0 corresponds to the same eigen-
value, and it sits at the symmetric point −k̄0(β) with respect to the imaginary
axis. Remaining resonances ks(β), s �= 0, can be found from similar equations. All
functions ks(β) are analytic functions of β, k in small neighborhoods of (0, ±ks).
They sit in the upper half-plane symmetrically with respect to the imaginary axis
k−s(β) = −k̄s(β). The scattering matrix (95) is unitary on the real axis k and has
poles at the complex-conjugate points k̄s(β) in the lower half-plane, and hence it
is presented by the finite Blaschke product which tends to 1 when |k| → ∞:

Sβ(p) =
∏
s

p− ks(β)
p− k̄s(β)

. (97)

The outer component of the scattered wave is presented as

Ψβ
0 = e−ipx + Sβ(k)eipx. (98)

It fulfills appropriate boundary condition at the place of contact with the model
quantum dot. The inner component of the scattered wave can be obtained from
Lemma 3.4.

We explore the model scattering problem for small values of β. Though the
resonances depend analytically on β, neither the scattering matrix (95,97) nor the
scattered wave depend analytically of (β, p) on the product of a small neighborhood
of the origin in β-plane and small neighborhoods of ±k0 in p-plane. The analyticity
is lost due to presence of the points ±k0 where the resonances are created at β = 0:
both k0(β) and k̄0(β) approach the same point k0 when β → 0. The corresponding
“resonance” factor of the scattering matrix

Sβ
0 (p) =

[p− k0(β)] [p+ k̄0(β)]
[p− k̄0(β)] [p+ k0(β)]

, (99)

is non-analytic on (Ωβ ×Ωk0 ×Ω−k0), though kβ = �kβ + i�kβ is analytic function
of β due to (96). But the complementary factor of the scattering matrix

S0
β(p) =

∏
s
=0

p− ks(β)
p− k̄s(β)

. (100)

is analytic on (Ωβ × Ωk0 × Ω−k0) and can be expanded into the power series over
βm, m = 0, 1, 2, . . . . Assume now that the function k0(β) is known. Then the
following statement is true:

Theorem 7.1. There exists a one-dimensional perturbation Aβ
0 of the operator

l0u = −u′′, u
∣∣
0

= 0
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with a non-trivial inner component, such that the scattering matrix of the pair
(Aβ

0 , l0) coincides with −Sβ
0 (p):

S(Aβ
0 , l0) = −Sβ

0 (l0)

Then the scattering matrix S(Aβ ,A
β
0 ) of the complementary pair (Aβ ,A

β
0 ) is equal

to the complementary factor −S0
β(p):

S(Aβ ,A
β
0 ) = −S0

β(Aβ
0 ),

such that after the change of the variable we obtain the chain rule for the scattering
matrices

Sβ(l0) = Sβ
0 (l0) S0

β(l0)
or

Sβ(p) = Sβ
0 (p) S0

β(p).
The complementary factor is an analytic function of (β, k) on the product (Ωβ ×
Ωk0 × Ω−k0) of a small neighborhood of the origin in β-plane and a small neigh-
borhood of the pair (k0, −k0) in the p-plane.

A proof can be obtained as a combination of [60, 2]. �

Corollary 7.1. The exterior component of the scattered wave of the operator Aβ
0

presented by the Ansatz (98) with Sβ taken in the form (97) is not analytic with
respect to the coupling constant β01 := β near the origin. The non-analyticity of
the scattered wave is caused by the presence of the non-analytic factor −Sβ

0 in
the scattering matrix. From Theorem 4.1, we interpret this factor as the scatter-
ing matrix for the pair

(
Aβ

0 , l0

)
. The complementary factor −S0

β is analytic with
respect to the coupling constant β. It can be interpreted as the scattering matrix
for the pair

(
Aβ ,Aβ

0

)
. Summarizing our observation we suggest, for our exam-

ple, the following two-steps modification of the analytic perturbation procedure on
continuous spectrum:

a) First step is the construction of the solvable model and calculation of the
corresponding (non-analytic with respect to the coupling constant β at the
origin) scattering matrix. This is “the jump-start” of the analytic perturbation
procedure.

b) Second step is the calculation of the analytic factor of the scattering matrix
of the model by the standard analytic perturbation procedure. The analytic
factor is interpreted as the scattering matrix between the constructed solvable
model and the perturbed operator Aβ.

The obtained connection between resonances and analytic perturbation series
on the continuous spectrum recalls the connection between small denominators in
celestial mechanics and divergence of perturbation series, observed by H. Poincaré,
see [63]. More historical comments about intermediate Hamiltonian and the jump-
start may be found in [56], where similar modification of the analytic perturbation
procedure for the Friedrichs model is suggested.
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Remark 3. Note that recovering exact information on the resonance k0(β) and
on the corresponding residue for the perturbed operator Aβ , which we need to
develop the “jump-start” procedure, may be a tricky problem almost equivalent
to the original spectral problem. On the other hand, if the approximate resonance
factor Sβ

0 is used instead the exact factor, then the division of the scattering matrix
through Sβ

0 would not eliminate singularity, hence the complementary factor of the
scattering matrix would be still non-analytic at the origin and hence could not be
obtained via analytic perturbation procedure.

8. Appendix: Symplectic operator extension procedure

John von Neumann in 1933 has found conditions which guarantee existence of
a selfadjoint extension of given unbounded symmetric operator, and suggested a
procedure of construction of the extension, see symplectic version in [54]. For given
symmetric operator A0 defined on D0 in the Hilbert space H , see [4] and given
complex value λ, �λ �= 0 of the spectral parameter:

Definition 8.1. Define the deficiency subspaces

Nλ := H � [A0 − λI] D0,

Nλ̄ := H �
[
A0 − λ̄I

]
D0.

The dimension of Nλ, Nλ̄ is constant on the whole upper and lower spectral
half-plane �λ > 0, �λ < 0 respectively.

Definition 8.2. Introduce the deficiency index (dimNλ, dimNλ̄) := (n+, n−) of
the operator A0.

J. von Neumann proved that

Theorem 8.1. The Hermitian operator A0 has a selfadjoint extension if and only
if n+ = n−.

The idea of construction of the extension is based on the following theorems
von Neumann, see for instance [4]:

Theorem 8.2. The domain of the adjoint operator is represented as a direct sum
of the domain DĀ0

of the closure and the deficiency subspaces, in particular:

DA+
0

= DĀ0
+Ni +N−i.

The deficiency subspaces of the densely-defined operator are the eigenspaces
of the adjoint operator:

A+
0 ei = −iei, ei ∈ Ni, A+

0 e−i = ie−i, e−i ∈ N−i.
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Theorem 8.3. If A0 is an Hermitian operator with deficiency indices (n+, n−),
n− = n+ and V is an isometry V : Ni → N−i. Then the isometry V defines
a selfadjoint extension AV of A0, acting on the domain

DAV = DĀ0
+ {ei + V ei, ei ∈ Ni}

as a restriction of A+
0 onto DAV :

AV : u0 + ei + V ei → Ā0u0 − iei + iV ei.

J. von Neumann reduced the construction of the extension of the symmet-
ric operator A0 to an equivalent problem of construction of an extension of the
corresponding isometrical operator – the Caley transform of A0. It is much more
convenient, for differential operators, to construct the extensions based on so-called
boundary form.

Example 5. Symplectic Extension procedure for the differential operator. Consider
the second-order differential operator

L0u = −d
2u

dx2
,

defined on all square integrable functions, u ∈ L2(0,∞), with square-integrable
derivatives of the first and second order and vanishing near the origin. This oper-
ator is symmetric and its adjoint L+

0 is defined by the same differential expression
on all square integrable functions with square integrable derivatives of the first
and second order and no boundary condition at the origin. This operator is not
symmetric: its boundary form

J (u, v) = 〈L+
0 u, v〉 − 〈u, L+

0 v〉 = u′(0)v̄(0) − u(0)v̄′(0), u, v ∈ DL+
0

is generally non equal to zero for u, v ∈ DL+
0
. But it vanishes on a “Lagrangian

plane” Pγ ⊂ DL+
0

defined by the boundary condition

u′(0) = γu(0), γ = γ̄.

The restriction Lγ of the L+
0 onto the Lagrangian plane Pγ is a selfadjoint operator

in L2(0,∞): it is symmetric, and the inverse of it (Lγ − λI)−1, at each complex
spectral point λ, exists and is defined on the whole space L2(0,∞).

The operator extension procedure used above for the differential operator,
can be applied to general symmetric operators and serves a convenient alternative
for construction of solvable models of orthogonal sums of differential operators and
finite matrices. We call the abstract analog of the extension procedure the sym-
plectic extension procedure. Let A be a selfadjoint operator in a finite-dimensional
Hilbert space E, dimE = d, and Ni := N is a subspace of E, dim N = n < d/2,
which does not overlap with A+iI

A−iINi := N−i:

Ni ∩N−i = {0} .
Define the operator A0 as a restriction of A onto D0 := I

A−iIE�N . This operator
is symmetric, and the subspaces N±i play roles of its deficiency subspaces. The
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operator can A0 can be extended to the selfadjoint operator AΓ ⊃ A0 via sym-
plectic extension procedure involving the corresponding boundary form: selecting
a basis {e+s }n

s=1 := gs ∈ Ni, we consider the dual basis
{

A+iI
A−iI gs = g−s

}n

s=1
∈ Ni.

Introduce, following [54], another basis in the defect N = Ni +N−i

W+
s =

1
2

[
gs +

A+ iI

A− iI
gs

]
, W−

s =
1
2i

[
ss − A+ iI

A− iI
gs

]
.

Due to A+
0 gs + igs = 0, [A+

0 − iI]A+iI
A−iI gs = 0 we have,

A+
0 W

+
s = W−

s , A
+
0 W

−
s = −W+

s .

Following [24] we will use the representation of elements from the domain of the
adjoint operator by the expansion on the new basis:

u = u0 +
∑

s

ξs
+W

+
s + ξs

−W
−
s ,

with u0 ∈ D(A0) and symplectic coordinates ξs
±.

We also introduce the boundary vectors of elements from D(A+
0 )

�ξ± :=
∑

s

ξs
±gs ∈ Ni,

u = u0 +
A

A− iI
�ξu
+ − I

A− iI
�ξu
− := u0 + nu, u0 ∈ D(A0)nu ∈ N.

Define the formal adjoint operator A+
0 on the defect N = Ni +N−i as:

A+
0 e+ = −ie+, for e+ ∈ Ni, A

+
0 e− = ie−, for e+ ∈ N−i,

A+
0 (e+ + e−) = −ie+ + ie−.

Then we have:
A+

0 W
+
s = W−

s , A
+
0 W

−
s = −W+

s .

Following [54], we will use the representation of elements from the domain of the
adjoint operator by the expansion on the new basis:

u = u0 +
∑

s

ξs
+W

+
s + ξs

−W
−
s ,

with u0 ∈ D(A0) and symplectic coordinates ξs
±. We also introduce the boundary

vectors of elements from D(A+
0 )

�ξ± :=
∑

s

ξs
±gs ∈ Ni,

u = u0 +
A

A− iI
�ξu
+ − I

A− iI
�ξu
− := u0 + nu, u0 ∈ D(A0)nu ∈ N.

Then the boundary form of A+
0 is calculated as

〈A+
0 u, v〉 − 〈u,A+

0 v〉 := J (u, v) = 〈�ξu
+,
�ξv
−〉 − 〈�ξu

−, �ξ
v
+〉
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8.1. Operator Extensions: Krein formula

Theorem: Krein formula. Consider a closed symmetric operator A0 in the Hilbert
space H, obtained via restriction of the selfadjoint operator A onto the dense
domain D(A0), with finite-dimensional deficiency subspaces N∓i, PNi := P+,
dimNi = dimN−i. Then the resolvent of the selfadjoint extension AM defined
by the boundary conditions

�ξ+ = M�ξ− (101)
is represented, at regular points of AM , by the formula:

(AM − λI)−1 =
I

A− λI
− A+ iI

A− λI
P+M

I

I + P+
I+λA
A−λIP+M

P+
A− iI

A− λI

Proof. For the convenience of the reader we provide below the sketch of the proof
of the Krein formula via symplectic operator extension procedure. Solution of the
homogeneous equation (A+ − λI)u = f is reduced to finding u0, �ξ± from the
equation

(A− λI)u0 − I + λA

A− iI
�ξu
+ − A− λI

A− iI
�ξu
− = f. (102)

Applying to this expression the operator A−iI
A−λI , due to (A− iI)u0⊥Ni, we obtain

�ξ− = − I

I + I+λA
A−λIP+

P+
A− iI

A− λI
f.

Then, from the above equation (102) and from the boundary condition (101), we
derive:

u0 =
1

A− iI

[
I + λA

A− λI
�ξ+ + �ξ−

]
+

I

A− λI
f,

and

u = u0 +
A

A− iI
�ξ+ − I

A− iI
�ξ−

=
I

A− λI
f − A+ iI

A− λI
P+M

I

I + P+
I+λA
A−λIP+M

P+
A− iI

A− λI
f. �
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Abstract. In the article we consider the Levy processes and the corresponding
semigroups. We represent the generators of these semigroups in convolution
forms. Using the obtained convolution form and the theory of integral equa-
tions we investigate the properties of a wide class of Levy processes (potential,
quasi-potential, the probability of the Levy process remaining within the given
domain,long time behavior). We analyze in detail a number of concrete exam-
ples of the Levy processes (the stable processes, the variance damped Levy
processes, the variance gamma processes, the normal Gaussian process, the
Meixner process, the compound Poisson process.)
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Introduction

In the famous article by M. Kac [11] a number of examples demonstrate the in-
terconnection between the probability theory and the theory of integral and dif-
ferential equations. In particular in article [11] Cauchy process was considered.
Later M. Kac method was used both for symmetric stable processes [30], [19] and
non-symmetric stable processes [20]–[22]. In the present article with the help of
M. Kac’s idea [11] and the theory of integral equations with the difference kernels
[22] we investigate a wide class of Levy processes. We note that within the last
ten years the Levy processes have got a number of new important applications,
particularly to financial problems. We consider separately the examples of Levy
processes which are used in the financial mathematics.
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Now we shall formulate the main results of the article.
1. The Levy process Xt defines a strongly continuous semigroup Pt (see [23]).

The generator L of the semigroup Pt is a pseudo-differential operator. We show
that for a broad class of the Levy processes the generator L can be represented in
a convolution type form (Section 2):

Lf =
d

dx
S
d

dx
f, (0.1)

where the operator S is defined by the relation

Sf =
1
2
Af +

∫ ∞

−∞
k(y − x)f(y)dy. (0.2)

Such a representation opens a possibility to use the theory of integral equations
with difference kernels [22].

2. We introduce the important in our theory notion of the truncated generator
LΔ which coincides with L on the bounded system of segments Δ. we define the
quasi-potential B by the relation −LΔBf = f (Sections 3 and 4). Under our
assumptions the operator

Bf =
∫

Δ

Φ(x, y)f(y)dy (0.3)

is compact. It means that the operator B has a discrete spectrum λj (j =
1, 2, . . . ), λj→0. Hence the corresponding truncated generator LΔ has a dis-
crete spectrum too. Using the results of the theory of the integral equations with
the difference kernels we represent the quasi-potential B in the explicit form.

3. The probability p(t,Δ) of the Levy process remaining within the given
domain Δ (ruin problem) is investigated in Section 5 of this paper. M. Kac [11]
had obtained the first results of this type for symmetric stable processes. Later we
transposed these results for the non-symmetric stable processes [20], [22]. In this
paper we show that integro-differential equation of M. Kac type is true for all the
Levy processes, which have a continuous density. M.Kac writes [11]: “We are led
here to integro-differential equations which offer formidable analytic difficulties and
which we were able to solve only in very few cases.” Kac was able to overcome these
difficulties only for Cauchy processes. H. Widom [30] solved these equations for
symmetric stable processes. Both symmetric and non-symmetric stable processes
were investigated in our works [19]–[22]. Now we develop these results and transfer
them on the wide class of the Levy processes.

4. In Sections 6–8 we investigate the structure and the properties of the
quasi-potential B. In particular we prove that the operator B is compact and the
following important inequality:

Φ(x, y)≥0 (0.4)
is true. From inequality (0.4) and Krein-Rutman theorem [13] we deduce that
the operator B has a positive eigenvalue λ1 not less in modulus than every other
eigenvalue of B.
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5. Section 9 contains formulas and estimations for the probability p(t,Δ)
that a sample of the process Xτ remains inside the given domain Δ when 0≤τ≤t.
Under certain conditions we have obtained the asymptotic formula

p(t,Δ) = e−t/λ1 [c1 + o(1)], t→∞. (0.5)

6. In Sections 10–12 we separately consider the class of the stable processes
which is a special case of the Levy processes. We use the notation p(t, a) = p(t,Δ)
when Δ = [−a, a]. We consider the important case when a depends on t and
a(t)→∞ when t→∞.We compare the obtained results with well-known results (the
iterated logarithm law, the results for the first hitting time, the results for the most
visited sites problems). Further we introduce the notation p(t,−b, a) = p(t,Δ)
when Δ = [−b, a]. In case of the Wiener process we found the asymptotic behavior
of p(t,−b, a) when b→∞. It is easy to see that p(t,−∞, a) coincides with the
formula for the first hitting time.

7. We analyze in detail a number of concrete examples of the Levy processes
which are used in the financial mathematics (stable processes, the variance damped
Levy processes, the variance gamma processes, the normal Gaussian process, the
Meixner process, compound Poisson process).

1. Main notions

Let us consider the Levy processesXt on R. If P (X0 = 0) = 1 then Levy-Khinchine
formula gives (see[4], [23])

μ(z, t) = E{exp[izXt]} = exp[−tλ(z)], t≥0, (1.1)

where

λ(z) =
1
2
Az2 − iγz −

∫ ∞

−∞
(eixz − 1 − ixz1|x|<1)dν(x). (1.2)

Here A≥0, γ = γ, and ν(x) is a monotonically increasing function satisfying the
conditions ∫ ∞

−∞

x2

1 + x2
dν(x) <∞. (1.3)

By Pt(x0,Δ) we denote the probability P (Xt∈Δ) when P (X0 = x0) = 1 and
Δ∈R. The transition operator Pt is defined by the formula

Ptf(x) =
∫ ∞

−∞
Pt(x, dy)f(y). (1.4)

Let C0 be the Banach space of continuous functions f(x), satisfying the condition
limf(x) = 0, |x|→∞ with the norm ||f || = supx|f(x)|. We denote by Cn

0 the set
of f(x)∈C0 such that f (k)(x)∈C0, (1≤k≤n). It is known that [23]

Ptf∈C0, (1.5)

if f(x)∈C2
0 .
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Now we formulate the following important result (see [4], [23]).

Theorem 1.1. The family of the operators Pt (t≥0) defined by the Levy process
Xt is a strongly continuous semigroup on C0 with the norm ||Pt|| = 1. Let L be
its infinitesimal generator. Then

Lf =
1
2
A
d2f

dx2
+ γ

df

dx
+
∫ ∞

−∞
(f(x+ y) − f(x) − y

df

dx
1|y|<1)dν(y), (1.6)

where f∈C2
0 .

2. Convolution type form of infinitesimal generator

1. In this section we prove that under some conditions the infinitesimal generator
L can be represented in the special convolution type form

Lf =
d

dx
S
d

dx
f, (2.1)

where the operator S is defined by the relation

Sf =
1
2
Af +

∫ ∞

−∞
k(y − x)f(y)dy. (2.2)

We assume that for arbitrary M(0 < M < ∞) the inequality∫ M

−M

|k(t)|dt < ∞ (2.3)

is true. The representation of L in form (2.1) is convenient as the operator L is
expressed with the help of the classic differential and convolution operators.

By Cs we denote the set of functions f(x)∈C0 which have the following
property

For every f(x)∈Cs there exist such m and M (0 < m < M < ∞) that

f(x) = 0, x/∈[−M,−m]
⋃

[m,M ]. (2.4)

Lemma 2.1. Let the following conditions be fulfilled.
1. The function ν(x) is monotonically increasing and∫ ∞

−∞

x2

1 + x2
dν(x) <∞. (2.5)

2. For arbitrary M (0 < M < ∞) we have∫ M

−M

|ν(x)|dx < ∞,

∫ M

−M

|x|dν(x) < ∞. (2.6)

Then the expression

J =
∫ ∞

−∞
[f(y + x) − f(x)]dν(y) (2.7)
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can be represented in the convolution type form

J =
d

dx

∫ ∞

−∞
f ′(y)k(y − x)dy (2.8)

where f(x)∈C2
0 , k(x) =

∫ x

0 ν(y)dy.

Proof. Let us introduce the following notations

J1 =
d

dx

∫ x

−∞
f ′(y)k(y − x)dy, f(x)∈Cs, (2.9)

J2 =
d

dx

∫ ∞

x

f ′(y)k(y − x)dy f(x)∈Cs. (2.10)

Using (2.9) we have

J1 = − d

dx

∫ x

−M

[f(y) − f(x) + f(x)]k′(y − x)dy. (2.11)

From (2.9) and (2.11) we deduce the relation

J1 = f(x)k′(−M − x) +
∫ x

−M

[f(y) − f(x)]k′′(y − x)dy. (2.12)

When M→∞ we obtain the equality

J1 =
∫ 0

−∞
[f(y + x) − f(x)]k′′(y)dy. (2.13)

In the same way we deduce the relation

J2 =
∫ ∞

0

[f(y + x) − f(x)]k′′(y)dy. (2.14)

Relation (2.8) follows directly from formulas (2.13), (2.14) and the equality J =
J1 + J2. The lemma is proved. �

Lemma 2.2. Let the following conditions be fulfilled.
1. The function ν(x) satisfies condition 1 of Lemma 2.1.
2. For arbitrary M (0 < M < ∞) we have∫ M

−M

|k(x)|dx < ∞,

∫ M

−M

|xν(x)|dx < ∞, (2.15)

where
k′(x) = ν(x), x�=0. (2.16)

Then the equality

J =
∫ ∞

−∞
[f(y + x) − f(x) − y

df(x)
dx

1D(y)]dν(y) + Γf ′(x), (2.17)

is true, where Γ = Γ and f(x)∈Cs.
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Proof. From (2.9) we obtain the relation

J1 = f ′(x)γ1 −
∫ x

x−1

[f ′(y) − f ′(x)]k′(y − x)dy −
∫ x−1

−M

f ′(y)k′(y − x)dy, (2.18)

where γ1 = k(−1). We introduce the notations

P1(x, y) = f(y) − f(x) − (y − x)f ′(x), P2(x, y) = f(y) − f(x). (2.19)

Integrating by parts (2.18) and passing to the limit when M→∞ we deduce that

J1 = f ′(x)γ2 +
∫ x

x−1

P1(x, y)k′′(y − x)dy +
∫ x−1

−M

P2(x, y)k′′(y − x)dy, (2.20)

where γ2 = k(−1) − k′(−1). It follows from (2.19) and (2.20) that

J1 =
∫ x

−∞

[
f(y + x) − f(x) − y

df(x)
dx

1D(y)

]
dν(y) + γ2f

′(x). (2.21)

In the same way it can be proved that

J2 =
∫ ∞

x

[f(y + x) − f(x) − y
df(x)
dx

1D(y)]dν(y) + γ3f
′(x), (2.22)

where γ3 = −k(1) + k′(1). The relation (2.17) follows directly from (2.21) and
(2.22). Here Γ = γ2 + γ3. The lemma is proved. �

Remark 2.1. The operator L0f = d
dxf can be represented in form (2.1), (2.2),

where
S0f =

∫ ∞

−∞
p0(x− y)f(y)dy, (2.23)

p0(x) =
1
2

sign(x). (2.24)

From Lemmas 2.1, 2.2 and Remark 2.1 we deduce the following assertion.

Theorem 2.1. Let the conditions of either Lemma 2.1 or Lemma 2.2 be fulfilled.
Then the corresponding operator L has a convolution type form (2.1), (2.2).

Proposition 2.1. The generator L of the Levy process Xt admits the convolution
type representation (2.1), (2.2) if there exist such C > 0 and 0 < α < 2, α�=1 that

ν′(y)≤C|y|−α−1. (2.25)

Proof. The function ν(y) has the form

ν(y) =
∫ y

−∞
ν′(t)dt1y<0 −

∫ ∞

y

ν′(t)dt1y>0. (2.26)

First we shall consider the case, when 1 < α < 2, and introduce the function

k0(y) =
∫ y

−∞
(y − t)ν′(t)dt1y<0 −

∫ ∞

y

(y − t)ν′(t)dt1y>0. (2.27)

We obtain the relation

k(y) = k0(y) + (γ − Γ)p0(y), 1 < α < 2, (2.28)
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where p0(y) and k0(y) are defined by (2.24) and (2.27) respectively. The constant
Γ is defined by the relation:

Γ = k0(−1) − k′0(−1) − k0(−1) + k′0(1), 1 < α < 2. (2.29)

It follows from (2.25)–(2.27) that the conditions of Lemma 2.2 are fulfilled. Hence
the proposition is true when 1 < α < 2. Let us consider the case when 0 < α < 1.
As in the previous case the function ν(x) is defined by relation (2.26). We introduce
the functions

k0(y) =
∫ y

−∞
ν′(t)dt y +

∫ 0

y

ν′(t)tdt, y < 0, (2.30)

k0(y) = −
∫ ∞

y

ν′(t)dt y −
∫ y

0

ν′(t)tdt, y > 0, (2.31)

and
k(y) = k0(y) + γp0(y) 0 < α < 1. (2.32)

In view of (2.25) and (2.30), (2.31) the conditions of Lemma 2.1 are fulfilled. Hence
the proposition is proved. �
Corollary 2.1. If condition (2.25) is fulfilled then

k0(y)≥0, −∞ < y <∞, 1 < α < 2, (2.33)

k0(y)≤0, −∞ < y <∞, 0 < α < 1. (2.34)

Let us consider the important case when α = 1.

Proposition 2.2. The generator L of the Levy process Xt admits the convolution
type representation (2.1), (2.2) if there exist such C > 0 and m > 0 that

ν′(y)≤C|y|−2e−m|y|. (2.35)

Proof. Using formulas (2.26)–(2.29) we see that the conditions of Lemma 2.2 are
fulfilled. The proposition is proved. �
Example 2.1. The stable processes. For the stable processes we have A = 0, γ =
γ and

ν′(y) = |y|−α−1(C11y<0 + C21y>0), (2.36)
where C1 > 0 C2 > 0. Hence the function ν(y) has the form

ν(y) =
1
α
|y|−α(C11y<0 − C21y>0). (2.37)

Let us introduce the functions

k0(y) =
1

α(α − 1)
|y|1−α(C11y<0 + C21y>0), (2.38)

where 0 < α < 2, α�=1. When α = 1 we have

k0(y) = −log|y| (C11y<0 + C21y>0). (2.39)

It means that the conditions of Theorem 2.1 are fulfilled. Hence the generator L
for the stable processes admits the convolution type representation (2.1), (2.2).
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Proposition 2.3. The kernel k(y) of the operator S in representation (2.1) for
the stable processes has form (2.28), when 1≤α < 2, and has form (2.32) when
0 < α < 1.

Example 2.2. The variance damped Levy processes. For the variance damped Levy
processes we have A = 0, γ = γ and

ν′(y) = C1e
−λ1|y||y|−α−11y<0 + C2e

−λ2|y|y−α−11y>0, (2.40)

where C1 > 0 C2 > 0, λ1 > 0, λ2 > 0 0 < α < 2. It follows from (2.40) that
the conditions of Proposition 2.1 are fulfilled when α�=1. If α = 1 the conditions of
Proposition 2.2 are fulfilled. Hence the generator L for the variance damped Levy
processes admits the convolution type representation (2.1), (2.2) and the kernel
k(y) is defined by formulas (2.27), (2.28), when 1≤α < 2, and by formula (2.32)
when 0 < α < 1.

Example 2.3. The variance Gamma process. For the variance Gamma process we
have A = 0, γ = γ and

ν′(y) = C1e
−G|y||y|−11y<0 + C2e

−M|y|y−11y>0, (2.41)

where C1 > 0 C2 > 0, G > 0, M > 0. It follows from (2.41) that the con-
ditions of Proposition 2.2 are fulfilled and the generator L of variance Gamma
process admits the convolution type representation (2.1), (2.2). The kernel k(y) is
defined by relations (2.30) and (2.31).

Example 2.4. The normal inverse Gaussian process. In the case of the normal
inverse Gaussian process we have A = 0, γ = γ and

ν′(y) = CeβyK1(|y|)|y|−1, C > 0, −1≤β≤1, (2.42)

where Kλ(x) denotes the modified Bessel function of the third kind with the index
λ. Using equalities

|K1(|x|)|≤Me−|x|/|x|, M > 0, 0 < x0≤|x|, (2.43)

|K1(|x|)x|≤M, 0≤|x|≤x0 (2.44)

we see that the conditions of Proposition 2.2 are fulfilled. Hence the corresponding
generator L admits the convolution type representation (2.1), (2.2) and the kernel
k(y) is defined by relations (2.30) and (2.31).

Example 2.5. The Meixner process. For the Meixner process we have

ν′(y) = C
expβx
x sinhπx

, (2.45)

where C > 0, −π < β < π. The conditions of Proposition 2.2 are fulfilled. Hence
the corresponding generator L admits the convolution type representation (2.1),
(2.2) and the kernel k(y) is defined by relations (2.30), (2.31).

Remark 2.2. Examples 2.1–2.5 are used in the finance problems [24].



Integral Equations in the Theory of Levy Processes 345

Example 2.6. Compound Poisson process. We consider the case when A = 0, γ = 0
and

M =
∫ ∞

−∞
ν′(y)dy <∞. (2.46)

Using formulas (2.1) and (2.2) we deduce that the corresponding generator L has
the following convolution form

Lf = −Mf(x) +
∫ ∞

−∞
ν′(y − x)f(y)dy. (2.47)

3. Potential

The operator

Qf =
∫ ∞

0

(Ptf)dt (3.1)

is called potential of the semigroup Pt. The generator L and the potential Q are (in
general) unbounded operators. Therefore the operators L and Q are defined not
in the whole space L2(−∞,∞) but only in the subsets DL and DQ respectively.
We use the following property of the potential Q (see[23]).

Proposition 3.1. If f = Qg, (g∈DQ) then f∈DL and

−Lf = g. (3.2)

Example 3.1. Compound Poisson process. Let the generator L has form (2.47)
where

M =
∫ ∞

−∞
ν′(x)dx <∞,

∫ ∞

−∞
[ν′(x)]2dx < ∞. (3.3)

We introduce the functions

K(u) = − 1
M

√
2π

∫ ∞

−∞
ν′(x)e−iuxdx, (3.4)

N(u) =
K(u)

1 −
√

2πK(u)
. (3.5)

Let us note that

|K(u)| < 1√
2π
, u �=0; K(0) = − 1√

2π
. (3.6)

It means that N(u)∈L2(−∞,∞). Hence the function

n(x) = − 1√
2π

∫ ∞

−∞
N(u)e−iuxdu (3.7)

belongs to L2(−∞,∞) as well. It follows from (2.47), (3.2)and (3.7) that the
corresponding potential Q has the form (see [23], Ch. 11)

Qf =
1
M

[f(x) +
∫ ∞

−∞
f(y)n(x− y)dy]. (3.8)
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Proposition 3.2. Let conditions (3.3) be fulfilled. Then the operators L and Q are
bounded in the space L2(−∞,∞).

Now we shall give an example when the kernel n(x) can be written in an
explicit form.

Example 3.2. We consider the case when

ν′(x) = e−|x|, −∞ < x < ∞. (3.9)

In this case M = 2 and the operator L takes the form

Lf = −2f(x) +
∫ ∞

−∞
f(y)e−|x−y|dy. (3.10)

Formulas (3.4)–(3.7) imply that

Qf =
1
2
f(x) − 1

4
√

2

∫ ∞

−∞
f(y)e−|x−y|√2dy. (3.11)

4. Truncated generators and quasi-potentials

Let us denote by Δ the set of segments [ak, bk] such that

a1 < b1 < a2 < b2 < · · · < an < bn, 1≤k≤n.
By CΔ we denote the set of functions g(x) on L2(Δ) such that

g(ak) = g(bk) = g′(ak) = g′(bk) = 0, 1≤k≤n, g′′(x)∈Lp(Δ), p > 1. (4.1)

We introduce the operator PΔ by relation PΔf(x) = f(x) if x∈Δ and PΔf(x) = 0
if x/∈Δ.

Definition 4.1. The operator
LΔ = PΔLPΔ (4.2)

is called a truncated generator.

Definition 4.2. The operator B with the definition domain dense in Lp(Δ) is called
a quasi-potential if the functions f = Bg belong to definition domain of LΔ and

−LΔf = g. (4.3)

It follows from (4.3) that

−PΔLf = g, (f = Bg). (4.4)

Remark 4.1. In a number of cases (see the next section) we need relation (4.4).
In these cases we can use the quasi-potential B, which is often simpler than the
corresponding potential Q.

Remark 4.2. The operators of type (4.2) are investigated in the book ([22], Ch. 2).

From relation (4.3) we deduce that

Bg �=0, if g �=0. (4.5)
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Definition 4.3. We call the operator B a regular if the following conditions are
fulfilled:

1. The operator B is compact and has the form

Bf =
∫

Δ

Φ(x, y)f(y)dy, f(y)∈Lp(Δ), p≥1, (4.6)

where the function Φ(x, y) can have a discontinuity only when x = y.

2. There exists a function φ(x) such that

|Φ(x, y)|≤φ(x − y), (4.7)

∫ R

−R

φ(x)dx < ∞ if 0 < R <∞. (4.8)

3. Φ(x, y) ≥ 0, x, y∈Δ, (4.9)

Φ(ak, y) = Φ(bk, y) = 0, 1≤k≤n. (4.10)

4. Relation (4.5) is valid.

Remark 4.3. In view of condition (4.7) the regular operator B is bounded in the
spaces Lp(Δ), 1≤p≤∞ (see [22], p. 24).

Remark 4.4. If the quasi-potential B is regular, then the corresponding truncated
generator LΔ has a discrete spectrum.

Further we prove that for a broad class of Levy processes the corresponding
quasi-potentials B are regular.

Example 4.1. We consider the case when

φ(x) = M |x|−κ , 0 < κ < 1. (4.11)

Proposition 4.1. Let condition (4.11) be true and let the corresponding regular
operator B have an eigenfunction f(x) with an eigenvalue λ�=0. Then the function
f(x) is continuous.

Proof. According to Definition 4.3 there exists an integer N(κ) such that the
kernel ΦN (x, t) of the operator

BNf =
∫

Δ

ΦN (x, y)f(y)dy, f(y)∈Lp(Δ) (4.12)

is continuous. Hence the function f(x) is continuous. The proposition is proved.
�
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5. The probability of the Levy process remaining
within the given domain

In many theoretical and applied problems it is important to estimate the quantity

p(t,Δ) = P (Xτ∈Δ; 0≤τ≤t), (5.1)

i.e., the probability that a sample of the process Xτ remains inside Δ for 0≤τ≤t
(ruin problem).

The integro-differential equations corresponding to the stable processes were
derived by Kac [11] (symmetric case) and in our works (non-symmetric case, see
[20]–[22]). Now we get rid of the requirement for the process to be stable and
consider the Levy process Xt with the continuous density ρ(x, t). In view of (1.1)
we have

ρ(x, t) =
1
2π

∫ ∞

−∞
e−ixzμ(z, t)dz, t > 0. (5.2)

We introduce the sequence of functions

Qn+1(x, t) =
∫ t

0

∫ ∞

−∞
Q0(x− ξ, t− τ)V (ξ)Qn(ξ, τ)dξdτ, (5.3)

where the function V (x) is defined by relations V (x) = 1 when x/∈Δ and V (x) = 0
when x∈Δ. We use the notation

Q0(x, t) = ρ(x, t). (5.4)

For Levy processes the following relation

Q0(x, t) =
∫ ∞

−∞
Q0(x− ξ, t− τ)Q0(ξ, τ)dξ (5.5)

is true. Using (5.3) and (5.5) we have

0≤Qn(x, t)≤tnQ0(x, t)/n!. (5.6)

Hence the series

Q(x, t, u) =
∞∑

n−0

(−1)nunQn(x, t) (5.7)

converges. The probabilistic meaning of Q(x, t, u) is defined by the relation (see
[12], Ch. 4):

E{exp[−u
∫ t

0

V (Xτ )dτ ], c1 < Xt < c2} =
∫ c2

c1

Q(x, t, u)dx. (5.8)

The inequality V (x)≥0 and relation (5.8) imply that the function Q(x, t, u) mono-
tonically decreases with respect to the variable “u” and the formulas

0≤Q(x, t, u)≤Q(x, t, 0) = Q0(x, t) = ρ(x, t) (5.9)

are true. In view of (5.2) and (5.9) the Laplace transform

ψ(x, s, u) =
∫ ∞

0

e−stQ(x, t, u)dt, s > 0 (5.10)
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has meaning. According to (5.3) the function Q(x, t, u) is the solution of the equa-
tion

Q(x, t, u) + u

∫ t

0

∫ ∞

−∞
ρ(x− ξ, t− τ)V (ξ)Q(ξ, τ, u)dξdτ = ρ(x, t). (5.11)

Taking from both parts of (5.11) the Laplace transform and bearing in mind (5.10)
we obtain

ψ(x, s, u) + u

∫ ∞

−∞
V (ξ)R(x− ξ, s)ψ(ξ, s, u)dξ = R(x, s), (5.12)

where

R(x, s) =
∫ ∞

0

e−stρ(x, t)dt. (5.13)

Multiplying both parts of relation (5.12) by exp(ixp) and integrating them with
respect to x (−∞ < x < ∞) we have∫ ∞

−∞
ψ(x, s, u)eixp[s+ λ(p) + uV (x)]dx = 1. (5.14)

Here we use relations (1.1), (5.2) and (5.13). Now we introduce the function

h(p) =
1
2π

∫
Δ

e−ixpf(x)dx, (5.15)

where the function f(x) belongs to CΔ. Multiplying both parts of (5.14) by h(p)
and integrating them with respect to p (−∞ < p < ∞) we deduce the equality∫ ∞

−∞

∫ ∞

−∞
ψ(x, s, u)eixp[s+ λ(p)]h(p)dxdp = f(0). (5.16)

We have used the relations

V (x)f(x) = 0, −∞ < x < ∞, (5.17)

1
2π

lim
∫ N

−N

∫
Δ

e−ixpf(x)dxdp = f(0), N→∞. (5.18)

Since the function Q(x, t, u) monotonically decreases with respect to “u” this is
also true for the function ψ(x, s, u) according to (5.10). Hence there exists the limit

ψ(x, s) = limψ(x, s, u), u→∞, (5.19)

where
ψ(x, s) = 0, x/∈Δ. (5.20)

The probabilistic meaning of ψ(x, s) follows from the equality∫ ∞

0

e−stp(t,Δ)dt =
∫

Δ

ψ(x, s)dx. (5.21)

Using the properties of the Fourier transform and conditions (5.19), (5.20) we
deduce from (5.16) the following assertion.
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Theorem 5.1. Let the considered Levy process have a continuous density. Then the
relation

((sI − LΔ)f, ψ(x, s))Δ = f(0) (5.22)

is true.

Remark 5.1. For the symmetric stable processes relation (5.22) was deduced by
M. Kac [11] and for the non-symmetric stable processes it was deduced in our
works [20]–[22].

Remark 5.2. As it is known the stable processes, the variance damped Levy pro-
cesses, the variance gamma processes, the normal inverse Gaussian process, the
Meixner process have continuous densities (see([24], [31]).

Remark 5.3. We have obtained the formula (5.21) for Laplace transform of p(t,Δ)
in terms of ψ(x, s). The double Laplace transform of p(t,Δ) was obtained by
G. Baxter and M.D. Donsker [3] for the case when Δ = (−∞, a].
We express the important function ψ(x, s) with the help of the quasi-potential B.

Theorem 5.2. Let the considered Levy process have the continuous density and let
the quasi-potential B be regular. Then in the space Lp(Δ) (p > 1) there is one
and only one function

ψ(x, s) = (I + sB�)−1Φ(0, x), 0≤s < s0, (5.23)

which satisfies relation (5.22).

Proof. In view of (4.4) we have

−BLΔf = f, f∈CΔ. (5.24)

Relations (5.23) and (5.24) imply that

((sI − LΔ)f, ψ(x, s))Δ = −((I + sB)LΔf, ψ)Δ = −(LΔf,Φ(0, x))Δ. (5.25)

Since Φ(0, x) = B�δ(x), (δ(x) is the Dirac function) then according to (5.23) and
(5.25) relation (5.22) is true.

Let us suppose that in L(Δ) there is another function ψ1(x, s) satisfying
(5.22). Then the equality

((sI − LΔ)f, φ(x, s))Δ = 0, φ = ψ − ψ1 (5.26)

is valid. We write relation (5.26) in the form

(LΔf, (I + sB�)φ)Δ = 0. (5.27)

Due to (4.4) the range of LΔ is dense in Lp(Δ). Hence in view of (5.27) we have
φ = 0. The theorem is proved. �

The analytical apparatus for the construction and investigation of the func-
tion ψ(x, s) is based on relation (5.22) and properties of the quasi-potential B. In
the following three sections we shall investigate the properties of the operator B.
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6. Non-negativity of the kernel Φ(x, y)

In this section we deduce the following important property of the kernel Φ(x, y).

Proposition 6.1. Let the density ρ(x, t) of Levy process Xt be continuous (t >
0) and let the corresponding quasi-potential B satisfy conditions (4.6)–(4.8) of
Definition 4.3. Then the kernel Φ(x, y) is non-negative, i.e.,

Φ(x, y)≥0. (6.1)

Proof. In view of (5.9) and (5.10) we have ψ(x, s, u)≥0. Relation (5.19) implies
that ψ(x, s)≥0. Now it follows from (5.23) that

Φ(0, x) = ψ(x, 0)≥0. (6.2)

Let us consider the domains Δ1 and Δ2 which are connected by relation Δ2 =
Δ1 + δ. We denote the corresponding truncated generators by LΔ1 and LΔ2 , the
corresponding quasi-potentials by B1 and B2 and the corresponding kernels by
Φ1(x, y) and Φ2(x, y). We introduce the unitary operator

Uf = f(x− δ), (6.3)

which maps the space L2(Δ2) onto L2(Δ1). At the beginning we suppose that the
conditions of Theorem 2.1 are fulfilled. Using formulas (2.1) and (2.2) we deduce
that

LΔ2 = U−1LΔ1U. (6.4)

Hence the equality

B2 = U−1B1U (6.5)

is valid. The last equality can be written in the terms of the kernels

Φ2(x, y) = Φ1(x+ δ, y + δ). (6.6)

According to (6.2) and (6.6) we have

Φ1(δ, y + δ)≥0. (6.7)

As δ is an arbitrary real number, relation (6.1) follows directly from (6.7). We
remark that an arbitrary generator L can be approximated by the operators of
form (2.1) (see[23], Ch. 2). Hence the proposition is proved. �

In view of (4.1), (4.5) and relation Bf∈CΔ the following assertion is true.

Proposition 6.2. Let the quasi-potential B satisfy the conditions of Proposition 6.1.
Then the equalities

Φ(ak, y) = Φ(bk, y) = 0 1≤k≤n (6.8)

are valid.
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7. Sectorial operators

1. We introduce the following notions.

Definition 7.1. The bounded operator B in the space L2(Δ) is called sectorial if

(Bf, f)�=0, f �=0 (7.1)

and
−π

2
β≤arg(Bf, f)≤π

2
β, 0 < β≤1. (7.2)

It is easy to see that the following assertions are true.

Proposition 7.1. Let the operator B be sectorial. Then the operator (I + sB)−1 is
bounded when s≥0.

Proposition 7.2. Let the conditions of Theorem 5.2 be fulfilled. If the operator B
is sectorial, then formula (5.23) is valid for all s≥0.

In the present section we deduce the conditions under which the quasi-
potential B is sectorial. Let us consider the case when∫ ∞

x

ydν(y) <∞, (x > 0), (7.3)∫ x

−∞
|y|dν(y) <∞, (x < 0). (7.4)

The corresponding kernel k(x) of the operator S (see (2.2)) has the form

k(x) =
∫ ∞

x

(y − x)dν(y)d < ∞, (x > 0), (7.5)

k(x) =
∫ x

−∞
(x− y)dν(y) < ∞, (x < 0). (7.6)

We obtain the following statement.

Proposition 7.3. Let conditions (7.3) and (7.4) be fulfilled. Then the kernel k(x) is
monotone on the half-axis (−∞, 0) and on the half-axis (0,∞).

We shall use the following Pringsheim’s result.

Theorem 7.1. (see [25], Ch. 1.) Let f(t) be non-increasing function over (0,∞)
and integrable on any finite interval (0, �). If f(t)→0 when t→∞, then for any
positive x we have

1
2
[f(x+ 0) + f(x− 0)] =

2
π

∫ ∞

+0

cosxu
[∫ ∞

0

f(t) cos tudt
]
du, (7.7)

1
2
[f(x+ 0) + f(x− 0)] =

2
π

∫ ∞

0

sinxu
[∫ ∞

0

f(t) sin tudt
]
du. (7.8)
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It follows from (7.3)–(7.6) that

k(x)→0 and k′(x)→0, when x→±∞. (7.9)

We suppose in addition that

xk(x)→0 and x2k′(x)→0, when x→±0. (7.10)

Using the integration by parts we deduce the assertion.

Proposition 7.4. Let conditions (7.3), (7.4) and (7.9), (7.10) be fulfilled. Then the
relation ∫ ∞

−∞
k(t) cos xtdt =

∫ ∞

−∞

1 − cosxt
x2

dν(t) (7.11)

is true.

Relation (7.11) implies that∫ ∞

−∞
k(t) cosxtdt > 0. (7.12)

It follows from Proposition 7.3, Theorem 7.1 and relations (7.9), (7.10) that the
kernel k(x) of the operator S admits the representation

k(x) =
∫ ∞

−∞
m(t)eixtdt. (7.13)

In view of (7.12) we have
Re[m(u)] > 0. (7.14)

Due to (7.13) and (7.14) the relation

(Sf, f) =
∫ ∞

−∞
m(u)|

∫
Δ

f(t)eiutdt|2du (7.15)

is valid. Hence we have

−π
2
≤ arg(Sf, f)≤π

2
, f(t)∈L2(Δ). (7.16)

Proposition 7.5. Let conditions (7.3), (7.4) and (7.9), (7.10) be fulfilled. Then the
corresponding operator B is sectorial.

Proof. Let the function g(x) satisfies conditions (4.1). Then the relation

(−Lg, g) = (Sg′, g′) (7.17)

holds. Equalities (4.3) and (7.17) imply that

(f,Bf) = (Sg′, g′), g = Bf. (7.18)

Inequality (7.1) follows from relations (7.14) and (7.18). Relations (7.16) and (7.18)
imply (7.2) with β = 1. The proposition is proved. �

Remark 7.1. The variance damped processes (Example 2.2.), the normal inverse
Gaussian process (Example 2.4.), the Meixner process (Example 2.5.) satisfy the
conditions of Proposition 7.5. Hence the corresponding operators B are sectorial.
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2. Now we introduce the notion of the strongly sectorial operators.

Definition 7.2. The sectorial operator B is called a strongly sectorial if for some
β < 1 relation (7.2) is valid.

Proposition 7.6. Let the following conditions be fulfilled.

1. Relations (7.3), (7.4) and (7.9), (7.10) are valid.
2. For some m > 0 the inequality

m

|x|2 ≤ν
′(x), |x|≤1 (7.19)

is true.

3.
∫ ∞

−∞
k(t)dt <∞. (7.20)

Then the corresponding operator B is strongly sectorial.

Proof. As it is known (see [25], Ch. 1) the inequality∣∣∣∣∫ ∞

−∞
k(t) sinxtdt

∣∣∣∣≤M

|x| , M > 0, |t|≥1 (7.21)

is valid. From formulas (7.11) and (7.19) we conclude that∫ ∞

−∞
k(t) cosxtdt≥

∫ 1/x

−1/x

ν′(t)
1 − cosxt

x2
dt≥N

|x| , N > 0, |x|≥1. (7.22)

It follows from (7.21) and (7.22) that

−π
2
β≤ arg(Sf, f)≤π

2
β, 0 < β < 1. (7.23)

Hence according to (7.18) the corresponding operator B is strongly sectorial. The
proposition is proved. �

Remark 7.2. The variance damped processes (Example 2.2, α≥1), the normal
inverse Gaussian process (Example 2.4.), the Meixner process (Example 2.5.) sat-
isfy the conditions of Proposition 7.6. Hence the corresponding operators B are
strongly sectorial.

Proposition 7.7. Let conditions (7.3), (7.4) and (7.9), (7.10) be fulfilled. If the
operator S has the form

Sf = Af +
∫

Δ

k(x− t)f(t)dt, A > 0. (7.24)

Then the corresponding operator B is strongly sectorial.

Proof. It is easy to see that for some β < 1 relation (7.23) is true. According to
relation (7.18) the corresponding operator B is strongly sectorial. �
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8. Quasi-potential B, structure and properties

Let us begin with the symmetric segment Δ = [−c, c].

Theorem 8.1. (see [22], p. 140) Let the following conditions be fulfilled.

1. There exist the functions Nk(x)∈Lp(−c, c), p > 1 which satisfy the equa-
tions

SNk = xk−1, k = 1, 2. (8.1)

2. r =
∫ c

−c

N1(x)dx�=0. (8.2)

Then the corresponding operator B has the form

Bf =
∫ c

−c

Φ(x, y, c)f(y)dy (8.3)

where

Φ(x, y, c) =
1
2

∫ 2c−|x−y|

x+y

q[(s+ x− y)/2, (s− x+ y)/2]ds, (8.4)

q(x, y) = [N1(−y)N2(x) −N2(−y)N1(x)]/r. (8.5)

It follows from (8.4) and (8.5) that

Φ(±c, y) = Φ(x,±c) = 0. (8.6)

Here we use the following relation

q[(s+ x− y)/2, (s− x+ y)/2] (8.7)

= [N1((x− y − s)/2)N2((s+ x− y)/2) −N2((x − y − s)/2)N2((s+ x− y)/2)]/r.

Thus

q[(s+ x− y)/2, (s− x+ y)/2] = −q[(−s+ x− y)/2, (−s− x+ y)/2]. (8.8)

From formulas (8.4) and (8.5) we deduce the following statement.

Proposition 8.1. Let the conditions of Theorem 8.1 be fulfilled. There exists a
function φ(x) such that

|Φ(x, y, c)|≤φ(x− y), (8.9)∫ R

−R

φ(x)dx < ∞ if 0 < R < ∞. (8.10)

Proof. Relation (8.4) can be written in the form

Φ(x, y, c) =
∫ c+(x−y−|x−y|)/2

x

q(t, t− x+ y)dt. (8.11)

By relations
Nk(x) = 0, x/∈[−c, c], k = 1, 2 (8.12)
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we extend the functions Nk(x) from the segment [−c, c] to the segment [−2c, 2c].
It follows from (8.11) and (8.12) that inequality (8.9) is valid if

φ(x) =
∫ c

−c

[|N1(t)N2(t− x)| + |N2(t)N1(t− x)|]dt/|r|. (8.13)

Equality (8.13) imply that φ(x)∈Lp[−2c, 2c]. The proposition is proved. �

It follows from Proposition 8.1 that the operator B is bounded in all the
spaces Lp(−c, c), p≥1. We shall prove that the operator B is compact.

Proposition 8.2. Let the conditions of Theorem 8.1 be fulfilled. Then the operator
B is compact in all the spaces Lp(−c, c), p≥1.

Proof. Let us consider the operator B� in the space Lq(−c, c), 1/p + 1/q = 1.
Using relation (8.3) we have

B�fn =
∫ c

−c

Φ(y, x, c)fn(y)dy (8.14)

where the functions fn(x)→0 in the weak sense. Relation (8.14) can be represented
in the following form

B�fn =
∫ c

−c

fn(y)
∫ c+(y−x−|x−y|)/2

y

q(t, t− y + x)dtdy. (8.15)

By interchanging the order of the integration in (8.15) we see that ||B�fn||→0, i.e.,
the operator B� is compact. Hence the operator B is compact too. The proposition
is proved. �

Using formulas (8.5) and (8.11) we obtain the assertion.

Proposition 8.3. Let the conditions of Theorem 8.1 be fulfilled. If the functions
N1(x) and N2(x) can have a discontinuity only when x = ±c then the function
Φ(x, y, c) can have a discontinuity only when x = y.

Corollary 8.1. Let the conditions of Proposition 8.3 be fulfilled. Then the eigenvec-
tors of the corresponding operator B are continuous.

Remark 8.1. In view of (6.4) and (6.5) Proposition 8.1 is valid not only in the case
of the symmetric segment [−c, c] but in the general case [−a, b] too.

9. Long time behavior

1. In order to investigate the asymptotic behavior of p(t,Δ) when t→∞, we use
the non-negativity of the kernel Φ(x, y). We apply the following Krein-Rutman
theorem (see [13], Section 6).

Theorem 9.1. If a linear compact operator B leaving invariant a cone K, has a
point of the spectrum different from zero, then it has a positive eigenvalue λ1 not
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less in modulus than any other eigenvalues λk, (k > 1). To this eigenvalue λ1

corresponds at least one eigenvector g1∈K, (Bg1 = λ1g1) of the operator B and at
least one eigenvector h1∈K�, (B�h1 = λ1h1) of the operator B�.

We remark that in our case the cone K consists of non-negative functions
f(x)∈Lp(Δ). Hence we have

g1(x)≥0, h1(x)≥0. (9.1)

We introduce the following normalizing condition

(g1, h1) =
∫

Δ

g1(x)h1(x)dx = 1. (9.2)

Let the interval Δ1 and the point x0 be such that

x0∈Δ1∈Δ. (9.3)

Together with quantity p(t,Δ) we consider the expression

p(x0,Δ1, t,Δ) = P ((Xτ∈Δ)
⋂

(Xt∈Δ1), 0≤τ≤t), (9.4)

where x0 = X0. If the relations x0 = 0, Δ1 = Δ are true, then p(x0,Δ1, t,Δ) =
p(t,Δ). In this section we investigate the asymptotic behavior of p(x0,Δ1, t,Δ)
and p(t,Δ) when t→∞.

Theorem 9.2. Let the considered Levy process have the continuous density and let
the corresponding quasi-potential B be regular and strongly sectorial. And let the
operator B have a point of the spectrum different from zero. Then the asymptotic
equality

p(t,Δ) = e−t/λ1 [q(t) + o(1)], t→ + ∞ (9.5)

is true. The function q(t) has the form

q(t) = c1 +
m∑

k=2

cke
itνk≥0, (9.6)

where νk are real.

Proof. The spectrum (λk, k > 1) of the operator B is situated in the sector

−π
2
β≤argz≤π

2
β, 0≤β < 1, |z|≤λ1. (9.7)

We introduce the domain Dε:

−π
2

(β + ε)≤argz≤π
2

(β + ε), |z − (1/2)λ1| < (1/2)(λ1 − r), (9.8)

where 0 < ε < 1 − β), r < λ1. If z belongs to the domain Dε then the relation

Re(1/z) > 1/λ1 (9.9)

holds. As the operator B is compact, only a finite number of eigenvalues λk, 1 <
k≤m of this operator does not belong to the domain Dε. We denote the boundary
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of domain Dε by Γε. Without loss of generality we may assume that the points of
spectrum λk �=0 do not belong to Γε. Taking into account the equality

(Φ(0, x), g1(x)) = λ1g1(0), (9.10)

we deduce from formulas (5.21) and (5.23) the relation

p(t,Δ) =
m∑

k=1

nk∑
j=0

e−t/λktjck,j + J, (9.11)

where nk is the index of the eigenvalue λk,

J = − 1
2iπ

∫
Γ

1
z
e−t/z((B� − zI)−1Φ(0, x), 1)dz. (9.12)

We note that
n1 = 1. (9.13)

Indeed, if n1 > 1 then there exists such a function f1 that

Bf1 = λ1f1 + g1. (9.14)

In this case the relations

(Bf1, h1) = λ1(f1, h1) + (g1, h1) = λ1(f1, h1) (9.15)

are true. Hence (g1, h1) = 0. The last relation contradicts condition (9.2). It proves
equality (9.13).

Relation (8.9) implies that

Φ(0, x)∈Lp(Δ). (9.16)

We denote by W (B) the numerical range of B. The closure of the convex hull of
W (B) is situated in the sector (9.7). Hence the estimation

||(B� − zI)−1||p≤M/|z|, z∈Γε (9.17)

is true (see [26] for the Hilbert case p = 2 and [16], [28] for the Banach space p≥1).
By ||B||p we denote the norm of the operator B in the space Lp(Δ).

It follows from estimation (9.17) that the integral J exists.
Among the numbers λk we choose the ones for which Re(1/λk), (1≤k≤m)

has the smallest value δ. Among the obtained numbers we choose μk, (1≤k≤�)
the indexes nk of which have the largest value n. We deduce from (9.10)–(9.12)
that

p(t,Δ) = e−tδtn[
�∑

k=1

e−t/μkck + o(1)], t→∞. (9.18)

We note that the function

Q(t) =
�∑

k=1

eitIm(μ−1
k )ck (9.19)
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is almost periodic (see [14]). Hence in view of (9.18) and the inequality p(t,Δ) > 0,
t≥0 the following relation

Q(t)≥0, −∞ < t <∞ (9.20)

is valid.
First we assume that at least one of the inequalities

δ < λ−1
1 , n > 1 (9.21)

is true. Using (9.21) and the inequality

λ1≥λk, k = 2, 3, . . . (9.22)

we have
Imμ−1

j �=0, 1≤j≤�. (9.23)

It follows from (9.19) that

cj = lim
1

2T

∫ T

−T

Q(t)e−it(Imμ−1
j )dt, T→∞. (9.24)

In view of (9.20) the relations

|cj |≤ lim
1

2T

∫ T

−T

Q(t)dt = 0, T→∞, (9.25)

are valid, i.e., cj = 0, 1≤j≤�. This means that relations (9.21) are not true.
Hence the equalities

δ = λ−1
1 , n = 1 (9.26)

are true. From (9.18) and (9.19) we get the asymptotic equality

p(t,Δ) = e−t/λ1 [q(t) + o(1)] t→∞, (9.27)

where the function q(t) is defined by relation (9.6) and

ck = gk(0)
∫

Δ

hk(x)dx, νk = Im(μ−1). (9.28)

Here gk(x) are the eigenfunctions of the operator B corresponding to the eigen-
values λk, and hk(x) are the eigenfunctions of the operator B� corresponding to
the eigenvalues λk. The following conditions are fulfilled

(gk, hk) =
∫

Δ

gk(x)hk(x)dx = 1, (9.29)

(gk, h�) =
∫

Δ

gk(x)h�(x)dx = 0, k �=�. (9.30)

Using the almost periodicity of the function q(t) we deduce from (9.27) the in-
equality

q(t)≥0. (9.31)
The theorem is proved. �



360 L. Sakhnovich

Corollary 9.1. Let the conditions of Theorem 9.2 be fulfilled. Then all the eigen-
values λj of B belong to the disk

|z − (1/2)λ1|≤(1/2)λ1. (9.32)

All the eigenvalues λj of B which belong to the boundary of disc (9.32) have the
indexes nj = 1.

Remark 9.1. The exponential decay of the transition probability Pt(x,B) was
proved by P. Tuominen and R.L. Tweedie [29]. Theorem 9.2. gives the exponential
decay of p(t,Δ). These two results are independent.

Using formula (9.11) we obtain the following assertion.

Corollary 9.2. Let the considered Levy process have the continuous density and let
the corresponding quasi-potential B be regular and strongly sectorial. And let the
operator B have no points of the spectrum different from zero. Then the equality

lim[p(t,Δ)et/λ] = 0, t→ + ∞ (9.33)

is true for any λ > 0.

2. Now we find the conditions under which the operator B has a point of the
spectrum different from zero.

We represent the corresponding operator B in the form B = B1 + iB2 where
the operators B1 and B2 are self-adjoint. We assume that B1∈Σp, i.e.,

∞∑
1

|sn|−p < ∞, (9.34)

where sn are eigenvalues of the operator B1 and p > 1. As operator B is sectorial,
then

B1≥0. (9.35)

Theorem 9.3. Let the considered Levy process have the continuous density and let
the corresponding quasi-potential B be regular and strongly sectorial. If B1∈Σp,
p > 1 and

1/p > β, (9.36)
then the operator B has a point of the spectrum different from zero.

Proof. It follows from estimation (9.17) that

||(I − zB)−1||p≤M, |argz|≥β + ε. (9.37)

Let us suppose that the formulated assertion is not true, i.e., the operator B has
no points of the spectrum different from zero. We set

A(r,B) = sup||(I − reiθB)−1||, 0≤θ≤2π. (9.38)

It follows (see [9]) from condition B1∈Σp that B2∈Σp and

logA(r,B) = O(rp). (9.39)
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According to Phragmen-Lindelöf theorem and relations (9.36)–(9.39) we have

||(I − zB)−1||≤M. (9.40)

The last relation is possible only when B = 0. But in our case B �=0. The obtained
contradiction proves the theorem. �

Proposition 9.1. Let the kernel of Φ(x, y) of the corresponding operator B be
bounded. If this operator B is strongly sectorial, then it has a point of the spectrum
different from zero.

Proof. As in Theorem 9.3 we suppose that the operator B has no points of the
spectrum different from zero. Using the boundedness of the kernel Φ(x, y) we
obtain the inequality

TrB1 < ∞. (9.41)
It follows from relations (9.35) and (9.41) that (see the triangular model of
M. Livshits [15]) ρ = 1. Since β < 1 all the conditions of Theorem 9.3 are fulfilled.
Hence the proposition is proved. �

3. Now we shall consider the important case when

rankλ1 = 1. (9.42)

Theorem 9.4. Let the conditions of Theorem 9.2 be fulfilled. In the case (9.42) the
following relation

p(t,Δ) = e−t/λ1 [c1 + o(1)], t→ + ∞ (9.43)

is true.

Proof. In view of (9.31) we have

lim
1
T

∫ T

0

q(t)dt≥
∣∣∣∣∣lim 1

T

∫ T

0

q(t)e−it(Imμ−1
j )dt

∣∣∣∣∣ , T→∞, (9.44)

i.e.,

g1(0)
∫

Δ

h1(x)dx≥|gj(0)
∫

Δ

hj(x)dx|. (9.45)

In the same way we can prove that

g1(x0)
∫

Δ1

h1(x)dx≥|gj(x0)
∫

Δ1

hj(x)dx|, (9.46)

where
x0∈Δ1∈Δ. (9.47)

It follows from (9.46) that

g1(x0)h1(x)≥|gj(x0)hj(x)|. (9.48)

We introduce the normalization condition

g1(x0) = gj(x0). (9.49)
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Due to (9.46) and (9.48) the inequalities∫
Δ1

h1(x)dx ≥ |
∫

Δ1

hj(x)dx|, (9.50)

h1(x) ≥ |hj(x)| (9.51)

are true. The equality sign in (9.50) and (9.51) can be only if

hj(x) = |hj(x)|eiα. (9.52)

It is possible only in the case when j = 1. Hence there exists such a point x1 that

h1(x1) > |hj(x1)|. (9.53)

Thus we have

1 =
∫

Δ1

g1(x)h1(x)dx >
∫

Δ1

gj(x)hj(x)dx = 1, (9.54)

where x1∈Δ1. The received contradiction (9.54) means that j = 1. Now the asser-
tion of the theorem follows directly from (9.5). �

Corollary 9.3. Let conditions of Theorem 9.2 be fulfilled. If rankλ1 = 1 and
x0∈Δ1∈Δ then the asymptotic equality

p(x0,Δ1, t,Δ) = e−t/λ1g1(x0)
∫

Δ1

h1(x)dx[1 + o(1)], t→ + ∞ (9.55)

is true.

The following Krein-Rutman theorem [13] gives the sufficient conditions when
relation (9.42) is valid.

Theorem 9.5. Suppose that the non-negative kernel Φ(x, y) satisfies the condition∫
Δ

∫
Δ

|Φ(x, y)2|dxdy < ∞ (9.56)

and has the following property: for each ε > 0 there exists an integer N = N(ε)
such that the kernel ΦN (x, y) of the operator BN takes the value zero on a set of
points of measure not greater than ε. Then

rankλ1 = 1; λ1 > λk, k = 2, 3, . . . (9.57)

It is easy to see that the following assertion is valid.

Proposition 9.2. Let the inequality

Φ(x, y) > 0, (9.58)

be true, when x�=ak, x�=bk, y �=ak, y �=bk. Then

g1(x) > 0, (9.59)

when x�=ak, x�=bk.
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4. Let us consider separately the case when the operator B is regular and

k(x) = k(−x). (9.60)

The corresponding operator S is self-adjoint. Hence the operator B is self-adjoint
and strongly sectorial. In this case equality (9.11) can be written in the form

p(t,Δ) =
∞∑

k=1

e−t/λkgk(0)
∫

Δ

gk(x)dx. (9.61)

10. Stable processes, main notions

1. Let X1, X2, . . . be mutually independent random variables with the same law
of distribution F (x). The distribution F (x) is called strictly stable if the random
variable

X = (X1 +X2 + · · · +Xn)/n1/α (10.1)
is also distributed according to the law F (x). The number α (0 < α≤2) is called
a characteristic exponent of the distribution. The homogeneous process X(τ)
(X(0) = 0) with independent increments is called a stable process if

E[exp (iξX(τ))] = exp
{
−τ |ξ|α

[
1 − iβ(signξ)

(
tan

πα

2

)]}
, (10.2)

where 0 < α < 2, α�=1,−1≤β≤1, τ > 0. When α = 1 we have

E[exp (iξX(τ))] = exp
{
−τ |ξ|

[
1 +

2iβ
π

(signξ)(log |ξ|)
]}

, (10.3)

where −1≤β≤1, τ > 0. The stable processes are a natural generalization of the
Wiener processes. In many theoretical and applied problems it is important to
estimate the value

pα(t, a) = P (sup |X(τ)| < a, 0≤τ≤t). (10.4)

For the stable processes Theorem 9.1. was proved earlier (see [19]–[22]). The value
of pα(t, a) decreases very quickly by the exponential law when t→∞. This fact
prompted the idea to consider the case when the value of a depends on t and
a(t)→∞, t→∞. In this paper we deduce the conditions under which one of the
following three cases is realized:

1) lim pα(t, a(t)) = 1, t→∞.
2) lim pα(t, a(t)) = 0, t→∞.
3) lim pα(t, a(t)) = p∞, 0 < p∞≤1, t→∞.

We also investigate the situation when t→0.

Remark 10.1. In the famous work by M. Kac [11] the connection of the theory of
stable processes and the theory of integral equations was shown. M. Kac considered
in detail only the case α = 1, β = 0. The case 0 < α < 2, β = 0 was later studied
by H. Widom [30]. As to the general case 0 < α < 2, −1≤β≤1 it was investigated
in our works [19]–[22]. In all the mentioned works the parameter a was fixed.
Further we consider the important case when a depends on t and a(t)→∞, t→∞.
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11. Stable processes, quasi-potential

1. In this section we formulate some results from our paper [20] (see also [22],
Ch. 7). Here ψα(x, s, a) is defined by the relation

ψα(x, s, a) = (I + sB�
α)−1Φα(0, x, a). (11.1)

The quasi-potentialBα and its kernel Φα(x, y, a) will be written later in the explicit
form.

Further we consider three cases.

Case 1. 0 < α < 2, α�=1, −1 < β < 1.

Case 2. 1 < α < 2, β = ±1.

Case 3. α = 1, β = 0.

Now we introduce the operators

Bαf =
∫ a

−a

Φα(x, y, a)f(y)dy (11.2)

acting in the space L2(−a, a).
In Case 1 the kernel Φα(x, y, a) has the following form (see[20], [22])

Φα(x, y, a) = Cα(2a)μ−1

∫ a2−xy

a|x−y|
[z2 − a2(x− y)2]

−ρ
[z − a(x− y)]2ρ−μdz, (11.3)

where the constants μ, ρ, and Cα are defined by the relations μ = 2 − α,

sinπρ =
1 − β

1 + β
sinπ(μ− ρ), 0 < μ− ρ < 1, (11.4)

Cα =
sinπρ

(sinπα/2)(1 − β)Γ(1 − ρ)Γ(1 + ρ− μ)
. (11.5)

Here Γ(z) is Euler’s gamma function. We remark that the constants μ, ρ, and Cα

do not depend on parameter a.
In Case 2 when β = 1 the relation [20], [22]

Φα(x, y, a) =
(cosπα/2)

(2a)α−1Γ(α)
{[a(|x−y|+y−x)]α−1 − (a−x)α−1(a+y)α−1} (11.6)

holds. In Case 2 when β = −1 we have [20], [22]

Φα(x, y, a) =
(cosπα/2)

(2a)α−1Γ(α)
{[a(|x−y|+x−y)]α−1 −(a+x)α−1(a−y)α−1}. (11.7)

Finally, in Case 3 according to M. Kac [11] the equality

Φ1(x, y, a) =
1
4
log

[a2 − xy +
√

(a2 − x2)(a2 − y2)]
[a2 − xy −

√
(a2 − x2)(a2 − y2)]

(11.8)

is valid.
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The important assertion (see [22], Ch. 7) follows from formulas (11.2)–(11.8):

Proposition 11.1. Let one of the following conditions be fulfilled:
I. 0 < α < 2, α�=1, −1 < β < 1.

II. 1 < α < 2, β = ±1.
III. α = 1, β = 0.

Then the corresponding operator Bα is regular and strongly sectorial.

2. Let us introduce the notation

pα(t,−b, a) = P (−b < X(τ) < a, 0≤τ≤t) (11.9)

where a > 0, b > 0. We consider in short the case when the parameter b is not
necessary equal to a. As in the case (−a, a) we have the relation∫ ∞

0

e−supα(u, ,−b, a)du =
∫ a

−b

ψα(x, s,−b, a)dx. (11.10)

Here ψα(x, s,−b, a) is defined by the relation

ψα(x, s,−b, a) = (I + sB�
α)−1Φα(0, x,−b, a). (11.11)

Now the operator Bα has the form

Bαf =
∫ a

−b

Φα(x, y,−b, a)f(y)dy (11.12)

and acts in the space L2(−b, a). The kernel Φα(x, y,−b, a) is connected with
Φα(x, y, a) (see (11.3) and (11.7)) by the formula

Φα(x, y,−b, a) = Φα

(
x+

b− a

2
, y +

b− a

2
,
a+ b

2

)
. (11.13)

In this way we have reduced the non-symmetric case (−b, a) to the symmetric one
(−a+b

2 , a+b
2 ). Let us consider separately the case 0 < α < 2, β = 0. In this case

the operator Bα is self-adjoint.We denote by λj , (j = 1, 2, . . . ) the eigenvalues of
Bα and by gj(x) the corresponding real normalized eigenfunctions. Then we can
write the new formula (see [20]) for pα(t,−b, a) which is different from (9.11):

pα(t,−b, a) =
∞∑

j=1

gj(0)
∫ a

−b

gj(x)dxe−tμj , (11.14)

where μj = 1/λj.

12. On sample functions behavior of stable processes

From the scaling property of the stable processes we deduce the relations

pα(t, a) = pα

(
t

aα
, 1
)
, (12.1)

λk(a, α) = aαλk(1, α). (12.2)
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We introduce the notations
λα(1) = λα, pα(t, 1) = pα(t),

gα(x, 1) = gα(x), hα(x, 1) = hα(x).
(12.3)

Using relations (12.1), (12.2) and notations (12.3) we can rewrite Theorem 9.1 in
the following way.

Theorem 12.1. Let one of the following conditions be fulfilled:

I. 0 < α < 2, α�=1, −1 < β < 1.
II. 1 < α < 2, β = ±1.

III. α = 1, β = 0.

Then the asymptotic equality

pα(t, a) = e−t/[aαλα]gα(0)
∫ 1

−1

hα(x)dx[1 + o(1)], t→∞. (12.4)

holds.

Proof. The corresponding operator Bα is regular and strongly sectorial (see Propo-
sition 11.1). The stable processes have the continuous density (see [31]). So all
conditions of Theorem 9.1 are fulfilled. It proves the theorem. �

Remark 12.1. The operator Bα is self-adjoint when β = 0. In this case hα = gα.

Remark 12.2. The value λα characterizes how fast pα(t, a) converges to zero when
t→∞. The two-sided estimation for λα when β = 0 is given in [17] (see also [22],
p. 150).

3. Now we consider the case when the parameter a depends on t. From The-
orem 12.1. we deduce the assertions.

Corollary 12.1. Let one of conditions I–III of Theorem 12.1 be fulfilled and
t

aα(t)
→∞, t→∞. (12.5)

Then the following equalities

1) pα(t, a(t)) = e−t/[aα(t)λα]gα(0)
∫ 1

−1

hα(x)dx[1 + o(1)], t→∞. (12.6)

2) lim pα(t, a) = 0, t→∞. (12.7)

3) limP [sup |X(τ)| > a(t)] = 1, 0≤τ≤t, t→∞ (12.8)

are true.

Corollary 12.2. Let one of conditions I–III of Theorem 12.1 be fulfilled and
t

[a(t)]α
→0, t→0. (12.9)
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Then the following equalities

1) lim pα(t, a(t)) = 1, t→0. (12.10)

2) limP [sup |X(τ)| > a(t)] = 0 0≤τ≤t, t→0 (12.11)

are true.

Corollary 12.2 follows from (12.1) and the relation

lim pα(t) = 1, t→0. (12.12)

Corollary 12.3. Let one of conditions I–III of Theorem 12.1 be fulfilled and
t

[a(t)]α
→T, 0 < T < ∞, t→∞. (12.13)

Then the following equality is true:

lim pα(t, a(t)) = pα(T ), t→∞. (12.14)

Corollary 12.3 follows from (12.1).

13. Wiener process

1. We consider separately the important special case when α = 2 (Wiener process).
In this case the kernel Φ2(x, t,−b, a) of the operator B2 coincides with the Green’s
function (see [4], [11]) of the equation

−1
2
d2y

dx2
= f(x), −b≤x≤a (13.1)

with the boundary conditions

y(−b) = y(a) = 0, b > 0, a > 0. (13.2)

It is easy to see that

Φ2(x, t,−b, a) =
2

a+ b

{
(t+ b)(a− x) −b≤t≤x≤a
(a− t)(b + x) −b≤x≤t≤a.

(13.3)

Equality (12.1) is also true when α = 2 and when b = a, i.e.,

p2(t, a) = p2(t/a2, 1). (13.4)

The eigenvalues of problem (13.1), (13.2) have the form

μn =
(

nπ

a+ b

)2

/2, n = 1, 2, 3 . . . (13.5)

The corresponding normalized eigenfunctions are defined by the equality

gn(x) =

√
2

a+ b
sin

[(
nπ

a+ b

)
(x+ b)

]
. (13.6)



368 L. Sakhnovich

Using formulas (13.5) and (13.6) we have

p2(t,−b, a) =
∞∑

m=0

4
(2m+ 1)π

sin
(2m+ 1)bπ

a+ b
e−t( (2m+1)π

a+b )2/2. (13.7)

Remark 13.1. If b = a = 1 then relation (13.7)takes the form

p2(t) =
∞∑

m=0

(−1)m 2
π(m+ 1/2)

e−t[π(m+1/2)]2/2. (13.8)

Series (13.8) satisfies the conditions of Leibniz theorem. It means that p2(t, a) can
be calculated with a given precision when the parameters t and a are fixed.

From (13.4) and (13.8) we deduce that

p2(t, a) =
4
π
e−tπ2/8[a(t)]2(1 + o(1)), (13.9)

where t/[a(t)]2→∞.

Proposition 13.1. Theorem 12.1 and Corollaries 12.1–12.3 are true in the case
when α = 2 too.

Remark 13.2. From the probabilistic point of view it is easy to see that the function
p2(t), (t > 0) is monotonic decreasing and

0 < p2(t)≤1; lim p2(t) = 1, t→0. (13.10)

2. Now we shall describe the behavior of p(t,−b, a) when b→∞. To do it we
consider

d

dt
p2(t,−b, a) = − 2π

(a+ b)2

∞∑
m=0

(2m+ 1) sin
(2m+ 1)bπ

a+ b
e−t( 2m+1

a+b π)2/2. (13.11)

We use the following Poisson result (see[7]).

Theorem 13.1. If the function F (x) satisfies the inequalities∫ ∞

0

|F (x)|dx < ∞,

∫ ∞

0

|F ′(x)|dx < ∞ (13.12)

then the equality
∞∑

m=0

F (m) =
1
2
F (0) +

∫ ∞

0

F (x)dx + 2
∞∑

m=1

∫ ∞

0

F (x) cos 2πmxdx (13.13)

is true.

Thus in case (13.11) we have

F (x) = G(x) −G(2x), (13.14)

where

G(x) = − 2π
(a+ b)2

x sin
xbπ

a+ b
e−t( x

a+b π)2/2. (13.15)
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It is easy to see that conditions (13.12) are fulfilled and

F (0) = 0,
∫ ∞

0

F (x)dx =
1
2

∫ ∞

0

G(x)dx. (13.16)

Using (13.15) and (13.16) we deduce the equality∫ ∞

0

F (x)dx = − 1
πt

∫ ∞

0

ue−u2/2 sin
ua√
t
du, (13.17)

where u = xπ
a+b

√
t. Now we use the following relation from the sine transformation

theory (see[25]). ∫ ∞

0

ue−u2/2 sin(xu)du =
√
π

2
xe−u2/2. (13.18)

In view of (13.17) and (13.18) the equality∫ ∞

0

F (x)dx = − a√
2π
t−3/2e−a2/2t (13.19)

is true. Now we calculate the integrals

Jm = 2
∫ ∞

0

G(2x) cos 2πmxdx, Im = 2
∫ ∞

0

G(x) cos 2πmxdx. (13.20)

Using again formula (13.18) we have

Jm = −
√

2/πt−3/2[Ame
−A2

m/2t −Bme
−B2

m/2t], (13.21)

where Am = 2m(a + b) + a, Bm = 2m(a + b) − a. In the same way we obtain
that

Im = −
√

1/2πt−3/2[Cme
−C2

m/2t −Dme
−D2

m/2t], (13.22)
where Cm = m(a+ b) + a, Dm = m(a+ b) − a. From relation (13.7) and equality[∫ d/

√
t

c/
√

t

e−u2/2du

]′
= −1

2
t−3/2(de−d2/2t − ce−c2/2t) (13.23)

we obtain the following representation of p2(t,−b, a):

p2(t,−b, a) = 1 −
√

2/π
∫ ∞

a/
√

t

e−u2/2tdu+ qα(t,−b, a), (13.24)

where

q2(t,−b, a) =
√

2/π
∞∑

m=1

[2
∫ Am/

√
t

Bm/
√

t

e−u2/2tdu−
∫ Cm/

√
t

Dm/
√

t

e−u2/2tdu]. (13.25)

So we have deduced two formulas (13.7) and (13.24) for p2(t,−b, a). Formula (13.7)
is useful when t is big and the parameters a and b are fixed.

Proposition 13.2. In the case of the Wiener process (α = 2) the asymptotic equality

p2(t,−b, a) =
4
π

sin
aπ

a+ b
e−t(π)2/[2(a+b)2][1 + o(1)], t→∞ (13.26)

holds.
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Formula (13.24) is useful when b is big and parameters a and t are fixed.

Proposition 13.3. In the case of the Wiener process (α = 2) the asymptotic equality

p2(t,−b, a) (13.27)

= 1 −
√

2/π
∫ ∞

a/
√

t

e−u2/2tdu−
√

2/π
∫ (b+2a)/

√
t

b/
√

t

e−u2/2tdu[1 + o(1)],

where b→∞, is valid.

The well-known formula (see [8]) for the first hitting time

p2(t,−∞, a) = 1 −
√

2/π
∫ ∞

a/
√

t

e−u2/2tdu (13.28)

follows directly from (13.27).

14. Iterated logarithm law, most visited sites and first hitting time

It is interesting to compare our results (Theorem 9.1, Corollaries 12.1–12.3 and
Proposition 13.1–13.3) with the well-known results mentioned in the title of the
section.

1. We begin with the famous Khinchine theorem (see[4]) about the iterated
logarithm law.

Theorem 14.1. Let X(t) be stable process (0 < α < 2). Then almost surely (a.s.)
that

lim
t→∞

sup |X(t)|
(t log t)1/α| log | log t||(1/α)+ε

=

{
0 ε > 0 a.s.
∞ ε = 0 a.s.

(14.1)

We introduce the random process

U(t) = sup
0≤τ≤t

|X(τ)|. (14.2)

From Corollaries 12.1–12.3 and Proposition 13.1 we deduce the assertion.

Theorem 14.2. Let one of conditions I–III of Theorem 12.1 be fulfilled or let α = 2
and

b(t)→∞, t→∞. (14.3)
Then

b(t)U(t)/t1/α→∞ (P ), U(t)/[b(t)t1/α]→0 (P ). (14.4)

(It is denoted by symbol (P ), that the convergence is in probability.)
In particular we have:

[(logε t)U(t)]/t1/α→∞ (P ), U(t)/[(logε t)t1/α]→0 (P ), (14.5)

when ε > 0 and t→∞.
We see that our approach and the classical one have some similar points

(estimation of |X(τ)|), but these approaches are essentially different. We consider
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the behavior of |X(τ)| on the interval (0, t), and in the classical case |X(τ)| is
considered on the interval (t,∞).

2. We denote by V (t) the most visited site of stable process X up to time t
(see [1]). We formulate the following result (see [1] and references therein).

Theorem 14.3. Let 1 < α < 2, β = 0, γ > 9/(α− 1). Then the relation

lim
(log t)γ

t1/α
|V (t)| = ∞, t→∞ (a.s.) (14.6)

is true.

To this important result we add the following estimation.

Theorem 14.4. Let one of the conditions I–III of Theorem 12.1 be fulfilled or let
α = 2 and

b(t)→∞, t→∞. (14.7)
Then

|V (t)|/[b(t)t1/α]→0 (P ). (14.8)

The formulated theorem follows directly from the inequality U(t)≥|V (t)|.
In particular we have

|V (t)|/[(logε t)t1/α]→0 (P ) (14.9)

when ε > 0 and t→∞.
Conjecture 14.1. Let conditions of Theorem 14.4 be fulfilled. Then

lim
t→∞[V (t)/U(t)] = 1. (14.10)

3. The first hitting time Ta is defined by the formula

Ta = inf
t≥0

(X(t)≥a). (14.11)

It is obvious that
P (Ta > t) = P [ sup

0≤τ≤t
X(τ) < a]. (14.12)

We have
P (Ta > t)≥P [−b < X(τ) < a, 0≤τ≤t] = pα(t,−b, a). (14.13)

So our formulas for p(t,−b, a) estimate P (Ta > t) from below. It is easy to see
that

p(t,−b, a)→P (Ta > t), b→ + ∞. (14.14)

Remark 14.1. Our results can be interpreted in terms of the first hitting time
T[−b,a] one of the barriers either −b or a (ruin problem). Namely, we have

P (T[−b,a] > t) = p(t,−b, a). (14.15)

The distribution of the first hitting time for the Levy processes is an open problem.

Remark 14.2. B.A. Rogozin in his interesting work [18] established the law of the
overshoot distribution for the stable processes when the existing interval is fixed.
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β-spread of Sets in Metric Spaces and
Critical Values of Smooth Functions

Yosef Yomdin

To the memory of Moshe Livsic

Abstract. This paper provides new geometric restrictions on the set of critical
values of differentiable functions. The classical and widely used condition on
critical values of differentiable mappings is given by the Morse-Sard theorem
([20, 38, 39]): if the mapping is Ck-smooth, with k sufficiently big, then the
set of its critical values has the Lebesgue measure (or, more precisely, the
Hausdorff measure of an appropriate dimension) zero.

In a work of the author since 1981 ([43]–[46], [50], and others) which
was strongly inspired by questions, remarks, and constructive criticism of
Moshe Livsic, it was shown that in fact the critical values of any differentiable
mapping satisfy geometric restrictions much stronger than just the property
to be of measure zero. These restrictions are given in terms of the metric
entropy and they turn out to be pretty close to a complete characterization
of the possible sets of critical values. Still a gap between the necessary and
sufficient conditions remained.

In the present paper we close (partially) this gap, introducing into con-
sideration of critical values a certain geometric invariant (we call it β-spread)
which was previously studied in quite different relations. We show that in
many important cases β-spread provides a complete characterization of criti-
cal values of differentiable functions.

Mathematics Subject Classification (2000). 58K05; 57R45; 31B15.

Keywords. Critical values, Sard theorem, metric entropy, spanning trees.

1. Introduction

This paper provides new geometric restrictions on the set of critical values of
differentiable functions and mappings. Let us remind the reader that the classical
and widely used condition on critical values of differentiable mappings is given by
the Morse-Sard theorem ([20, 38, 39]): if the mapping f : Mn → R is Ck-smooth,
with k greater than or equal to the dimension n of the source, then the set of its
critical values has the Lebesgue measure zero.
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Since around 1981 the author has started investigation of the geometry of
smooth mappings ([43]–[46], [50], and others). This work was strongly inspired by
numerous discussions with Moshe Livsic, by his questions, remarks, and construc-
tive criticism.

In particular, it was shown that in fact the critical values of any differentiable
mapping satisfy geometric restrictions much stronger than just the property to be
of measure zero. These restrictions are given in terms of metric entropy which is
the logarithm of the minimal number of balls of radius ε, covering the space X (see,
in particular, [1, 14, 15], [17]–[19], [25]–[31], [40]–[42] and references there). Metric
entropy restriction turns out to be pretty close to a complete characterization of
critical values of smooth functions. Since then many additional results have been
obtained in this direction (see [2]–[6], [23, 24, 26], [32]–[36]). Still a gap between
the necessary and sufficient conditions remains.

In the present paper we close (partially) this gap, introducing into consider-
ation of critical values a certain natural geometric invariant that we call β-spread.
Similar invariants have been intensively studied earlier, but in quite different prob-
lems ([14, 21, 29, 30]. See, in particular, [29] where a short proof is given of the
main results on the β-spread we use in this paper).

Some initial results on the β-spread of critical values were obtained in [44].
It was shown there that in some important cases β-spread provides a complete
characterization of critical values of differentiable functions. However, the preprint
[44] was never published. In the present paper we prove strongly extended results
of [44] concerning critical values. In [47] we plan to present extended versions of
some geometric results of [44], relating them, in particular, with “capacities” and
“transfinite diameters” as appear in Potential Theory (see [16, 37]).

β-spread naturally appears also in discrete versions of “Remez-type” inequal-
ities for polynomials, as well as in geometry of semi-algebraic sets (see [48, 49]).

Let us mention also a possible relation of the β-spread with a “spread-like”
invariant introduced in [22] as well as with the “irregularities of geometric distri-
butions” (see [7]–[13]).

Now let us describe the problem treated in the present paper in somewhat
more detail. First we return to the metric entropy of critical values. The main result
of [43] is the upper bound for the ε-entropy of the set of “near-critical” values of a
Ck-mapping f : M → Rm of an n-dimensional compact smooth manifold M . This
result implies, in a special case of critical values Δ(f) of a function f : M → R,
the following strengthening of the Morse-Sard theorem:

dime(Δ(f)) ≤ n

k
,

where dimε is the so-called entropy (or “box”) dimension (see Section 2 below).
This bound gives a necessary condition for a given set to be the set of critical
values, which is much stronger than the condition just to be of measure zero. The
following example from [43] illustrates the flavor of the new restrictions on critical
values:
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Corollary 5.5, [43]. The set {1, 1/2a, 1/3a, . . . , 1/na, . . . , 0} cannot be the set of
critical values of a k times continuously differentiable function on an n-dimensional
compact smooth manifold, if k > n(a+ 1).

Thus the results of [43] (see also [50]) show that actual geometric restrictions
on critical values of general differentiable mappings are strong enough to imply
non-trivial consequences, for instance, for geodesics on compact Riemannian mani-
fold, for critical values of complex analytic functions, etc.

The following important question then arises: what is a necessary and suf-
ficient condition for a given compact set A ⊂ R

m to be the set Δ(f) of critical
values of some Ck-smooth mapping f : M → Rm of an n-dimensional compact
smooth manifold M?

Finiteness of the β-spread for β = n
k in many cases provides an answer.

Conjecturally, this is the necessary and sufficient condition we look for.

Roughly, the β-spread Vβ(A) of a subset A in a metric space X , for β > 0,
is the supremum with respect to all finite subsets of A of the sum of βth degrees
of the lengths of edges in the shortest tree, connecting the points of a given finite
subset of A. This invariant turns out to be a close neighbor of the ε-entropy of
A, but sometimes it provides a more accurate geometric description of the set. It
is also closely related to the notions of capacity and transfinite diameter which
appears in Potential Theory (see, for example, [16, 37]). We plan to cover these
relations in [47]. In the present paper we state most of the required properties of
the β-spread without proofs, referring the reader to [44, 29], and to the references
there. In particular, in [44] detailed (elementary but sometimes pretty involved)
proofs of all the results on β-spread used in the present paper are given. Here we
concentrate instead on the description of the critical values of smooth functions.

The following are the main results of this paper: in Theorem 3.1 we give
(somewhat overlapping with [6]) a complete description of the sets of critical values
of Ck functions of one variable in terms of their 1

k -spread.
Next we prove in Theorem 3.2 the finiteness of Vn

k
(Δ(f) in the following

two cases: for Ck-functions f : M → R for any k, and for mappings f : M →
Rm, m > 1, assuming k ≤ 3. In Theorem 3.3 we extend this last result to any k
but only for the “strongly critical” values Δl(f) (attained at the points where all
the derivatives of f up to the order [k−1

2 ] vanish).
Finally, in Theorem 3.4 we give in a general case an explicit upper bound

for the β-spread Vβ(Δ(f) of critical values of a Ck-smooth mapping f , for each
β > n

k . However, this bound blows up as β → n
k .

The role of M. Livsic in this work has been mentioned above. The author
would also like to thank (after 27 years) Y. Kannai, H. Furstenberg and Y. Katznel-
son for useful discussions, and SFB-40, Universität Bonn where the first version of
this work ([44]) has been written, for its kind hospitality. We would like to thank
V. Katsnelson and M. Sodin for useful recent discussions and for providing new
references.
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2. β-spread, metric entropy and Hausdorff measure

In this section we give all the necessary definitions and properties of β-spread,
referring the reader to [29] and references there, and to [44, 47] for most of the
proofs. We also recall the definitions and some basic properties of metric entropy
and Hausdorff measure.

2.1. Definition and some properties of β-spread

Let Gp be the set of all connected nonoriented trees with p vertices. We write
(i, j) ∈ g, for g ∈ Gp, if the vertices i and j are connected by the edge in g.

Definition 2.1. Let X be a metric space, β > 0. For each x1, . . . , xp ∈ X and
g ∈ Gp let ρβ(g, x1, . . . , xp) =

∑
(i,j)∈g d(xi, xj)β, where d is a distance in X.

Define ρβ(x1, . . . , xp) as infg∈Gp ρβ(g, x1, . . . , xp). The tree g on which the infimum
is achieved is called the β-minimal spanning tree. Now let A ⊂ X. We define the
β-spread of A, Vβ(A), by

Vβ(A) = sup
p,x1,...,xp∈A

ρb(x1, . . . , xp).

For x1, . . . , xp ∈ X , ρβ(x1, . . . , xp) is called a β-weight of the minimal span-
ning tree g on (x1, . . . , xp). Notice that the 1-minimal tree is also minimal for any
β (see [29] and references there).

Under a different name β-spread for subsets of a real line has been studied
by Besicovich and Taylor in [14]. A notion of β-weight have appeared earlier in
geometric combinatorics and in fractal geometry. Compare [29, 30], [17]–[19] and
references there. However, we are not aware of any appearance of the general notion
of β-spread in metric spaces, as defined above.

Let us also notice that as a function of β the spread Vβ(A) is a kind of a
zeta-function. For A = {0, 1, 3, 6, 10, 15, . . . , 1

2n(n + 1), . . . } the spread Vβ(A) is
exactly the Riemann ζ-function ζ(−β), while for A = {α0, α1, . . . , αn, . . . } with
α0 = 0, α1 = 1, . . . , αn =

∑n
i=1

1
i , n ≥ 1, we have Vβ(A) = ζ(β). So it may be

a good idea to substitute into Vβ(A) complex values of β. See [30] for a detailed
treatment of fractal geometry from this point of view.

Now we state some simple properties of the β-spread: let X be a metric space,
A,A1, A2, · · · ⊂ X, β > 0.

Proposition 2.1.

1. If A1 ⊂ A2 then Vβ(A1) ≤ Vβ(A2).
2. If A1 ⊂ A2 ⊂ A3 ⊂ · · · , and A = ∪Ai, then Vβ(A) = limVβ(Ai).
3. Vβ(A) = Vβ(Ā), where Ā is the closure of A.
4. Vβ(A1 ∪A2) ≤ Vβ(A1) + Vβ(A2) + [d(A1, A2)]β. Here the distance d(A1, A2)

of two subsets A1, A2 ⊂ X is defined by d(A1, A2) = infx∈A1,y∈A2 d(x, y).
5. For A ⊂ X let diam(A) = supx,y∈A d(x, y). If

d(A1, A2) ≥ max (diam A1, diam A2)

then Vβ(A1 ∪A2) = Vβ(A1) + Vβ(A2) + d(A1, A2)β.
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6. Let β1 > β2 > 0. Then Vβ1(A) ≤ [diam A]β1−β2Vβ2(A).
7. Let X,Y be metric spaces and let A ⊂ X, B ⊂ Y . If there exists an epi-

morphism ψ : A → B with d(ψ(x), ψ(y)) ≤ K · d(x, y)N , for any x, y ∈ A,
N > 0, then for each β > 0, Vβ(B) ≤ KβVNβ(A).

Let us give two simple examples.

1. A = [a, b]. Here Vβ(A) = ∞, β < 1 and Vβ(A) = (b− a)β , β > 1.
2. A = {1, 1/2a, 1/3a, . . . , 1/na, . . . , 0}. Here Vβ(A) = ∞, β ≤ 1

a+1 , and
Vβ(A) =

∑∞
n=1[(

1
n )a − ( 1

n+1 )a]β <∞ for β > 1
a+1 .

To further clarify the geometric meaning of β-spread, we compare it with
some other geometric characteristics of subsets in a metric space.

2.2. Metric entropy

The notion of metric entropy can be traced at least to the work of Minkowski
(“Minkowski content” – see [25, 15, 30]). In the study of functional classes and in
Dynamics this notion was introduced by Kolmogorov ([27, 28]). The presentation
below follows these last works.

Definition 2.2. We define M(ε, A) as the minimal number of sets of diameter ≤ ε
covering A. N(ε, A) is defined as the maximal cardinality of an ε

2 -separated set S
in A, (a subset S in A is said to be ε-separated if every two its distinct points are at
a distance greater than ε from each other). Now Hε(A) = log2M(ε, A)andCε(A) =
log2N(ε, A) are called the ε-entropy and the ε-capacity of A, respectively.

For each ε > 0 the quantities M(ε, A), N(ε, A), Hε(A) and Cε(A) are related
by the following inequalities ([28], Theorem IV):

N(2ε, A) ≤ M(ε, A) ≤ N(ε, A),

C2ε(A) ≤ Hε(A) ≤ Cε(A).

In the examples above we have: for A = [a, b] the covering number M(ε, A) *
b−a

ε , and for A = {1, 1/2a, 1/3a, . . . , 1/na, . . . , 0} the covering number M(ε, A) *
(1

ε )
1

a+1 .

Comparing the definition of β-spread with that of N(ε, A), we obtain imme-
diately:

Proposition 2.2. For each β > 0,

Vβ(A) ≥ sup
ε>0

εβ(N(ε, A) − 1).

To obtain an upper estimate for the β-spread in terms of ε-entropy is more
difficult. First we consider the following function which is in some sense an inverse
function of N(ε, A):



380 Y. Yomdin

Definition 2.3. For x1, . . . , xp ∈ X, let ν(x1, . . . , xp) = min i
=j d(xi, xj). For A ⊂
X define ηA(p) for any natural p ≥ 2 by

ηA(p) = sup
x1,...,xp∈A

ν(x1, . . . , xp).

The following theorem relates ηA(p) and Vβ(A):

Theorem 2.1. For any β > 0

sup
p≥2

(p− 1)ηβ
A(p) ≤ Vβ(A) ≤

∞∑
j=2

ηβ
A(j).

The proof of Theorem 2.1 is given in [44, 47].

The following inequalities relate ηA(p) with the metric entropy of A:

Lemma 2.1. For each ε > 0 and p = M(ε, A) + 1 we have ηA(p) ≤ ε.

Proof: We cover A by M(ε, A) sets of diameter ε. For any p points x1, . . . , xp ∈ X
at least two belong to the same ε-ball and hence the distance between these two
points is at most ε. Therefore ν(x1, . . . , xp) ≤ ε. This completes the proof.

The function M(ε, A) is decreasing in ε. Let us define the inverse func-
tion εA(p) as the smallest ε for which M(ε, A) ≤ p. We have, in particular,
M(εA(p), A) ≤ p.

Lemma 2.2. For each p we have ηA(p) ≤ εA(p).

Proof: The function ηA(p) is decreasing in p. Hence ηA(p) ≤ ηA(M(εA(p), A)) ≤
εA(p) by Lemma 2.1.

Finally, the following proposition provides an upper bound on Vβ(A) in terms
of the metric entropy of A:

Proposition 2.3. For each β > 0 we have Vβ(A) ≤ ∑∞
p=2 ε

β
A(p).

Proof: It follows directly from Theorem 2.1 and Lemma 2.2.

2.3. Hausdorff measure

We can compare Vβ also with the β-Hausdorff measure, which is defined as

Sβ(A) = lim
α→0

Sα
β (A),

where Sα
β (A) is the lower bound of all sums of the form

∑∞
i=1 r

β
i , ri ≤ α and

A ⊂ ∪∞i=1Ai, with the diam Ai ≤ ri. (See, e.g., [3].) We have the following easy
inequality between the β-spread and the Hausdorff measure:

Proposition 2.4. For all β > 0, Sβ(A) ≤ Vβ(A).
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2.4. Entropy, Hausdorff and V -dimensions

We recall here the notions of the entropy and the Hausdorff dimensions, and define
in the same way the V -dimension.

Definition 2.4. Let A ⊂ X be a bounded subset.
1. dime A = inf{β, ∃K, such that for each ε > 0, N(ε, A) ≤ K(1

ε )β} is called
the entropy dimension of A.

2. dimH A = inf{β, Sβ(A) < ∞} is called the Hausdorff dimension of A.
3. dimV A is defined as inf{β, Vβ(A) <∞}.

The notion of the entropy dimension appears in fractal geometry under many
different names, in particular: “Minkowski dimension” – probably, the most justi-
fied historically, – “capacity dimension”, “box dimension”.

The notion of V -dimension was introduced in [44]. Essentially the same defi-
nition, under the name “MST (minimal spanning tree) dimension”, is given in [29].

The following result was conjectured by H. Furstenberg, who also gave a proof
of it (around 1982, unpublished):

Theorem 2.2. For any bounded A ⊂ X, dimV A = dime A ≤ dimH A.

A proof of this result can be found in [44, 29].

2.5. β-spread for subsets in Rn

Coincidence of dimensions dimV and dime stated in Theorem 2.2 above shows
that for any bounded A ⊂ Rn, dimV (A) ≤ n. In fact, we have the following more
precise result:

Theorem 2.3. There is a constant Kn depending only on the dimension n such
that for any A ⊂ Rn,

Vn(A) ≤ Kn[diam(A)]n.

The proof of this theorem has a long story, starting at least in [21]. Another
proof based essentially on the same ideas as in [21] was given independently by
the author in [44]. See [29] for a nice and short proof of Theorem 2.3, as well as
for a discussion of some history of the subject.

The opposite inequality is much easier:

Theorem 2.4. Let A ⊂ Rn be open. Then Vn(A) ≥ m(A).

For subsets of a real line Vβ can be computed explicitly. Since Vβ(A) = Vβ(Ā)
we can assume A to be closed.

Theorem 2.5. Let A ⊂ R be a closed bounded set, a = inf A, b = sup A, and
A = [a, b] \ ∪∞i=1Vi, where Vi are disjoint open intervals. Denote the length of Vi

by αi. Then
1. Vβ(A) = (b− a)β for β ≥ 1.
2. For β < 1, Vβ(A) = ∞ if

∑∞
i=1 αi < b− a.

3. If
∑∞

i=1 αi = b− a, then Vβ(A) =
∑∞

i=1 α
β
i for β < 1.
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For our applications of β-spread to critical values we need also the following
results, concerning the mappings of subsets in R with a bounded β-spread:

Proposition 2.5. Let A ⊂ R be a bounded subset, 0 < β < 1, and let Vβ(A) < ∞.
Then there exists a homeomorphism ψ : R → R, such that for any x1, x2 ∈ A

|ψ(x1) − ψ(x2)| ≥ ω(|x1 − x2|) · |x1 − x2|β ,
where ω(ξ) → ∞ as ξ → 0.

Proposition 2.6. Let A ⊂ R be a bounded set, 0 < β < 1, and let Vβ(A) <∞. Then
there exists a bounded set A′ ⊂ R and a homeomorphism φ : R → R, φ(A′) = A,
such that for any x1, x2 ∈ A′

|φ(x1) − φ(x2)| ≤ γ(|x1 − x2|)|x1 − x2|1/β ,

where γ(ξ) → 0 as ξ → 0.

Similarly, one proves the following:

Proposition 2.7. Let A ⊂ R be a bounded subset, such that Vβ(A) < ∞ for all
β > 0. Then there exists a bounded subset A′ ⊂ R and a homeomorphism φ : R →
R, φ(A′) = A, such that for each N > 0, |φ(x1) − φ(x2)| ≤ |x1 − x2|N , for any
x1, x2 ∈ A′ with |x1 − x2| sufficiently small.

The proof of these three propositions is given in [44].

3. β-spread of critical values

Let f : Mn → R be a Ck-smooth function on a smooth n-dimensional manifold
M, k ≥ 1. We denote by Δ(f) the set of critical values of f, Δ(f) = f(Σ(f)) ⊂ R,
where Σ(f) = {x ∈M,df(x) = 0}.

The Morse-Sard theorem (see [38, 39], [20], Theorem 3.4.3) gives an upper
bound for the Hausdorff dimension of Δ(f):

dimh Δ(f) ≤ n

k
. (3.1)

In [43, 50] it is shown, that the entropy dimension is a more adequate and
stronger notion in study of critical values. In particular, the following strengthening
of (3.1) is true ([43], Theorem 5.4): assuming that M is compact,

dime Δ(f) ≤ n

k
. (3.2)

Moreover, the necessary condition (3.2) for a given set to be of the form Δ(f)
turns out to be “almost sufficient”: let us say that a bounded set A ⊂ R has a
property P (n, k) if there is a compact n-dimensional manifold M and a Ck-smooth
function f : M → R, such that A ⊂ Δ(f). Then we have ([43], Theorem 5.6):

(∗) If a bounded set A ⊂ R has a property P (n, k), then dimeA ≤ n
k . If

dime A < n
k , then A has a property P (n, k).
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However, to give a necessary and sufficient condition for a given compact set
to be the set of critical values of a function of a given smoothness on a compact
manifold of a given dimension, one has to analyze the metric properties of this set
in more detail.

Conjecture. A compact set A ⊂ R is of a form A = Δ(f) for some Ck-smooth
f : Mn → R, k > n, M compact, if and only if Vn/k(A) < ∞.

In the present paper we check this conjecture for functions of one variable and
also prove the necessity of the condition Vn/k(A) < ∞ for functions f : Mn → R

with arbitrary n (and also for mappings f : Mn → Rp, under the restriction
k ≤ 3).

Theorem 3.1 (Compare [6]). A compact set A ⊂ R is the set of all critical values
of a k times continuously differentiable function f : [0, 1] → R, k > 1, if and only
if V1/k(A) < ∞.

A is the set of all critical values of an infinitely differentiable function f :
[0, 1] → R if and only if dime A = 0.

Proof: 1. Necessity. We use the following lemma, which can be proved easily by
successive applications of the mean value theorem:

Lemma 3.1. Let f : [a, b] → R be a k times differentiable function. If f has in [a, b]
more than k − 2 critical points, then

max x∈[a,b]f(x) − min x∈[a,b]f(x) ≤ |f (k)(c)|(b− a)k,

for some c ∈ [a, b].

Remark. Generalization of this lemma to functions of several variables is obtained
in [43], Theorem 3.11. For k ≤ 3 this generalization follows easily from Lemma
3.2 below. On the other hand, Lemma 3.1 is directly applicable to any couple of
“strongly critical” points, where at least [k

2 ] of the successive derivatives vanish –
see Lemma 3.3 below.

Now let f : [0, 1] → R be a k times continuously differentiable function.
Denote by M the max c∈[a,b]|f (k)(c)|.

For any y1, . . . , yp ∈ Δ(f), p ≥ k − 1, let x1, . . . , xp ∈ [0, 1] be the critical
points of f , such that f(xi) = yi, i = 1, . . . , p. Reordering this set, if necessary,
we can assume that x1 < x2 < · · · < xp.

Consider intervals e1 = [a, xk−1], e2 = [xk−1, x2k−3], . . . , es = [xr , b], where
s = ( p−1

k−2 ), r = (k − 2)(s− 1) + 1, for k ≥ 3, and s = r = p− 1 for k = 2. Each of
these intervals contains exactly k−1 points xi (2 = k points for k = 2), except the
last one, which contains not less than k − 1 and not more than 2k − 4 points xi.

Denote by dj the length of ej, j = 1, . . . , s. For any xm, xn ∈ ej , |yn −yn| =
|f(xm) − f(xn)| ≤ Mdk

j , by Lemma 3.1.
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Now the chain g = {(1, 2), (2, 3), . . . , (p−1, p)} is a tree on y1, . . . , yp (possibly,
non-minimal), and thus we have:

ρ1/k(y1, . . . , yp) ≤ ρ1/k(γ, y1, . . . , yp) =
p−1∑
i=1

|yi+1 − yi|1/k

=
s∑

j=1

∑
[xi,xi+1]∈ej

|yi+1 − yi|1/k ≤ (2k − 4)M1/k
s∑

j=1

dj = M1/k(2k − 4)(b− a).

Taking supremum in the left-hand side, we obtain

V1/k(Δ(f)) ≤M1/k(2k − 4)(b− a) <∞.

For infinitely differentiable f we have V1/k(Δ(f)) < ∞ for all k, and hence
dime Δ(f) = 0.

2. Sufficiency. Let us fix some infinitely differentiable function u : [0, 1] → R with
the following properties:

1. u(t) > 0 for t ∈ (0, 1).
2.

∫ 1

0 u(t)dt = 1.
3. u(0) = u′(0) = · · · = u(1) = u′(1) = · · · = 0.

Denote by Nq the max t∈[0,1]|u(q−1)(t)|.
Now let A ⊂ R be a compact set with V1/k(A) < ∞. By Proposition 2.6 there

exists a compact set A′ ⊂ R and a homeomorphism φ : R → R with φ(A′) = A
and |φ(x1) − φ(x2)| ≤ γ(|x1 − x2|)|x1 − x2|k, where γ(ξ) → 0 as ξ → 0.

Let a = inf A′, b = sup A′, and let A′ = [a, b] \⋃i=1 Ui, where Ui = (ai, bi)
are disjoint intervals. Let βi be the length of Ui.

Denote also by αi the length of Vi = φ(Ui) = (φ(ai), φ(bi)). We have αi ≤
γ(βi)βk

i for all i.
Define h on [a, b] by

h(x) = 0, x ∈ A′, h(x) =
αi

βi
u

(
x− ai

βi

)
, x ∈ Ui,

and let f(x) = φ(a) +
∫ x

a
h(t)dt.

We shall prove that f ∈ Ck on [a, b] and Δ(f) = A.
Clearly, f ∈ C∞ on [a, b]\A′. To prove that f ∈ Ck on all [a, b] it is sufficient

to show that limy→x,y∈[a,b]\A′ f (q)(y) = 0 for any q, 1 ≤ q ≤ k, and x ∈ A′.
Now if x ∈ A′ is not a point of condensation of intervals Ui, this follows from

the property 3 of u. If x ∈ A′ is a condensation point of Ui, we use the following
estimate:

|f (q)(y)| = |h(q−1)(y)| ≤ (
1
βi

)qNqγ(βi)βk
i ≤ Nq · γ(βi)β

k−q
i for y ∈ Ui.

Since for intervals converging to x ∈ A′ their lengths tend to zero and since
γ(ξ) → 0 as ξ → 0, we obtain that limy→x f

(q)(y) = 0, 1 ≤ q ≤ k.
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Thus we proved that f ∈ Ck[a, b] and also that all the derivatives of f up to
order k vanish on A′. Because of the property 1 of u we have in fact Σ(f) = A′.

To prove that Δ(f) = f(Σ(f)) = A, we show that f(x) = φ(x) for each
x ∈ A′. Indeed, A = φ(A′) = [φ(a), φ(b)] \ ∪∞i=1Vi and

∑∞
i=1 αi = φ(b) − φ(a).

Hence for each x ∈ A′, φ(x) = φ(a) + ΣUi⊂[a,x]αi. But

f(x) = φ(a) +
∫ x

a

h(t)dt = φ(a) +
∑

Ui⊂[a,x]

αi

βi

∫
Ui

u(
t− ai

βi
)dt

= φ(a) +
∑

Ui⊂[a,x]

αi

∫ 1

0

u(t)dt = φ(a) +
∑

Ui⊂[a,x]

αi = φ(x),

by property 2 of u.
The proof of sufficiency for the case of infinitely differentiable functions is

the same, but instead of Proposition 2.6 we use Proposition 2.7. This completes
the proof.

In the case of several variables we consider the mappings f : Mn → Rp and
the critical points of a rank zero: Σ(f) = {x ∈ M,df(x) = 0} and, as above,
Δ(f) = f(Σ(f)) ⊂ Rp.

Theorem 3.2. Let f : Mn → Rp be a k times differentiable mapping, k = 1, 2, 3, M
compact. Then Vn/k(Δ(f)) <∞. Also for p = 1 and any k, Vn/k(Δ(f)) <∞.

Proof: Without loss of generality we can assume that M = Bn
1 , the ball of a radius

1 in Rn. Denote by Dk the max y∈Bn
1
‖dkf(y)‖.

Lemma 3.2. For k = 1, 2, 3, and for any two critical points x1, x2 ∈ Σ(f) we have
‖f(x1) − f(x2)‖ ≤ p ·Dk‖x1 − x2‖k.

Proof: We apply Lemma 4.2 to the restriction of f to the straight line, passing
through x1 and x2 in Rn. The two critical points of this restriction, which are
required in Lemma 4.2 (for k ≤ 3), are x1 and x2 themselves. This completes the
proof.

Now by Lemma 3.2 the mapping f : Σ(f) → Δ(f) satisfies the conditions of
p. 7 of Proposition 2.1. Since Σ(f) ⊂ Bn

1 we have Vn(Σ(f)) < ∞ by Theorem 2.3.
Hence by p. 7 of Proposition 2.1 we obtain

Vn/k(Δ(f)) ≤ (pDk)n/kVn(Σ(f)) <∞.

For p = 1, in a special case n = 1, the required result was proved in Theorem
3.1. For functions of several variables it follows from a deep result of L.D. Ivanov
([26], Chapter VI, Section 3, Theorem 2).

Now let us define Σq(f) to be the set of all x ∈M , where all the derivatives
of f up to the order q vanish, and Δq(f) = f(Σq(f)).

Theorem 3.3. Let f : Mn → Rp be a k times differentiable mapping, M compact,
and q ≥ [k

2 ]. Then Vn/k(Δq(f)) < ∞.
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Proof: We use the following lemma:

Lemma 3.3. For q ≥ [k
2 ], and for any two “strongly critical” points x1, x2 ∈

Σq(f), ‖f(x1) − f(x2)‖ ≤ p ·Dk‖x1 − x2‖k.

Proof: We apply Lemma 3.1 to the restriction of f to the straight line, passing
through x1 and x2 in Rn. The two critical points x1 and x2 of this restriction,
counted with their multiplicities, provide k − 1 critical points which are required
in Lemma 3.1. This completes the proof of the lemma. The rest of the proof of
Theorem 3.3 is the same as in Theorem 3.2.

Finally we give an upper bound for the β-spread of critical values for the
case of Ck+α smooth mappings. Let f : Bn

r → Rp be a k times continuously
differentiable mapping, Bn

r being a closed ball of radius r in Rn. We assume that
the k derivative f (k) satisfies the Hölder condition ‖f (k)(x)−f (k)(y)‖ ≤ K‖x−y‖α.
We denote k + α by l and put Rl(f) = K

k! r
l. As above, denote by Σ(f) = {x ∈

Bn
r , df(x) = 0} the set of critical points of f of rank zero, Δ(f) = f(Σ(f).

Theorem 3.4. For each β = (1 + δ) l
n , δ > 0, we have

Vβ(Δ(f)) ≤ Rβ
l (f)C1+δζ(1 + δ).

Here C = C(l,m, n) is the constant depending only on l,m, n and ζ(x) is the
ζ-function ζ(x) =

∑∞
j=1(

1
j )x.

Proof: Let us recall that M(ε, A) denotes the covering number of A, while εA(p)
is defined as the smallest ε for which M(ε, A) ≤ p. We use the inequality of
Proposition 2.3: for each A and for each β > 0 we have Vβ(A) ≤ ∑∞

p=2 ε
β
A(p).

Hence Vβ(Δ) ≤
∑∞

p=2 ε
β
Δ(p).

Now we use the result of [50], Theorem 9.2 (see also [43], Theorem 1.1):

M(ε,Δ) ≤ C = C(l,m, n)

for ε ≥ Rl(f) and

M(ε,Δ) ≤ C

(
Rl(f)
ε

)n
l

for ε ≤ Rl(f).
This implies

εΔ(p) ≤ Rl(f), p ≤ C, and εΔ(p) ≤ Rl(f)
(
C

p

) l
n

, p ≥ C.

Therefore, for each β = (1 + δ) l
n , δ > 0, we have

Vβ(Δ) ≤
∞∑

p=2

εβΔ(p) ≤ CRβ
l (f) +Rβ

l (f)C1+δ
∞∑

p=C+1

(
1
p
)1+δ ≤ Rβ

l (f)C1+δζ(1 + δ).

This completes the proof of Theorem 3.4.
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